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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉❝❝✐ó♥

▲❛ r♦❜ót✐❝❛ ❡s ✉♥❛ ❞❡ ❧❛s ár❡❛s ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ♠ás ♣r♦♠✐♥❡♥t❡s ② q✉❡ s❡ ❤❛ ✈❡♥✐❞♦ ❡①♣❧♦t❛♥❞♦

❞❡s❞❡ ❤❛❝❡ ✈❛r✐♦s ❛ñ♦s✳

✶✳✶ ▼♦t✐✈❛❝✐ó♥

❉❡♥tr♦ ❞❡ ❧❛ r♦❜ót✐❝❛ ♠ó✈✐❧ ❡①✐st❡ ✉♥❛ t❡♥❞❡♥❝✐❛ ② ♥❡❝❡s✐❞❛❞ ❞❡ ❝♦♥t❛r ❝♦♥ s✐st❡♠❛s q✉❡ t❡♥❣❛♥

♠❛②♦r ❛✉t♦♥♦♠í❛ ② q✉❡ ❞❡♣❡♥❞❛♥ ❡♥ ♠❡♥♦r ♠❡❞✐❞❛ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡❧ ❛♠❜✐❡♥t❡ q✉❡ ❧♦s

r♦❞❡❛✱ s✐♥ q✉❡ s❡ ✈❡❛ ❧✐♠✐t❛❞♦ ♣❛r❛ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ s✉s t❛r❡❛s✳

❚❛♠❜✐é♥ ❡s ♥❡❝❡s❛r✐♦ q✉❡ ❧♦s r♦❜♦ts✱ ❛❧ ❡st❛r ❡♥ ❝♦♥❥✉♥t♦s ❤♦♠♦❣é♥❡♦s ♦ ❤❡t❡r♦❣é♥❡♦s s❡

♣✉❡❞❛♥ ♠♦✈❡r ❝♦♦r❞✐♥❛❞❛♠❡♥t❡ s✐♥ ❞✐✜❝✉❧t❛r s✉ ♦❜❥❡t✐✈♦ ♦ ❢✉♥❝✐♦♥❛❧✐❞❛❞✳ P❛r❛ ❡♥❢r❡♥t❛r ❛❧❣✉♥♦s

❞❡ ❡st♦s r❡t♦s ❡s ♥❡❝❡s❛r✐♦ ❞❡s❝r✐❜✐r ♠❛t❡♠át✐❝❛♠❡♥t❡ ✉♥ ♠♦❞❡❧♦ q✉❡ ❛s❡♠❡❥❡ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦

② ❞✐♥á♠✐❝❛✱ ♣❛r❛ ❡♠♣❧❡❛r ❤❡rr❛♠✐❡♥t❛s ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❝♦♥tr♦❧ ② ❡❥❡❝✉t❛r t❛r❡❛s ❞❡ ❢♦r♠❛ ♠ás

♣r❡❝✐s❛✳ ❊♥ ❧♦s ú❧t✐♠♦s ❛ñ♦s✱ s❡ ❤❛ ❡①♣❧♦r❛❞♦ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ r♦❜ót✐❝❛ ♠ó✈✐❧ ❡❧ ✉s♦ ❞❡ ❞✐♥á♠✐❝❛s

❝♦♠♣❧❡❥❛s q✉❡ ♣❡r♠✐t❡♥ ♦♣t✐♠✐③❛r t❛r❡❛s ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ✐♥t❡❧✐❣❡♥❝✐❛ ❛rt✐✜❝✐❛❧✱ ❡s♣❡❝í✜❝❛♠❡♥t❡

❡♥ ❡♥❥❛♠❜r❡s ❞❡ r♦❜♦ts ② ❡♥ ❧❛ s✐st❡♠❛s ❝♦♥ ❛❧t❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❞❛♣t❛❜✐❧✐❞❛❞✱ ❡♥ ❧❛ ❡①♣❧♦r❛❝✐ó♥

② ✈✐❣✐❧❛♥❝✐❛ ❞❡ ❡♥t♦r♥♦s ❞✐♥á♠✐❝♦s ❝♦♥♦❝✐❞♦s ♦ ❞❡s❝♦♥♦❝✐❞♦s✳

✶



❊♥ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s ❡❧ ✐♥t❡rés ♣r✐♥❝✐♣❛❧ ❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ té❝♥✐❝❛s q✉❡ ♣❡r♠✐t❛♥ ♦♣t✐♠✐③❛r

❧❛s t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛ ♣❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ❞❡❧ ár❡❛ ❡①♣❧♦r❛❞❛✱

❡✈❛❧✉❛♥❞♦ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ② ❡✜❝✐❡♥❝✐❛ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s té❝♥✐❝❛s ♣r♦♣✉❡st❛s✳

✶✳✷ ❆♥t❡❝❡❞❡♥t❡s

❊❧ ❝❛♦s ❡s ✉♥ ❢❡♥ó♠❡♥♦ ✐♥t❡r❡s❛♥t❡ q✉❡ ♠✉❡str❛♥ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♥♦ ❧✐♥❡❛❧❡s ② q✉❡ s❡

❤❛ ✉s❛❞♦ ❡♥ r♦❜ót✐❝❛✱ ❝♦♥tr❛r✐♦ ❛❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛❧❡❛t♦r✐♦✱ t✐❡♥❡ ♣r♦♣✐❡❞❛❞❡s ✐♥t❡r❡s❛♥t❡s q✉❡

♣✉❡❞❡♥ s❡r ❡①♣❧♦t❛❞❛s ♣❛r❛ ❧❛s ❞✐❢❡r❡♥t❡s ❛♣❧✐❝❛❝✐♦♥❡s✳ ❊st❡ t✐♣♦ ❞❡ ❞✐♥á♠✐❝❛ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞

❞❡ ❧♦s s✐st❡♠❛s ❝❛ót✐❝❛s ❞❡✜♥✐❞❛ ❝♦♠♦ tr❛♥s✐t✐✈✐❞❛❞ t♦♣♦❧ó❣✐❝❛✱ ❧♦ q✉❡ ❛s❡❣✉r❛ ♥♦s ❛s❡❣✉r❛ q✉❡

❧❛s tr❛②❡❝t♦r✐❛s s❡rá♥ ❞❡♥s❛s✳ ❊♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ✈✐❣✐❧❛♥❝✐❛✱ ❡st♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❤❛❝❡♥ ♠ás

❡✜❝✐❡♥t❡ ❡st❛ t❛r❡❛✱ ②❛ q✉❡ ❜r✐♥❞❛♥ ✉♥ ♠❛②♦r ❣r❛❞♦ ❞❡ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ❡♥ ❧❛s tr❛②❡❝t♦r✐❛s ②

❛sí ❛✉♠❡♥t❛r ❡❧ r❛♥❣♦ ❞❡ ♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ ❛tr❛♣❛r ❛ ❛❧❣ú♥ ✐♥tr✉s♦✳

❋✐❣✉r❛ ✶✳✶✿ ❆♣❧✐❝❛❝✐♦♥❡s ❞❡ ❘♦❜♦ts ▼ó✈✐❧❡s✳

✷



P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❞❡s❝✉❜✐❡rt♦ ♣♦r ❡❧ ❜✐ó❧♦❣♦ ❘♦❜❡rt ❇r♦✇♥ ❡♥ ✶✽✷✼

❬✼❪✱ ❧♦ ❞❡♥✜♥✐ó ❝♦♠♦ ✉♥ ❢❡♥♦♠❡♥♦ ♥❛t✉r❛❧ ❞❡ ❛♣❛r❡♥t❡ ♥❛t✉r❛❧❡③❛ ✐♠♣r❡❞✐❝t✐❜❧❡ ② ♣❡r♣❡t✉♦✳ P♦s✲

t❡r✐♦r♠❡♥t❡✱ ❚❤✐❡❧❡ ❞❡s❝r✐❜✐ó ♠❛t❡♠át✐❝❛♠❡♥t❡ ❡st❡ ❢❡♥ó♠❡♥♦ ❡♥ s✉ tr❛❜❛❥♦ s♦❜r❡ ❡❧ ♠ét♦❞♦

❞❡ ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s ❡♥ ✶✽✽✵ ❬✻✺❪✱ ✉♥♦s ❛ñ♦s ❞❡s♣✉és ❇❛❝❤❡❧✐❡r ❬✷❪ ♣r♦♣✉s♦ ♦tr❛ ❛❧t❡r♥❛t✐✈❛

