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Using a vectorial dipolar model for multiple surface plasmon-polariton (SPP) scattering, we
investigate propagation and elastic (in-plane) scattering of SPP’s excited in the wavelength
range of 543—633nm at random nanostructured gold surfaces. The model makes use of a
composed analytic Green dyadic which takes into account near- and far-field regions, with the
latter being approximated by the part describing the scattering via excitation of SPP. Simul-
taneous SPP excitation and in-plane propagation inside square-random arrays of nanoparticles
were observed with different density of particles, demonstrating the feasibility of the suggested
approach. The composed Green dyadic represents an improvement of previous SPP simulations
for random nanoparticles arrays since it permits SPP scattering simulations for more realistic
systems with relatively large number of close, or even in contact, nanoparticles. Our results
suggest that this numerical approach is quite promising for the quantitative description of light-
SPP coupling and associated processes such as weak and strong SPP localization.
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1. Introduction them, there is an electromagnetic field propagating

Surface plasmon polaritons (SPPs) are oscillations ~ 2long the interface with exponential decays per-

of surface electron charge density which can exist  pendicular to it. For this reason, SPPs exhibit an
at a metal/dielectric interface.” Associated with  extremely high sensitivity to surface properties
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such as roughness and surface adsorbates.’> Due to
their electromagnetic nature, SPP can diffract,
reflect and interfere. These properties are clearly
exhibited in the course of SPP scattering.® Scat-
tering of SPPs is usually caused by randomly placed
surface imperfections since even the most carefully
prepared surfaces are not completely flat. Such
scattering process comprehends either elastic scat-
tering i.e., in the surface plane, giving rise to a
diverging cylindrical SPP, or inelastic scattering
i.e., field components propagating away from the
surface. In general, both elastic and inelastic scat-
tering processes result in decreasing the efficiency of
SPP excitation, which also depends on the film
thickness and dielectric constant.!? Concerning
SPP excitation by light, conventionally most
of SPP excitations methods are based on the use
of glass prisms as couplers.”” Those methods
have some drawbacks such as the large size of the
prism couplers that make them not suitable for
photonic integrated circuits. As an alternative one
can make use of normal incident light in order to
excite the SPP through a ridge or subwavelength-
hole arrays located at the top of an air/metal
interface. Such SPP launching mechanisms have
been used for quantitative experimental analysis
of a SPP interferometer, nanoparabolic chains,’
and testing of refractive plasmonic structures
based on nanoparticles.® Considering the SPP
interaction with and manipulation by arrays of
surface nanoparticles,’”!” extensive theoretical
studies have been conducted. The problem is not
trivial since even a simple case, as a single sym-
metric nanoparticle, requires elaborated numerical
calculations.'® In this context, the point-dipole
approximation has shown to be an accurate and
relative simple method for calculation of elastic
SPP scattering.” The point-dipole model has been
used, for simulation of SPP microcomponents® and
photonic band-gap structures'® formed by a set of
dipolar nanoparticles. On the other hand, using the
same approach, a theory for light scattering from a
random array of nanoparticles, spaced much less
than an optical wavelength was developed.?’ The
scalar model of Ref. 3 was extended into a vectorial
dipolar model for SPP multiple scattering?! and
used to calculate SPP scattering produced by
band-gap structures and model the operation of a
micro-optical SPP interferometer.>> Here, certain
limitations on the accuracy of numerical results
should be borne in mind. For example, the effective

polarizability in Ref. 3 of an individual particle is a
phenomenological quantity that is difficult to relate
to particle parameters such as size, susceptibility,
etc. It is interesting to notice, however, that the size
of the scatterer, which would correspond to the
effective polarizability used in Ref. 3, seems
reasonable and sufficiently small with respect to the
wavelength, so that, in that case, the point-dipole
approach can still be considered adequate for the
modeling of SPP scattering phenomena. In general
the dipole model allows one to avoid, up to some
extent, the complicated mathematical treatment
involved in the problem of SPP scattering by sur-
face inhomogeneities. However, one should take
into account that the point-dipole approximation
for SPP scattering has not been fully explored, and
the limits of its validity have not yet completely
established.?® For example in the case of randomly
placed nanoparticles with relatively high densities,
some particles are in or close to contact with each
other so that the interparticles distances can be
down to a small fraction of the wavelength, i.e., in
the near-field domain.?* The main purpose of this
paper is to consider the use of near- and far-field
terms in the modeling of elastic scattering of
SPP-fields along a surface. The model exploits the
analytic representations of the Green dyadic in the
near- and far-field regions, with the latter being
approximated by the part describing the scattering
via SPP excitation. In general, one of the serious
problems in the local imaging of SPPs fields* is
related to the fact that the resulting intensity
images are complicated and difficult to interpret in
a clear way. The SPP numerical modeling here
proposed can represent an improvement in the
understanding of plasmonic phenomena for peri-
odic>® or random?°~*° nanoparticles arrays as well
as for systems of relatively close nanoparticles.