♣❛r❛ ❞❡✜♥✐r ❡st❡ ❢❡♥ó♠❡♥♦✳ ❆❧❜❡rt ❊✐♥st❡✐♥ ❬✶✼❪ ❞✐ó ❧❛ ♣r✐♠❡r❛ ❞❡s❝r✐♣❝✐ó♥ ♠❛t❡♠át✐❝❛ ❞❡ ✉♥❛

♣❛rtí❝✉❧❛ ❧✐❜r❡ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ✱ ❛❞❡♠ás✱ ❙♠♦❧✉❝❤♦✇s❦✐ ❬✻✷❪ r❡❛❧✐③ó s✉ ♣r♦♣✐❛ ❞❡✲

s❝r✐♣❝✐ó♥ ❡♥ ✶✾✵✻✱ ② ❡♥ ✶✾✵✽✱ ▲❛♥❣❡✈✐♥ ♦❜t✉✈♦ ✉♥ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ q✉❡ ❝♦♥st❛ ❞❡ ✉♥❛ ❡❝✉❛❝✐ó♥

❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❝♦♥ ✉♥ tér♠✐♥♦ ❡st♦❝ást✐❝♦✱ ② ❢✉❡ ❡❧ ♠♦❞❡❧♦ ♠ás ❛❝❡♣t❛❞♦ ❡♥ ❧❛

t❡♦rí❛ ♠♦❞❡r♥❛ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❧✐❜r❡ ❬✹✵❪✳ ❊st❛ ❞✐♥á♠✐❝❛ s❡ ❤❛ ✐♠✲

♣❧❡♠❡♥t❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❡♥❥❛♠❜r❡s ❞❡ r♦❜♦ts ♠ó✈✐❧❡s ❬✻✾✱ ✹✼✱ ✶✾✱ ✸✶✱ ✸✽❪ ♣❛r❛ ❛♣❧✐❝❛❝✐♦♥❡s

❞❡ ❜úsq✉❡❞❛s ② ❡①♣❧♦r❛❝✐♦ó♥✱ ❡♥ ❧❛ ❝✉á❧ ❝❛❞❛ r♦❜♦t s❡ ♠♦❞❡❧❛ ❝♦♠♦ ✉♥❛ ♣❛rí❝✉❧❛ ❇r♦✇♥✐❛♥❛ ❝✉②♦

♠♦✈✐♠✐❡♥t♦ ❡s ✐♥✢✉❡♥❝✐❛❞♦ ♣❛r❛ ❣❡♥❡r❛r ❧❛s tr❛②❡❝t♦r✐❛s ② r❡❛❧✐③❛r ❜úsq✉❡❞❛s ❝♦♠♣❧❡t❛s✳ ❙✐♥

❡♠❜❛r❣♦✱ ❡♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣r♦♣♦♥❡ ❡❧ ✉s♦ ❞❡ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡t❡r♠✐♥✐st❛ ❬✶✶❪✱ q✉❡ ♣♦s❡❡ ❧❛s

♣r✐♥❝✐♣❛❧❡s ♣r♦♣✐❡❞❛❞❡s ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ② ♥♦s ❞❛ ✐♥❢♦r♠❛❝✐ó♥ ♣r❡❝✐s❛ ② ♥♦ ❛❧❡❛t♦r✐❛

s♦❜r❡ ❧❛ tr❛②❡❝t♦r✐❛ ❣❡♥❡r❛❞❛✳ ❆❞❡♠ás✱ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡s s❡♥❝✐❧❧❛ ② ❡❧ ♠♦✈✐♠✐❡♥t♦ ♣✉❡❞❡ s❡r

❛❝♦t❛❞♦ ❡♥ ✉♥❛ r❡❣✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦✳ ❊st❛ ❞✐♥á♠✐❝❛ ♣♦s❡❡ ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s

q✉❡ ❝♦♠♣r❡♥❞❡♥ ✐rr❡❣✉❧❛r✐❞❛❞ ❡♥ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦✳ ▼❛♥❞❡❧❜r♦t✱ q✉✐é♥ ❡st✉❞✐ó ❡❧ ♠♦✈✐♠✐❡♥t♦

❇r♦✇♥✐❛♥♦ ❞❡s❞❡ ❡❧ ❝❛♠♣♦ ❞❡ ❧♦s ❢r❛❝t❛❧❡s✱ ♠❡♥❝✐♦♥❛ ❧♦ s✐❣✉✐❡♥t❡✿

✏❧❛ tr❛③❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ q✉❡ ❡s ✉♥❛ ❝✉❡r✈❛ ❞❡ ❞✐♠❡♥s✐ó♥ ❝♦♥ ✐♥t❡r✈❛❧♦s ❝r❡❝✐❡♥t❡s

✐♥❞❡✜♥✐❞♦s✱ q✉❡ ❛ ❧❛ ❧❛r❣❛ ❝✉❜r✐rá ♣♦r ❝♦♠♣❧❡t♦ ❡❧ ♣❧❛♥♦✱ ❧♦ ❝✉á❧ s✉❣✐❡r❡ q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❧❛

tr❛③❛ ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ t♦♠❛ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ♣❧❛♥♦✧✳

P♦r ❧♦ t❛♥t♦✱ ❡st♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝♦♥ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❛❧t❛♠❡♥t❡ ✐rr❡❣✉❧❛r❡s r❡s✉❧t❛♥

s❡r ✉♥❛ ❜✉❡♥❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❤❛❝❡r ❡①♣❧♦r❛❝✐♦♥❡s ❡✜❝❛❝❡s ❡♥ ❡❧ ❡♥t♦r♥♦ ❞❡ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✳

✸



❋✐❣✉r❛ ✶✳✷✿ ❈♦♠♣♦rt❛♠✐❡♥t♦s ✐rr❡❣✉❧❛r❡s ② ❝♦♠♣❧❡❥♦s✳

❉❛❞♦ q✉❡ ♥♦ ❡s s❡♥❝✐❧❧♦ ✐❞❡♥t✐✜❝❛r ✉♥❛ tr❛②❡❝t♦r✐❛✱ ❡s ❞❡❝✐r✱ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦✱ ♣♦❞rí❛

♦♠✐t✐rs❡ ❛❧❣ú♥ ♣❛tró♥❞❡ ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦✱ ❇r♦✇♥✐❛♥♦✱ ♦ s✐♠♣❧❡♠❡♥t❡ r✉✐❞♦✱ ♣♦r ❡st❛

r❛③ó♥ ❡s ♥❡❝❡s❛r✐♦ ✐♥tr♦❞✉❝✐r ❧♦s ❛♥á❧✐s✐s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s ♣❛r❛ ❧♦❣r❛r ✐❞❡♥t✐✜❝❛r ❝❛❞❛ ✉♥❛ ❞❡

❧❛s ❞✐♥á♠✐❝❛s q✉❡ s❡ ❞❡s❡❛♥ ❡♥ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✳ ▲♦s ♠ét♦❞♦s ❞❡ ❛♥á❧✐s✐s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s

♣❡r♠✐t✐rá♥ ❡♥❝♦♥tr❛r í♥❞✐❝❡s q✉❡ ❞❡s❝r✐❜❡♥ ❝✉❛♥t✐t❛✈❛♠❡♥t❡ ❧❛ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞✱ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞

❡ ✐♥❝❧✉s♦ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ♣r❡❝✐s❛ ❞❡❧ t✐♣♦ ❞❡ ❞✐♥á♠✐❝❛ q✉❡ s❡rá ❛♥❛❧✐③❛❞❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❤❛❝❡ ✉♥ ❜r❡✈❡ r❡❝✉❡♥t♦ ❞❡ ❧❛s ♣r✐♥❝✐♣❛❧❡s ❛♣♦rt❡s ❡♥ ❧❛s ❞✐st✐♥t❛s t❡♠át✐❝❛s

q✉❡ s❡rá♥ ♠❛♥❡❥❛❞❛s ❡♥ ❡st❛ t❡s✐s✱ ❞♦♥❞❡ s❡ t✐❡♥❡ ♣♦r ♦❜❥❡t✐✈♦ ✐❧✉str❛r ❝ó♠♦ s❡ ❤❛ ❛❜♦r❞❛❞♦ ❡❧

♣r♦❜❧❡♠❛ ❞❡ ❡①♣❧♦r❛❝✐♦♥❡s ② ✈✐❣✐❧❛♥❝✐❛s ♣♦r ♠❡❞✐♦ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s✳

▲❛ r♦❜ót✐❝❛ ♠ó✈✐❧ ❡s ✉♥❛ ❞❡ ❧❛s ár❡❛s ❞❡ ❧❛ r♦❜ót✐❝❛ ❡♥ ❧❛s ❝✉á❧❡s s❡ ❤❛ ❝♦♥s♦❧✐❞❛❞♦ ❡♥ ❧♦s

ú❧t✐♠♦s ❛ñ♦s ❝♦♠♦ ✉♥ ♣r♦❜❧❡♠❛ r❡❝✉rr❡♥t❡ ❡ ✐❞❡❛❧ ♣❛r❛ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❬✸✵✱ ✺✵✱ ✶✹✱ ✹✺❪✳ ▲♦s r♦❜♦ts

♠ó✈✐❧❡s ♣✉❡❞❡♥ s❡r ❝❧❛s✐✜❝❛❞♦s ❞❡ ❛❝✉❡r❞♦ ❝♦♥ ❡❧ ár❡❛ ♦ ❡♥t♦r♥♦ ❡♥ ❡❧ ❝✉á❧ ❡st❛rá♥ ❞❡s♣❧❛③á♥❞♦s❡✱

♣♦r ❧♦ q✉❡ ♣✉❡❞❡ ❤❛❜❡r r♦❜♦ts t❡rr❡str❡s✱ ♠❛r✐♥♦s ② ❛ér❡♦s✳ ❙❡ t✐❡♥❡♥ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s t❡rr❡str❡s

❧♦s ❝✉á❧❡s ♣♦s❡❡♥ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♠❡❝❛♥✐s♠♦s ❞❡ ❧♦❝♦♠♦❝✐ó♥ ❜❛s❛❞♦s ❡♥ r✉❡❞❛s ó ♣❛t❛s❀ ② s✉s

❛♣❧✐❝❛❝✐♦♥❡s ♠ás ❝♦♠✉♥❡s s♦♥ ❞❡ r❛str❡♦ ② tr❛s❧❛❞♦ ❞❡ ♦❜❥❡t♦s✱ ✈✐❣✐❧❛♥❝✐❛✱ ❡①♣❧♦r❛❝✐ó♥✱ ❡✈❛s✐ó♥ ❞❡

♦❜stá❝✉❧♦s✱ tr❛s❧❛❞♦ ❞❡ ✐♥str✉♠❡♥t❛❧✱ ❧✐♠♣✐❡③❛ ❞❡❧ ❤♦❣❛r✱ ❡♥❥❛♠❜r❡s ❞❡ r♦❜♦ts✱ ② ❛ ♥✐✈❡❧ ✐♥❞✉str✐❛❧

s❡ ✉s❛♥ ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ✐♥s♣❡❝❝✐ó♥ ② ❛♥á❧✐s✐s✳

✹



❋✐❣✉r❛ ✶✳✸✿ ❚✐♣♦s ❞❡ r♦❜♦ts✳

❊♥ ❡❧ ❡st❛❞♦ ❞❡❧ ❛rt❡ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s✱ ❡①✐st❡♥ ❞✐✈❡rs♦s tr❛❜❛❥♦s ❞❡❞✐❝❛❞♦s ❛❧ ♠♦❞❡❧❛❞♦

❝✐♥❡♠át✐❝♦ ❞❡ ❡st♦s s✐st❡♠❛s ❬✸✵✱ ✹✺✱ ✶✹✱ ✸✺✱ ✷✽❪❀ t❛♠❜✐é♥ s❡ r❡❛❧✐③❛ ❡❧ ♠♦❞❡❧❛❞♦ ❝✐♥❡♠át✐❝♦ ❞❡

s✐st❡♠❛s ❛❝♦♣❧❛❞♦s ❝♦♥ ❞✐st✐♥t❛s ❛rq✉✐t❡❝t✉r❛s ❞❡ r♦❜♦ts ♠ó✈✐❧❡s ❬✸✼❪❀ ❡s ♣♦s✐❜❧❡ ♠♦❞❡❧❛r ❧♦s

r♦❜♦ts ♠ó✈✐❧❡s s✐❣✉✐❡♥❞♦ ✉♥❛ ♠❡t♦❞♦❧♦❣í❛ ♠✉② ♣❛r❡❝✐❞❛ ❛ ❧❛ q✉❡ ♥♦r♠❛❧♠❡♥t❡ s❡ ✉t✐❧✐③❛ ❡♥

❡❧ ♠♦❞❡❧❛❞♦ ❞❡ r♦❜♦ts ♠❛♥✐♣✉❧❛❞♦r❡s ✉t✐❧✐③❛♥❞♦ ♠❛tr✐❝❡s ❞❡ tr❛♥s❢♦r♠❛❝✐ó♥ ❤♦♠♦❣é♥❡❛s ♣❛r❛

❞❡t❡r♠✐♥❛r ❧❛s r❡❧❛❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❝✐♥❡♠át✐❝❛s ❞❡❧ r♦❜♦t ❬✹✽✱ ✹❪✳

❊♥ ❧♦s tr❛❜❛❥♦s ❬✸✼✱ ✺✽✱ ✸✱ ✼✵✱ ✹✷✱ ✺✻✱ ✺✼❪ s❡ ❛❜♦r❞❛ ❡❧ ♠♦❞❡❧❛❞♦ ❞✐♥á♠✐❝♦ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s❀

❡♥ ❬✹❪ s❡ ❞❡❞✉❝❡ ❡❧ ♠♦❞❡❧❛❞♦ ❞✐♥á♠✐❝♦ ❞❡ ✉♥ r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ② ❞❡

t✐♣♦ ✉♥✐❝✐❝❧♦ ❜❛sá♥❞♦s❡ ❡♥ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ◆❡✇t♦♥✲❊✉❧❡r✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ❢♦r♠❛❧✐s♠♦ ❞❡

▲❛❣r❛♥❣❡ ♣❛r❛ ❝♦♥s✐❞❡r❛r ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧♦s ❛❝t✉❛❞♦r❡s ② ❛sí ♦❜t✐❡♥❡ ✉♥ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧

s✐st❡♠❛ ❝♦♠♣❧❡t♦✳

❯♥❛ ♣❛rt❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❡st❡ tr❛❜❛❥♦ s❡ ❜❛s❛ ❡♥ ❧❛s ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ q✉❡ ♣❡r♠✐t❡♥ ❛❧

r♦❜♦t ♠ó✈✐❧ ❛❧❝❛♥③❛r ✉♥❛ ♣♦s✐❝✐ó♥ ❞❡s❡❛❞❛✱ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❛❜✉♥❞❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡

❝♦♥tr♦❧ ❡♥ ❡st♦s s✐st❡♠❛s✳ ❙❡ ❞❡s❝r✐❜❡♥ ❧♦s ♠ét♦❞♦s ❣❡♦♠étr✐❝♦s ❬✺✸✱ ✼✹❪❀ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ❞❡

❛♣r♦①✐♠❛❝✐ó♥ ❧✐♥❡❛❧ ❬✹❪❀ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❡①❛❝t❛ ❬✶✷❪✱ ❬✹✸❪❀ ❛♥á❧✐s✐s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❬✻✵❪❀ ❡st❛❜✐❧✐❞❛❞

❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ▲②❛♣✉♥♦✈ ❬✺✻✱ ✹✺✱ ✶✹❪❀ ❝♦♥tr♦❧ ♣r❡❞✐❝t✐✈♦ ❬✷✽✱ ✼✷❪❀ ❝♦♥tr♦❧ ❞❡ r❡❣✉❧❛❝✐ó♥ ❬✾❪❀ ❝♦♥tr♦❧

❞❡ s❡❣✉✐♠✐❡♥t♦ ❬✻✸✱ ✺✹❪✱ ❬✼✺❪❀ ❝♦♥tr♦❧ ❞✐❢✉s♦ ❬✸✺❪✱ ❡♥tr❡ ♦tr♦s✳

P✉❡❞❡♥ ✉t✐❧✐③❛rs❡ ❡st❛s ❤❡rr❛♠✐❡♥t❛s ❞❡ ♠♦❞❡❧❛❞♦ ② ❝♦♥tr♦❧ ♣❛r❛ ♠❡❥♦r❛r ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❡①✐s✲

t❡♥t❡s q✉❡ ❤❛❝❡♥ ✉s♦ ❞❡ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❡st❡ tr❛❜❛❥♦✱ r♦❜♦ts ♠ó✈✐❧❡s t❡rr❡str❡s❀