2. The Model

The numerical model is based on the following
assumptions: (i) The elastic SPP scattering is
dominant with respect to the inelastic SPP scatter-
ing and (ii) when light is incident on a metal/
dielectric interface with scattering objects, the
objects can be modeled as point-like dipoles (Fig. 1).

These assumptions lead to the construction of an
approximate Green’s tensor describing the near-
and far-field terms produced by such dipoles. Thus,
the self-consistent field at the site of the scatterers
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Fig. 1. Schematic representation of the near- and far-field
Green dyadics. The use of one or another primarily will depend
on the interparticle distances. SPP to SPP interaction is pic-
torially represented as solid arrow. The Near-Field Dyadic has
two contributions which are: Direct and Indirect components
are pictorially represented with three arrows.

in the process of multiple scattering takes the form:

N
E(rj) = Eo(r;) + kj ZG(Ti’Tj) ca-E(ry), (1)

J#
where Ey(r;) is the self-consistent field at the site of
scatterer i, kg is the wave vector of the incoming
field in the space, G(r;,r;) is the Green tensor for
near- and far-field regions (total field propagator), «
is the polarizability of the scatterers. Here the
polarizability « has the surface dressing included
i.e., the coupling of the dipole to itself through
reflection in the surface. Futhermore, the polariz-
ability, «, is a tensor, describing the polarizability

effect in each direction®:

0 -1
a= <I — k(Q)O;— . GS(T,T/)> al, (2)
0

where aof

given as

is the free space polarizability tensor

al = 6OI47ra3§ T (3)
with I being the unit dyadic tensor, € is the dielectric
function (wavelength dependent), a is its radius and
g¢ is the vacuum permitivity. Equation (2) is valid
when the long-wavelength electrostastic approxi-
mation has been used. Such approximation assumes
that the field is constant within the considered
range, which corresponds to the size of the scatterer.
For the approximation to be valid, the wavelength
must be much bigger than the size of the scatterer. If
the image dipole approximation is used on G*(r,r’)

in Eq. (2) the following result is obtained for the
polarizability tensor of Eq. (1):

e—1 e—1 1M+1M+1M -+,
o~ . —Irr — —ZZ Q.
c+1 z+2\8 g g
(4)

It should be mentioned that the dipole approxi-
mation assumes that the phase delay of the field,
when it moves over the scatterer, is negligible.
Mathematically this means e*” 2 1 for a given field.
This means again that the size of the scatterer
should be smaller than the wavelength, which is the
main assumption in the model. When Eq. (4) has
been used in Eq. (1) to determine the polarization,
the final step is to calculate the field outside the
scatterer as a self-consistent field:

N
E(r) = B°(r) + k¢ Z G(r,r)-a-E(r). ()

The Green tensor for SPP to SPP scattering (far-
field) is the sum of a direct contribution, G%, in this
case the free space Green’s tensor, and an indirect
contribution, G¥, that describes both reflection from
the metal/dielectric interface and excitation of
SPPs. Considering both the source and observation
points being close to a metal surface but far away
from each other, one can propose to use a three-
dimensional dyadic Green’s tensor approximation
which accounts only for the SPP elastic scattering
channel and which includes the direct and indirect
terms with the part of the indirect Green dyadic
concerned with the excitation of SPPs. Therefore,
the Green dyadic can be represented by:

GSPP (7”7"/) ~ a’zz(>‘) eXp[iHZ(Z + h)]H(%(K‘pp)

2
<[ o= 0( =) ] ©
Kp Kp
where H{ is the zero-order Hankel function of the
first kind, p = [r — 7|, p = (r) —r|)/p, With || re-
ferring to the projection of the radius vector on the zy
plane which coincides with the metal/air interface,
and z refers to the height of the observation point r
above the surface, while h refers to the height of the
source point r’. Finally, s, and s, are the com-
ponents of the three-dimensional SPP wave vector

[ e
K, = ko 7 K, = k%—/f,%, (7)
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and
K

azz@):;”[ﬁ(l—g%)”g]l. (8)

€

The Green dyadic above described has proven
effective in analyzing plasmonics phenomena in a
variety of contexts.!” Such approximation is a far-
field approximation in the sense that the corre-
sponding field satisfies the Maxwell equations only
at sufficiently large distances from a source, i.e., in
the far-field zone (~> A/2). In principle, it can be
corrected by adding more terms in such a way that
the generated field would be physical also at small
distances (~ < A/2). Thus, special attention needs
to be paid to the multiple scattering in systems with
a high density of particles where such particles are
very close or even in physical contact with each other
i.e., in the near-field domain. In such a case, one
should take advantage of the near-field electrostatic
approximation of the total Green dyadic:

an(T’ Ts»‘u) = an(’f’, Ts,w) + Inf(raTsvw), (9)
where D ¢(r, 7,,w) is the direct part of the near-field
propagator given by

c¢? 3eger —U
4drw? R3 ’

an(Tv Ts)w) = (10)
with 7, being the source point, R = |r—r,,
er = (r—ry)/R, w is the incident light frequency,
and U being the unit tensor.

The indirect propagator, I ¢(r,7,,w) has a com-
plicated form and is usually expressed via its FT.3!
However, in the nonretarded and local limit of the
bulk response, the dipole—dipole interaction can be
treated as a direct interaction between the dipole
and its mirror image.*>?* Thus, if the bulk surface
coincides with the plane z =0, I ¢(r, r,, w) can be
expressed in the flowing form:

Inf(ra Tsaw) = an(T',T‘ms,UJ> : M(OJ) ) (11)

where r,,, points to the position of the mirror image
of the source and

-1 0 0
e—1
M = 0 -1 0. 12
@ =" (12)
0 0 1

Both approximations considered above are then
limited to either short or long interaction distances.
The main idea of our approach is to use the near-field

dyadic for distances shorter and the SPP dyadic for
distances longer, than a certain transition distance
related to a specified fraction of the light wavelength
used in the particular simulations. Bearing that in
mind, we proceed to calculate such a transition.

A natural requirement to such a transition dis-
tance would then be that no apparent unphysical
jumps should be seen in the dyadic components
when switching from one expression to another one.
In order to find a proper distance for the transition
between the two dyadics, the radial dependence
of the nonzero dyadic components Gzz, Grzr and
Gzr = Gxz were calculated wusing accordingly
Egs. (6) and (9) at different distances from the gold
surface and for different transition distances at
the wavelengths of 633nm, 604nm, 594nm and
543nm. In Figs. 2(a)—2(d) the left side of the ver-
tical dashed line corresponds to the Green near-field
dyadic components whereas the right side, of the
same line, corresponds to the SPP Green dyadic
components. Based on these calculations the tran-
sition distance of 3 \/5 was chosen [Figs. 2(a)—2(d)].
In general, it is not possible to find the transition
distance that would ensure smooth transitions for
all dyadic components. However, the aim is to keep
a relatively simple approach and use it in a complex
surface system i.e., with many strongly interacting
particles.

3. Numerical Results

When considering periodic nanoparticles arrays
with interparticle distances smaller than the exci-
tation wavelength yet significantly larger than the
sizes of nanoparticles, their behavior in an optical
potential is well described by the vectorial dipolar
model for multiple SPP scattering.?! On the other
hand, when the interparticle distance is of about a
small fraction of the wavelength, i.e., in the near-
field domain, more complicated behaviors are to be
expected especially in nanoparticles systems with
relatively high densities and a transition distance
for the dyadic components [Figs. 2(a)—2(d)] should
be considered. Following a step-by-step process,
first we examine and compare resulting scattering
processes between the two approximation methods
above mentioned. We calculate the in-plane scat-
tered field created by a normally incident Gaussian
beam (A\g = 633nm, FWHM = 4 um, y-pol) of unit
amplitude impinging on a 125-nm-period square
lattice (width w ~ 0.8 um, length L ~ 12.5 ym) of
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Nonzero dyadic components calculated for different wavelengths: (a) 633 nm, (b) 604 nm, (¢) 594 nm and (d) 543 nm using

the near-field and SPP dyadic for distances correspondingly smaller and larger than the value of 3\/5 which is centered in a
transition zone of 30 nm (gray areas). Axis z has the same orientation as in Fig. 1.

nanoparticles with radius, r, of 20nm [Figs. 3(a)
and 3(b)].