✺



❡♥ ❬✶✸❪ s❡ ❝♦♥❝❡♣t✉❛❧✐③❛ r❡❛❧✐③❛r ❡❧ ❝♦♥tr♦❧ ❞❡ ✉♥ r♦❜♦t ♠ó✈✐❧ ♣❛r❛ ❣❡♥❡r❛r ❝♦♠♣♦rt❛♠✐❡♥t♦

❝❛ót✐❝♦ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ r❡❞ ♥❡✉r♦♥❛❧ ❛rt✐✜❝✐❛❧✱ ❧♦❣r❛♥❞♦ ❛♣r♦✈❡❝❤❛r ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❡st❡

t✐♣♦ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s✳ ▲❛s ♣r✐♥❝✐♣❛❧❡s ❛♣❧✐❝❛❝✐♦♥❡s ❡♥ ❧❛s ❝✉á❧❡s s❡ ❤❛ ❡st❛❞♦ tr❛❜❛❥❛♥❞♦

❡s ❡❧ ♠❡❥♦r❛♠✐❡♥t♦ ❞❡ ❧❛ ❛✉t♦♥♦♠í❛ ❬✼✸❪❀ ❡①♣❧♦r❛❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s ✉t✐❧✐③❛♥❞♦

s✐st❡♠❛s ❝❛ót✐❝♦s ❬✹✾✱ ✼✻❪❀ r❡❛❧✐③❛❝✐ó♥ ❞❡ ✉♥ ❛♥á❧✐s✐s ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s

❝❛ót✐❝♦s ② ❛❧❡❛t♦r✐❛s ♣❛r❛ ❞❡t❡r♠✐♥❛r q✉❡ ♠ét♦❞♦ r❡s✉❧t❛ s❡r ♠❡❥♦r ♣❛r❛ t❛r❡❛ ❞❡ ❝♦❜❡rt✉r❛ ❞❡

ár❡❛s ❬✷✺❪✱ ❝❛❜❡ ❞❡st❛❝❛r q✉❡ s❡ ✉t✐❧✐③❛ ✉♥ ♠ét♦❞♦ ❞❡ ❛s✐❣♥❛❝✐ó♥ ❞❡ ♣♦s✐❝✐ó♥❡s ❝♦♥s❡❝✉t✐✈❛s✱ ❡s

❞❡❝✐r✱ ❧❛ ❡①♣❧♦r❛❝✐ó♥ ♥♦ s❡ r❡❛❧✐③❛ ♣♦r ♠❡❞✐♦ ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♥t✐♥✉❛s❀ s❡ ♣r♦♣♦♥❡♥ ❝♦♥tr♦❧❛❞♦r❡s

❜❛s❛❞♦s ❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ♦r❣❛♥✐s♠♦s ❜✐♦❧ó❣✐❝♦s q✉❡ s❡ ❝♦♠♣♦rt❛♥ ❝❛ót✐❝❛♠❡♥t❡ ♣❛r❛ ❧❛

❣❡♥❡r❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ② ❡✈❛s✐ó♥ ❞❡ ♦❜stá❝✉❧♦s ❡♥ ✉♥ ár❡❛ ❬✷✺❪❀ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ✐♥t❡❧✐❣❡♥❝✐❛

❛rt✐✜❝✐❛❧✱ t❛♠❜✐é♥ s❡ ✐♥✈❡st✐❣❛ ❝ó♠♦ ❧♦s s✐st❡♠❛s ❞❡ ♣❡r❝❡♣❝✐ó♥ ❞❡❧ r♦❜♦t ❛❧ ❞❡s♣❧❛③❛rs❡ ❡♥ ✉♥

❡♥t♦r♥♦ ❞✐♥á♠✐❝♦ ♣r❡s❡♥t❛ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦✱ ❧♦ q✉❡ ❧❡ ♣❡r♠✐t❡ ❧♦❣r❛r ✉♥❛ ♠❡❥♦r ❛❞❛♣t✲

❛❜✐❧✐❞❛❞ ❬✺✾❪ ② r♦❜✉st❡③ ❬✺✶❪ ❡♥ ❧❛ ♥❛✈❡❣❛❝✐ó♥ ❞❡ s✉ ❡♥t♦r♥♦❀ ❧❛ ✐♥t❡❧✐❣❡♥❝✐❛ ❡♠❡r❣❡♥t❡ ♣♦r ♠❡❞✐♦

❞❡ ❝❛♦s ❬✷✼❪❀ s❡ ✐♥❞❛❣❛ ❧❛ ✐❞❡❛ ❞❡ ✉t✐❧✐③❛r ❝♦♠♣♦rt❛♠✐❡♥t♦s ❝❛ót✐❝♦s ❝♦♠❜✐♥❛❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛

❞✐❢❡r❡♥t❡s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♣❛r❛ ❧❛ ❝♦❜❡rt✉r❛ ❞❡ ár❡❛s ❬✶✵❪❀ ❝♦♦♣❡r❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ❡♥tr❡ r♦❜♦ts

♠ó✈✐❧❡s ❜❛s❛❞♦ ❡♥ s✐♥❝r♦♥✐③❛❝✐ó♥ ❝❛ót✐❝❛ ♣❛r❛ ❡①♣❧♦r❛❝✐ó♥ ❞❡ ár❡❛s ❬✼✻❪✳

❋✐❣✉r❛ ✶✳✹✿ ❊str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ❡♥ ❧❛ r♦❜ót✐❝❛✳

❊♥ ❛♣❧✐❝❛❝✐♦♥❡s ♣❛r❛ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❡♥ r♦❜♦ts ♠ó✈✐❧❡s s❡ ❤❛ ✉s❛❞♦ ❝♦♠♦ ♦tr❛

✻



❛❧t❡r♥❛t✐✈❛✱ ❧♦s ❣❡♥❡r❛❞♦r❡s ❛❧❡❛t♦r✐♦s ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♠♦ ❡❧ ♣❧❛♥❡❛❞♦r ❞❡ tr❛②❡❝t♦r✐❛s ❛❧❡❛t♦r✐♦

✭❘PP✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮✱ ♠ét♦❞♦ ❞❡ ♠❛♣❡♦ ❞❡ ❝❛♠✐♥♦s ♣r♦❜❛❜✐❧íst✐❝♦ ✭P❘▼ ✱ ♣♦r s✉s s✐❣❧❛s

❡♥ ✐♥❣❧és✮ ② ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ár❜♦❧ ❞❡ ❡①♣❧♦r❛❝✐ó♥ ❛❧❡❛t♦r✐❛ rá♣✐❞❛ ✭❘❘❚✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮

❬✶✾❪✳

❚❛♠❜✐é♥ s❡ ❡♠♣❧❡❛ ♦tr♦ t✐♣♦ ❞❡ ❞✐♥á♠✐❝❛ ❡♥ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s q✉❡ ♣♦s❡❡ ❝❛r❛❝t❡ríst✐❝❛s

✐♥t❡r❡s❛♥t❡s ❝♦♠♦ ❡s ❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❝✉②❛ ♣r✐♥❝✐♣❛❧ r❛♠❛ ❞❡ ❛♣❧✐❝❛❝✐ó♥ s❡ ❝❡♥tr❛ ❡♥

❡①♣❧♦r❛❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡ ❡♥❥❛♠❜r❡s ❞❡ r♦❜♦ts ♠ó✈✐❧❡s ❬✶✾✱ ✹✼❪✳ ❈❛❞❛ r♦❜♦t ❡s ♠♦❞❡❧❛❞♦ ❝♦♠♦

✉♥❛ ♣❛rtí❝✉❧❛ ❇r♦✇♥✐❛♥❛✱ ❧❛ ❝✉á❧ ❡s ♠❛♥✐♣✉❧❛❞❛ ♣♦r ❡stí♠✉❧♦s ❡❧é❝tr✐❝♦s ❬✻✾❪✱ ♠❛r❝❛❞♦r❡s ❬✹✼❪✱