The entire system is simulated on a gold surface
with dielectric constant &= —9.5093 + 1.21s.
Hereafter, for all images, that value is used, the
total field is calculated 80nm above the air—gold
interface, and the incident beam has been removed.
Such configuration and the illumination conditions,
in general, can be considered as fairly similar to
experimental realized ones.”’ Figures 3(a) and 3(b)
show numerical simulations of a direct SPP exci-
tation taking place at the lower (along y-axis)
nanoarray edge likewise propagating SPP modes are
excited in thin-film surface utilizing gratings or rid-
ges. The results show almost no differences, for this
particular geometry, between the two approaches.

At the excitation nanoarray edge, the number of
particles that are in contact over the extent of the
incident beam is relatively low and therefore the
multiple scattering is dominated by the Green dya-
dic concerned with the excitation of SPPs rather
than by relatively near-field local interactions. A
similar effect can be obtained when considering a
normally incident Gaussian beam impinging on a
randomly distributed system of relative low (60)
number of particles [Figs. 4(a)—4(c)].

There, we can observe that the total intensity
distributions [Figs. 4(b) and 4(c)] are the same
besides that the image in Fig. 4(c) is brightened
by a few bright-spots. In contrast, significant
difference is observed, in the overall behavior of the
total intensity distributions, when the images are
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Fig. 3. Electric field magnitude distributions (100 x 30 ym?)
calculated considering only the far-field propagator (a) and
using the composed Green dyalic (b). The dotted circle rep-
resents the incident Gaussian beam (wavelength, A = 633 nm,
FWHM = 4 ym, y-pol) being incident on the nanoarray (white
rectangular). The white arrow in (a) indicates the incident light
polarization in both cases.

calculated using a dense scattering region of 300
particles [Figs. 5(a)—5(c)].

In general, in both images [Figs. 5(b) and 5(c)],
one can appreciate bright and dark regions which
are a collection of small and round bright spots
similar to those reported as evidence of localized
SPPs.?

However, in the SPP Green dyadic approxi-
mation [Fig. 5(b)], one can observe that even
though the numerical analysis was performed under
the assumption of multiple scattering behavior, the

(a)

(b)

resulting interference pattern was not quite com-
plicated as one would generally expect in a high-
density nanoarray of particles. This is a major issue
especially in SPP localization modeling where, in
order to optimize the effect, a large volume of
nanoparticles is needed.** In this context the com-
posed Green dyadic may be the most appropriate
approach. Consideration of the appropriate Green
dyadic can lead to a better understanding of the
SPP scattering effects. Concerning random scat-
terers, the light wavelength influence on the
intensity distributions in the multiple scattering
regime (inside of the scatterer area) was another
aspect to be considered. The wavelength depen-
dence is a feature inherent to the phenomenon of
multiple scattering. Using the composed Green
dyadic, we calculate the total intensity distri-
bution, for different illumination wavelengths, in a
nanoparticle array similar to the array shown in
Figs. 6(a)—6(e).

There, we could observe clear differences in the
interference patterns calculated. In particular,
these changes can be observed in the exchange of
positions of the bright zones appearing on the cal-
culated intensity distributions.

Another line to check the capability and accu-
racy of our current numerical model is related to
the statistics of the optical signal enhancement**3¢
in the corresponding images. In general the
phenomena related to the regime of coherent mul-
tiple light scattering are rather complicated and
their interpretation is far from being trivial. With
multiple scattering, the randomness of the inter-
actions yields a large number of scattering events.
Furthermore, two images with the same number of

()

Fig. 4. Electric field magnitude distributions (10 x 10 um?) for an array of low number of scatters (a) calculated considering only
the far-field propagator (b) and using the composed Green dyadic (c) at a wavelength of 633 nm. The gray circle in (a) represents the
incident Gaussian beam with the polarization configuration indicated by arrow.
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Fig. 5.