♠ét♦❞♦s ❞❡ ❝❛♠♣♦s ❞❡ ♣♦t❡♥❝✐❛❧ ❛rt✐✜❝✐❛❧ ❬✶✾❪✱ ❡♥ ❡❧ tr❛❜❛❥♦ ❬✸✷❪ ♠❡♥❝✐♦♥❛ ❧❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝✲

t❡ríst✐❝❛ ❞❡ ❧♦s ♠ét♦❞♦s ❛♥t❡r✐♦r❡s✱ ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡ ❝❛♠♣♦s ❞❡ ❢✉❡r③❛s ❛tr❛❝t✐✈❛s

♣❛r❛ ❧♦❣r❛r ❝❛♠❜✐♦s ❡♥ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦❀ ❡st❡ t✐♣♦

❞❡ ❞✐♥á♠✐❝❛s t❛♠❜✐é♥ s❡ ❤❛ ❡♠♣❧❡❛❞♦ ❡♥ s✐t✉❛❝✐♦♥❡s ❞♦♥❞❡ ❡❧ ❛♠❜✐❡♥t❡ ❡s ❞❡s❝♦♥♦❝✐❞♦ ② ❝♦♥

♦❜stá❝✉❧♦s ❞✐♥á♠✐❝♦s ❬✹✼❪✳

❊♥ ❛❧❣✉♥♦s ❞❡ ❧♦s tr❛❜❛❥♦s s❡ ❡st✉❞✐❛ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡♠❡r❣❡♥t❡ ❞❡ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✱ ❡s

❞❡❝✐r✱ ❛❧ r❡❛❧✐③❛r ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s s❡r✐❡s ❞❡ t✐❡♠♣♦ ✐rr❡❣✉❧❛r❡s ❞❡ ❧♦s ♠❡❝❛♥✐s♠♦s ❞❡ ♣❡r✲

❝❡♣❝✐ó♥ q✉❡ s❡ ❣❡♥❡r❛♥ ❞❡❜✐❞♦ ❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s ❝♦♥ s✉ ❡♥t♦r♥♦ ❞✐♥á♠✐❝♦ ♣❡r✲

♠✐t❡ ✐❞❡♥t✐✜❝❛r ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦✱ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦❞rí❛ t♦♠❛rs❡ ❝♦♠♦ ♠♦✈✐♠✐❡♥t♦

❛❧❡❛t♦r✐♦✱ s✐♥ ❡♠❜❛r❣♦✱ s❡ ❞❡s❝✉❜r❡ q✉❡ ❡st❛ ❞✐♥á♠✐❝❛ ❝♦♠♣❧❡❥❛ ❧❡ ❛♣♦rt❛ ❛❞❛♣t❛❜✐❧✐❞❛❞ ❬✺✾❪ ②

r♦❜✉st❡③ ❬✺✶❪ ❛ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s✳ P♦r ❧♦ t❛♥t♦✱ ❤❛② ✉♥❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❝♦♥♦❝❡r ② ❛♥❛❧✐③❛r ❧❛

❞✐♥á♠✐❝❛ q✉❡ s❡ ❞❡s❡ ✐♠♣r✐♠✐r ❡♥ ❡st♦s s✐st❡♠❛s✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡st✉❞✐❛r ❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s q✉❡

♣✉❡❞❡ ❣❡♥❡r❛r ❛ tr❛✈és ❞❡ s✉s ✈❛r✐❛❜❧❡s ❝✐♥❡♠át✐❝❛s✱ ♣♦r ❧♦ q✉❡ s❡ ❤❛❝❡ ✉s♦ ❞❡❧ ❛♥á❧✐s✐s ❞❡ s❡r✐❡s

t❡♠♣♦r❛❧❡s t❛❧❡s ❝♦♠♦ s❡r✐❡s ❞❡ ❋♦✉r✐❡r ❬✷✶❪❀ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ ❬✻❪❀ ❛♥á❧✐s✐s ❞❡ ❞❡♥s✐❞❛❞

❡s♣❡❝tr❛❧ ❬✷✷❪❀ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst ❬✹✻❪❀ ❛♥á❧✐s✐s ❞❡ ✢✉❝t✉❛❝✐ó♥ s✐♥ t❡♥❞❡♥❝✐❛ ❬✺✺❪❀ ✉s♦ ❞❡❧

♠ét♦❞♦ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ♣r♦♠❡❞✐♦ ♠✉t✉❛ ❬✷✵❪ q✉❡ ❝♦♠♣❧❡♠❡♥t❛ ❡❧ ♠ét♦❞♦ ❞❡ ❧♦s ❢❛❧s♦s ✈❡❝✐♥♦s

❝❡r❝❛♥♦s ❬✸✻❪ ♣❡r♠✐t✐❡♥❞♦ ❝❛❧❝✉❧❛r ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ ❬✷✸❪ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ②

✼



❛♣♦rt❛♥❞♦ ✐♥❢♦r♠❛❝✐ó♥ út✐❧ ❡♥ ❡❧ ❛♥á❧✐s✐s ❣❡♦♠étr✐❝♦ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧✱ ❡s ❞❡❝✐r✱ ❧❛ r❡❝♦♥str✉❝✲

❝✐ó♥ ❞❡❧ ❛tr❛❝t♦r ❬✻✹❪❀ ♠❡❞✐❝✐ó♥ ❞❡ ❧❛ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ♣♦r ♠❡❞✐♦ ❞❡ ❧♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

❬✼✶❪✱ ❡t❝✳

❆❝t✉❛❧♠❡♥t❡✱ s❡ r❡❛❧✐③❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❡①❤❛✉st✐✈❛ ❡♥ ❡❧ ár❡❛ ❞❡ ❧❛ r♦❜ót✐❝❛✱ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s

❛✈❛♥❝❡s t❡❝♥♦❧ó❣✐❝♦s ❤❛st❛ ❤❛❝❡ ✉♥♦s ❛ñ♦s ❡st❛❜❛♥ ♦r✐❡♥t❛❞♦s ❡♥ ❡❧ s❡❝t♦r ✐♥❞✉str✐❛❧✱ s✐♥ ❡♠❜❛r❣♦✱

♦tr♦s s❡❝t♦r❡s ❝♦♠♦ ❡♥ ❡❧ ár❡❛ ❞❡ s❡❣✉r✐❞❛❞✱ ❞♦♥❞❡ s❡ ♥❡❝❡s✐t❛ ✉♥❛ ❝♦♥st❛♥t❡ s✉♣❡r✈✐s✐ó♥ ❞❡ ❧❛s

❝♦♠♣❧❡❥♦s ♦ ár❡❛s ❞❡ ✐♥t❡rés❀ ❡♥ ❡❧ ❤♦❣❛r✱ ❞♦♥❞❡ s❡ t❡♥❣❛♥ r♦❜♦ts q✉❡ ♣✉❡❞❛♥ ❞❡s❡♠♣❡ñ❛r t❛r❡❛s

❞❡ ❧✐♠♣✐❡③❛❀ ♥❛✈❡❣❛❝✐ó♥ ❡♥ ③♦♥❛s ❞❡ r✐❡s❣♦✱ ❞♦♥❞❡ ♥♦ s❡❛ ♣♦s✐❜❧❡ ❧❛ ✐♥t❡r✈❡♥❝✐ó♥ ó q✉❡ ❡st❡

♣r❡s❡♥t❡ ✉♥ r✐❡s❣♦ ♣❛r❛ ❧♦s s❡r❡s ❤✉♠❛♥♦s✱ ❝♦♠♦ ❡♥ ❝❛s♦s ❞❡ ❞❡rr✉♠❜❡s✱ ③♦♥❛s r❛❞✐♦❛❝t✐✈❛s✱

❝❛♠♣♦s ❞❡ ♠✐♥❛s✱ ❡♥tr❡ ♦tr♦s✳

❊❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ r♦❜ót✐❝❛ ② ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ s❛st✐❢❛❝❡r ❛❧❣✉♥❛s ❞❡ ❧❛s ♥❡❝❡s✐❞❛❞❡s ♣❧❛♥t❡❛❞❛s

❤❛ tr❛í❞♦ ♥✉❡✈♦s ♣❛r❛❞✐❣♠❛s ♣❛r❛ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥✳ ▲❛s ♥❡❝❡s✐❞❛❞❡s q✉❡ s❡ ❞❡s❡❛♥ ❝✉❜r✐r ♠❡✲

❞✐❛♥t❡ ❡st❡ t✐♣♦ ❞❡ r♦❜♦ts ❡s ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ t❡♥❡r ✉♥❛ ♠❛②♦r ❛✉t♦♥♦♠í❛ ❡ ✐♥t❡❧✐❣❡♥❝✐❛ ♣❛r❛

s❛t✐s❢❛❝❡r t❛r❡❛s ❡s♣❡❝í✜❝❛s✳ ❊❧ tér♠✐♥♦ ❞❡ ❛✉t♦♥♦♠í❛ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡❧ r♦❜♦t

♣❛r❛ r❡s♣♦♥❞❡r ❛♥t❡ s✐t✉❛❝✐♦♥❡s ❝❛♠❜✐❛♥t❡s ❛♠❜✐❣ü❛s ♦ ✐♠♣r❡❞❡❝✐❜❧❡s s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡ ❧❛ s✉♣❡r✲

✈✐s✐ó♥ ❤✉♠❛♥❛✳ ❊st♦s r♦❜♦ts ❤❛♥ s✐❣♥✐✜❝❛❞♦ ✉♥ ✐♠♣♦rt❛♥t❡ ❛✈❛♥❝❡ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ r♦❜ót✐❝❛

❞❡ ❡♥❥❛♠❜r❡s ❡♥ ❞ó♥❞❡ s❡ ♣r♦♣♦♥❡ ❡❧ ✉s♦ ❞❡ ♠ú❧t✐♣❧❡s r♦❜♦ts ♣❛r❛ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❝♦♦r❞✐♥❛❞❛ ❞❡

t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥✱ ❝♦♦r❞✐♥❛❝✐ó♥ ❞❡ r♦❜♦ts✱ tr❛s♣♦rt❡ ❞❡ ♦❜❥❡t♦s✱ ❡t❝✳ ❙✉r❣❡ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡

❡♥❝♦♥tr❛r ❡str❛t❡❣✐❛s q✉❡ ♣❡r♠✐t❛♥ r❡❛❧✐③❛r ❡st❛s t❛r❡❛s ❞❡ ❢♦r♠❛ ♠ás ❡✜❝✐❡♥t❡✳ ❉❡ ❛❝✉❡r❞♦ ❛ ❧♦s

❞❛t♦s ❡st❛❞íst✐❝♦s ❞❡ ❧❛ ■♥t❡r♥❛t✐♦♥❛❧ ❋❡❞❡r❛t✐♦♥ ♦❢ ❘♦❜♦t✐❝s ✭■❋❘✮✳ ❊♥ ❧❛s ✜❣✉r❛s ✷✳✹ ② ✷✳✺ s❡

♠✉❡str❛ q✉❡ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ r♦❜ót✐❝❛ ♠ó✈✐❧ r❡♣r❡s❡♥t❛ ❞❡ ❧❛s ár❡❛s ❞❡ ♠❛②♦r ❝r❡❝✐❡♠✐❡♥t♦✱ ❧♦

q✉❡ s❡ ❝♦rr❡❧❛❝✐♦♥❛ ❝♦♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ♠ás ❡✜❝✐❡♥t❡s ❡♥ r♦❜♦ts ♠ó✈✐❧❡s ② ❧❛ ❞❡♠❛♥❞❛

❡♥ ❡❧ s❡❝t♦r ❞♦♠ést✐❝♦ q✉❡ ❡s ✉♥❛ t❡♥❞❡♥❝✐❛ q✉❡ ♣r♦②❡❝t❛ ❝r❡❝✐♠✐❡♥t♦ ♣❛r❛ ❛ñ♦s ♣♦st❡r✐♦r❡s✳

✽



❋✐❣✉r❛ ✶✳✺✿ ❘♦❜♦ts ❞❡ s❡r✈✐❝✐♦ ♣❛r❛ ✉s♦ ♣r♦❢❡s✐♦♥❛❧✳ ❯♥✐❞❛❞❡s ❱❡♥❞✐❞❛s ❡♥ ✷✵✶✹✲✷✵✶✺✳

❋✐❣✉r❛ ✶✳✻✿ ❘♦❜♦ts ❞❡ s❡r✈✐❝✐♦ ♣❛r❛ ✉s♦ ♣❡rs♦♥❛❧✴❞♦♠ést✐❝♦✳ ❯♥✐❞❛❞❡s ❱❡♥❞✐❞❛s ❡♥ ✷✵✶✹✲✷✵✶✺

② ♣r❡❞✐❝❝✐♦♥❡s ♣❛r❛ ✷✵✶✻✲✷✵✶✾✳

▲❛ ❡①♣❧♦r❛❝✐ó♥ ❞❡ ❡♥t♦r♥♦s ❞❡s❝♦♥♦❝✐❞♦s ❡s ✉♥❛ ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❝♦♥ ♠❛②♦r ❞❡s❛rr♦❧❧♦ ②

❛✈❛♥❝❡s ❡♥ ❧❛ r♦❜ót✐❝❛ ♠ó✈✐❧✳ ▲❛ ♠✐s✐ó♥ ❡♠♣r❡♥❞✐❞❛ ♣♦r ❧❛ ◆❆❙❆ ♣❛r❛ ❧❛ ❡①♣❧♦r❛❝✐ó♥ ❞❡ ♠❛rt❡

❬✻✽✱ ✻✼❪ s✐❣✉❡ ✈✐❣❡♥t❡ ❞❡s❞❡ ❡❧ ✷✵✵✹ ② s❡ ✉t✐❧✐③❛r♦♥ r♦❜♦ts ♠ó✈✐❧❡s ❛❧t❛♠❡♥t❡ ❡s♣❡❝✐❛❧✐③❛❞♦s ❝♦♥

♠❛♥✐♣✉❧❛❞♦r❡s✱ ❡❧ ❙♣✐r✐t ② ❡❧ ❖♣♣♦rt✉♥✐t②✳ ▲❛ t❛r❡❛ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st♦s r♦❜♦ts ❢✉❡ ❧❛ ❡①♣❧♦r❛❝✐ó♥

✾



❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ♠❛rt❡✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥✱ ❧❛ tr❛♥s♠✐s✐ó♥ ❞❡ ❞❛t♦s q✉❡ s♦♥ ❡st✉❞✐❛❞♦s ♣♦r

✉♥ ❡q✉✐♣♦ ❞❡ ❣❡ó❧♦❣♦s✳ ▲♦ q✉❡ s✉❣✐❡r❡ q✉❡ ❡st❡ t✐♣♦ ❞❡ r♦❜♦ts ❡①♣❧♦r❛r ② s✉♣❡r✈✐s❛r ❤❛st❛ ❧♦s

❛♠❜✐❡♥t❡s ♠ás r❡♠♦t♦s ❡ ✐♥❛❝❝❡s✐❜❧❡s ♣❛r❛ ❡❧ s❡r ❤✉♠❛♥♦✳

❋✐❣✉r❛ ✶✳✼✿ ❘♦❜♦ts ♠ó✈✐❧❡s ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥✳

P❛r❛ ❤❛❝❡r ❡st❛s t❛r❡❛s ❝♦♥ ✉♥ ❛❧t♦ ❣r❛❞♦ ❞❡ ♣r❡❝✐s✐ó♥ s❡ r❡❝✉rr❡♥ ❛❧ ♠♦❞❡❧❛❞♦ ❞❡ s✐st❡♠❛s✱

❞❡ t❛❧ ♠♦❞♦ q✉❡ s❡❛ ♣♦s✐❜❧❡ ❞❡s❝r✐❜✐r ♠❛t❡♠át✐❝❛♠❡♥t❡ ❡❧ s✐st❡♠❛✱ ✐♠♣❧❡♠❡♥t❛r ❧❛ t❡♦rí❛ ❞❡

❝♦♥tr♦❧ ❡ ✐♥t❡❧✐❣❡♥❝✐❛ ❛❧ r♦❜♦t ♠ó✈✐❧✳

❊♥ ❛ñ♦s r❡❝✐❡♥t❡s s❡ ❤❛ ❞❡s❝✉❜✐❡rt♦ q✉❡ ❛❧ ✐♠♣r✐♠✐r ✉♥ ❝♦♠♣♦rt❛♠✐❡♥❞♦ ❞✐♥á♠✐❝♦ ❝♦♠♣❧❡❥♦