Electric field magnitude distributions (10 x 10 um?) calculated for an array of a high number of scatters (a) obtained with

SPP propagator (b) and considering the near-field propagator (c) at a wavelength of 633 nm. Incident Gaussian beam and its

polarizations are represented as in Fig. 4.

particles but different distributions exhibit distinct
total intensity fields. Indeed, a small variation of the
particles distributions and/or parameters of the
incident light may change significantly the total
intensity field distribution. This feature makes the
comparison of different scattering configurations
complicated, especially because bright spots can
be quite different even for the same nanoparticle
distribution (Fig. 6). In this context, it was
demonstrated that a probability density function

(PDF) exhibits a significant statistical difference for
total field intensity distributions established in
different scattering regimes, viz., weak and strong
SPP scattering.®* Here, the basis of our probability
sampling was the selection of sampling units from
the images that were calculated using the same
excitation wavelength and light polarization
(y-pol). The average value of the calculated total
intensity field in the selected images was adjusted to
be the same, and the intensity range was then

Fig. 6. Electric field magnitude distributions (5 x 5um?) for an array of a high number of scatters (a) obtained with the

wavelength of (b) 633 nm, (¢) 604nm, (d) 594 nm and (e) 543 nm.
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divided by a number of desired intervals from 0 to a
maximum intensity [ max = 1. Such a procedure
allows one for collecting a sufficiently large number
(typically, >10000) of data of the field intensity
related to a particular scattering configuration.
Having the intensity sampling been determined one
can estimate the corresponding PDF. The PDF was
approximated by a discrete distribution, whose
values were evaluated at the intensity intervals
AI =0.01 by counting the number of points ny
with intensities falling in the interval (I, I} ):
PDF(I;) = n;/(NAI), where N is the total number
of points. The resulted dependencies have been
plotted on the logarithmic scale for both the prob-
ability and the intensity (Fig. 7). In the regime of
well developed multiple SPP scattering the total
scattering SPP field becomes dominant, increasing
the area with intensities stronger than the incident
one. Consequently, one should expect to obtain
an asymmetric (positively skewed) PDF.*>*¢ The
corresponding PDFs for the excitations wavelengths
of 633nm, 612nm and 604 nm were similar to each
other, and followed the form of a positively skewed
distribution with a slow exponential decay beyond
the maximum probability point (Fig. 7).

PDF

Intensity (arb. units)

Fig. 7. PDFs based on the simulated images obtained at
633 nm, 612 nm, 604 nm and 543 nm excitation wavelengths for
high density of scatterers. The PDF was made by dividing the
difference between the maximum and minimum signal from
each data set into 100 intervals and counting the number of
points having signals within each of these intervals. The
straight lines are fitted to the data for each wavelength.

The slopes of the line fits are — 1.8 and — 1.4 and
—1.2 for wavelengths of 633 nm, 612 nm and 604 nm,
respectively. These values do follow the power-law
dependence as expected with, for instance, fractal
clusters of nanoparticles.?” The PDF obtained for a
wavelength excitation of 543nm exhibited ap-
proximately the same amount of larger (con-
structive interference) and smaller (destructive
interference) intensities in the overall total calcu-
lated intensity distribution. Apparently, one should
expect such a PDF due to the presence of weak
multiple scattering®® derived from the existence of a
shorter SPP propagation length.

4. Conclusions

We have developed numerical simulations for elastic
SPP scattering in random and periodic nano-
structures. We have wused the analytic rep-
resentations of the Green dyadic in the near- and
far-field regions, and a suitable limit to distinguish
between the uses of these expressions, was pre-
sented. We compared the total intensity distri-
butions obtained using the Green dyadic concerned
only with the excitation of SPPs to those from a
composed Green dyadic for, both, the same nano-
particle configurations and illuminations con-
ditions. Numerical simulations demonstrate
practically identical behavior of the total intensities
for the case of low density nanoarrays. However, for
high density nanoarrays the behavior of the total
intensity distributions was different from each
other. We conclude that the composed dyadic is a
very good choice for the case when the array holds a
high density of nanoparticles, since it permits
accurate simulations for relatively close nano-
particles. On the reverse, when (on average) the
assumption does not hold high density of nano-
particles, the approach using only the Green dyadic
for the far-field region resembles good enough
observed SPP phenomenon behavior.>~% It has also
been found that the intensity distributions, exhi-
biting multiple SPP scattering in high disordered
systems and that were calculated by using the
composed Green Dyadic, have a similar statistical
behavior of predicted experimental and theoretical
studies.®® This issue can be considered as a check to
prove the effectiveness of the proposed numerical
approach. In order to explore more this approach
further theoretical and experimental works are
needed for example by using leakage radiation
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microscopy.®” We conduct further research in that
direction.
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