❡♥ ❡st♦s s✐st❡♠❛s r♦❜ót✐❝♦s s❡ ❛✉♠❡♥t❛ ❞❡ ♠❛♥❡r❛ s✐❣♥✐✜❝❛t✐✈❛ ❧❛ ❡✜❝✐❡♥❝✐❛ ❞❡ ést♦s✱ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡ ❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡✈❛s✐ó♥ ❞❡ ♦❜stá❝✉❧♦s✱ ❝♦♦r❞✐♥❛❝✐ó♥ ❞❡ ♠ú❧t✐♣❧❡s r♦❜♦ts ♠ó✈✐❧❡s✱

✐♥t❡❧✐❣❡♥❝✐❛ ❡♠❡r❣❡♥t❡ ❞❡❜✐❞♦ ❛ ❡st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡rrát✐❝♦ q✉❡ ❞❛ ♣❛s♦ ❛ ❧❛ ❛❞❛♣t❛❜✐❧✐❞❛❞✱

❝♦❜❡rt✉r❛s ② ✈✐❣✐❧❛♥❝✐❛ ❞❡ ár❡❛s✳ ❚❛❧❡s ❞✐♥á♠✐❝❛s ❝♦♠♣❧❡❥❛s ❝♦♠♣r❡♥❞❡♥ ❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s

❝❛ót✐❝♦s✱ ♠♦✈✐♠✐❡♥t♦s ❞❡ ❝❛rá❝t❡r ❛❧❡❛t♦r✐♦ ❝♦♠♦ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❡♥tr❡ ♦tr♦s✳ ❙✐♥

❡♠❜❛r❣♦✱ ❡♥ ❧❛ ❡①♣❧♦r❛❝✐ó♥ s❡ ❡♥❝♦♥tró q✉❡ ❧♦s ♠ét♦❞♦s ❛❧❡❛t♦r✐♦s r❡s✉❧t❛♥ s❡r ♠❡♥♦s ❡✜❝✐❡♥t❡s

q✉❡ ❧♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❝❛ót✐❝♦s✱ ❧♦ q✉❡ ❞❡❥ó ❛❜✐❡rt♦ ❡❧ ♣r♦❜❧❡♠❛ ❛ ❧❛ ❜úsq✉❡❞❛ ❞❡ ♠❡❥♦r❡s

❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ♠❡❥♦r❛r ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ② ♣♦r ❡st❛ r❛③ó♥✱ ❡♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣r♦♣♦♥❡ ❡❧ ✉s♦ ❞❡

✉♥ ♥✉❡✈♦ ❡sq✉❡♠❛ q✉❡ ♣❡r♠✐t❡ ❣❡♥❡r❛r tr❛②❡❝t♦r✐❛s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❝♦♥ ✉♥❛ ❛♣r♦①✐✲

♠❛❝✐ó♥ ❞❡t❡r♠✐♥✐st❛✳

❉❡ ❡st❡ ♠♦❞♦✱ ❧❛s ❞♦s ❞✐♥á♠✐❝❛s q✉❡ s❡ ❡st✉❞✐❛rá♥ ❡♥ ❡st❡ tr❛❜❛❥♦ ♥♦s ❛s❡❣✉r❛♥ tr❛②❡❝t♦✲

r✐❛s ❞❡♥s❛s✱ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ❡♥ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❞❡❧ r♦❜♦t ♠ó✈✐❧ ② ❡♥ ✉♥❛ ♠❡♥♦r ❝❛♥t✐❞❛❞ ❞❡

✶✵



t✐❡♠♣♦✱ ❤❛❝✐❡♥❞♦ ♠ás ❡✜❝✐❡♥t❡s ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛✳ ❈❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡

t❛♠❜✐é♥ ❡s ♥❡❝❡s❛r✐♦ s❡❧❡❝❝✐♦♥❛r ❧❛s ♠❡❥♦r❡s ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ♣❛r❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❡st❛s

tr❛②❡❝t♦r✐❛s✱ ♣♦r ❧♦ q✉❡ ❡s ♥❡❝❡s❛r✐♦ ❜✉s❝❛r ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ♣r❡❝✐s♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛s

❞✐♥á♠✐❝❛s ♣❛r❡❝❡♥ s❡r ♣❛r❡❝✐❞❛s✱ t✐❡♥❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥♦t ❡rrát✐❝♦✱ ❛ s✐♠♣❧❡ ✈✐st❛ ❛❧❡❛t♦r✐♦✱ ❧♦

q✉❡ ❧❧❡✈❛ ❛ ♣❧❛♥t❡❛r ❡❧ ✉s♦ ❞❡ ♠ét♦❞♦s ❞❡ ❛♥á❧✐s✐s ❞❡ s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡ ♣❡r♠✐t❛ ❝❛r❛❝t❡r✐③❛r ❧❛

❞✐♥á♠✐❝❛ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s q✉❡ s♦♥ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ r♦❜♦t ♠ó✈✐❧✱ ❞❡ ❡st❡ ♠♦❞♦ s❡ ❝♦♠♣r✉❡❜❛

❝♦♥ ✉♥❛ ❜❛s❡ ♠ás só❧✐❞❛ q✉❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ s❡ ❡♥❝✉❡♥tr❛ ♣r❡s❡♥t❡ ❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧

r♦❜♦t ♠ó✈✐❧ ❛❧ r❡❛❧✐③❛r t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥✳

✶✳✸ ❍✐♣ót❡s✐s

❊❧ ✉s♦ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ❞✐♥á♠✐❝♦s ♣❛r❛ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♥ ❞✐♥á♠✐❝❛

❝❛ót✐❝❛✱ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡t❡r♠✐♥✐st❛ ② ❞✐♥á♠✐❝❛s ❝♦♠❜✐♥❛❞❛s✱ ❥✉♥t♦ ❝♦♥ ❡str❛t❡❣✐❛s ❞❡

❝♦♥tr♦❧ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧✱ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ♠❡❥♦r❡s ❛❧t❡r✲

♥❛t✐✈❛s ♣❛r❛ r❡❛❧✐③❛r ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛ ❞❡ ár❡❛s q✉❡ ♠❡❞✐❛♥t❡ tr❛②❡❝t♦r✐❛s

♣❡r✐ó❞✐❝❛s ♦ ❛❧❡❛t♦r✐❛s✳

✶✳✹ ❖❜❥❡t✐✈♦s ❞❡ ❧❛ ❚❡s✐s

• ❉❡s❛rr♦❧❧❛r ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ s❡r✐❡s ❞❡ t✐❡♠♣♦✳

• ❙❡❧❡❝❝✐ó♥ ❞❡ ❧❛s ♠❡❥♦r❡s tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛s ② ❡str❛t❡❣✐❛s ❞❡ s❡❣✉✐♠✐❡♥t♦ ♣❛r❛ ❧❛

❝♦❜❡rt✉r❛ ❞❡❧ ár❡❛✱ q✉❡ ♣❡r♠✐t❛ r❡❛❧✐③❛r ❡①♣❧♦r❛❝✐♦♥❡s ♠ás ❡✜❝✐❡♥t❡s ♣♦r ♠❡❞✐♦ ❞❡ ✉♥

r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳

• ❘❡❛❧✐③❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② ❞❡s♣❧❛③❛♠✐❡♥t♦ ② ❡♥

✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛✳

✶✶



• ●❡♥❡r❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦ ② ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡✲

t❡r♠✐♥✐st❛✳

• ■♠♣❧❡♠❡♥t❛❝✐ó♥ ❡①♣❡r✐♠❡♥t❛❧ ❡♥ ✉♥ r♦❜♦t ♠ó✈✐❧✳

✶✳✺ ❖r❣❛♥✐③❛❝✐ó♥ ❞❡ ❧❛ ❚❡s✐s

❊❧ r❡st♦ ❞❡❧ ❞♦❝✉♠❡♥t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

❈❛♣✐t✉❧♦ ✷✳ ❙❡ ❡st✉❞✐❛♥ s✐st❡♠❛s ❞✐♥á♠✐❝♦s q✉❡ ❣❡♥❡r❛♥ tr❛②❡❝t♦r✐❛s ❝❛ót✐❝❛s ② ❞❡ ♠♦✈✐♠✐❡♥t♦

❇r♦✇♥✐❛♥♦✱ ❞♦♥❞❡ s❡ ❡①♣❧✐❝❛♥ s✉s ❞❡✜♥✐❝✐♦♥❡s ② ♣r♦♣✐❡❞❛❞❡s q✉❡ ❧❛s ❤❛❝❡♥ ❛tr❛❝t✐✈❛s ♣❛r❛ ❧❛s

❛♣❧✐❝❛❝✐♦♥❡s q✉❡ s❡ ♣❧❛♥t❡❛♥ ❡♥ ❧♦s ♦❜❥❡t✐✈♦s ❞❡ ❧❛ t❡s✐s✳ ❚❛♠❜✐é♥ s❡ ✐♥❝❧✉②❡ ✉♥❛ s❡❝❝✐ó♥ ❞♦♥❞❡ s❡

r❡❛❧✐③❛ ❡❧ ❡s❝❛❧❛♠✐❡♥t♦ ❡♥ ❛♠♣❧✐t✉❞ ② ❢r❡❝✉❡♥❝✐❛ ♣❛r❛ ❢❛❝✐❧✐❞❛r ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡①♣❡r✐♠❡♥t❛❧✱

q✉❡ s❡ ❛❜♦r❞❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✻✳

❈❛♣ít✉❧♦ ✸✳ ❙❡ ❞❡s❝r✐❜❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❜ás✐❝♦s ❞❡ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s ❝♦♠♦ s✉s ❛rq✉✐✲

t❡❝t✉r❛s ② s✐st❡♠❛s ❞❡ tr❛❝❝✐ó♥✳ ❚❛♠❜✐é♥ s❡ ❡st✉❞✐❛ ❜r❡✈❡♠❡♥t❡ ❧❛s r❡❧❛❝✐♦♥❡s ♥♦ ❤♦❧♦♥ó♠✐❝❛s

q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ♣r❡s❡♥t❡s ❡♥ ❡st♦s s✐st❡♠❛s ② q✉❡ ❞❡t❡r♠✐♥❛♥ ♦ r❡str✐♥❣❡♥ s✉ ♠♦✈✐♠✐❡♥t♦✳

P♦st❡r✐♦r♠❡♥t❡ s❡ r❡❛❧✐③❛ ❡❧ ♠♦❞❡❧❛❞♦ ❝✐♥❡♠át✐❝♦ ② ❞✐♥á♠✐❝♦ ❞❡ ✉♥ r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥

❞✐❢❡r❡♥❝✐❛❧✱ ❞❡ t✐♣♦ ✉♥✐❝✐❝❧♦✳

❈❛♣✐t✉❧♦ ✹✳ ❙❡ ❡st✉❞✐❛♥ ❧❛s ♠❡t♦❞♦❧♦❣í❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s✱ ❞♦♥❞❡ s❡

✉t✐❧✐③❛ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ✭tr❛②❡❝t♦r✐❛s ❝♦♥t✐♥✉❛s✮✱ ❛❧ ✐❣✉❛❧ q✉❡ s❡ ❛♥❛❧✐③❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ②

❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ❝♦♥ ❧❛s ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ✐♠♣❧❡♠❡♥t❛❞❛s✳

❈❛♣✐t✉❧♦ ✺✳ ❙❡ ♠✉❡str❛♥ r❡s✉❧t❛❞♦s ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱ ❛♥á❧✐s✐s ② ❝❛r❛❝t❡r✐③❛❝✐ó♥

❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ② ❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ❝♦❜❡rt✉r❛ ❞❡ ár❡❛s ♣❛r❛ ♦❜t❡♥❡r ❧♦s ♠❡❥♦r❡s

❡sq✉❡♠❛s ♦ ♠❡t♦❞♦❧♦❣í❛s ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ❛ ♣❛rt✐r ❞❡ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉t❛✲

❝✐♦♥❛❧❡s✳

✶✷



❋✐♥❛❧♠❡♥t❡✱ s❡ ♠✉❡str❛♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ② ❡❧ tr❛❜❛❥♦ ❛ ❢✉t✉r♦ ❞❡❧ t❡♠❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡

❡st❛ t❡s✐s✳

✶✸



❈❛♣ít✉❧♦ ✷

❙✐st❡♠❛s ●❡♥❡r❛❞♦r❡s ❞❡ ❚r❛②❡❝t♦r✐❛s

✷✳✶ ■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ❞❡✜♥❡♥ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s q✉❡ s✐r✈❡♥ ♣❛r❛ ❣❡♥❡r❛r ❧❛s tr❛②❡❝t♦r✐❛s q✉❡

s❡rá♥ s❡❣✉✐❞❛s ♣♦r ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✳ ❙❡ ❞❡✜♥❡♥ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s q✉❡ ❡①❤✐❜❡♥ ❝❛♦s✱

♣❛tr♦♥❡s ♣❡r✐ó❞✐❝♦s✱ ❛❧❡❛t♦r✐♦s✱ ❡♥tr❡ ❧♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ② ❧❛ ❛♣r♦①✲

✐♠❛❝✐ó♥ q✉❡ s❡ ✐♠♣❧❡♠❡♥t❛ ♣❛r❛ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❇r♦✇♥✐❛♥❛s ❞❡t❡r♠✐♥✐st❛s✳

✷✳✷ ❙✐st❡♠❛s ❉✐♥á♠✐❝♦s

▲❛ ❞✐♥á♠✐❝❛ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧♦s ❢❡♥ó♠❡♥♦s q✉❡ ♣r♦❞✉❝❡♥ ♣❛tr♦♥❡s ❞❡ ❝❛♠❜✐♦ ❡♥ ❡❧ t✐❡♠♣♦✳ ●r❛♥

♣❛rt❡ ❞❡ ést♦s ❢❡♥ó♠❡♥♦s ♦❝✉rr❡♥ ❡♥ ❧❛ ♥❛t✉r❛❧❡③❛ ② ❧♦s ♣r♦❝❡s♦s✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ést♦s

❢❡♥ó♠❡♥♦s ❞✐♥á♠✐❝♦s s❡ ♣r❡s❡♥t❛♥ ❡♥ ❧♦s s✐st❡♠❛s s♦❝✐❛❧❡s✱ ❧♦s ❡❝♦s✐st❡♠❛s✱ ♣r♦❝❡s♦s ✐♥❞✉str✐❛❧❡s✱

❡t❝✳

▼✉❝❤♦s ❞❡ ❡st♦s ❢❡♥ó♠❡♥♦s ♣✉❡❞❡♥ ❡♥t❡♥❞❡rs❡ ② s❡r tr❛t❛❞♦s ❢á❝✐❧ ❡ ✐♥t✉✐t✐✈❛♠❡♥t❡ s✐♥ ❡❧

❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❤❛② s✐t✉❛❝✐♦♥❡s ❞♦♥❞❡ ❡s ♥❡❝❡s❛r✐♦

❛♥❛❧✐③❛r ❡❧ ♣r♦❜❧❡♠❛ ♠❡❞✐❛♥t❡ ❤❡rr❛♠✐❡♥t❛s ♠❛t❡♠át✐❝❛s ♠ás s♦✜st✐❝❛❞❛s✳ ▲♦s ♠♦❞❡❧♦s ❜❛s❛❞♦s

✶✹



❡♥ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ♣r♦✈❡❡♥ ✉♥❛ ❛❜str❛❝❝✐ó♥ ② ❞❡s❝r✐♣❝✐ó♥ ♠ás ❡①❛❝t❛ ❞❡ ❧❛

❞✐♥á♠✐❝❛ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ♥❛t✉r❛❧❡s ② ❛rt✐✜❝✐❛❧❡s✳

▲♦s ♠♦❞❡❧♦s ❞✐♥á♠✐❝♦s s♦♥ ❡st✉❞✐❛❞♦s ❝♦♠♦ ♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s q✉❡ ❞❡s❝r✐❜❡♥ ✉♥ s✐st❡♠❛

r❡❛❧✱ ❧♦s ❝✉❛❧❡s s♦♥ ❛❜str❛í❞♦s ❞❡ ❛❧❣ú♥ ♣r♦❝❡s♦s ❢ís✐❝♦✱ ❜✐♦❧ó❣✐❝♦✱ ❡❝♦♥ó♠✐❝♦✱ ❡t❝✳ P❛rt✐❝✉✲

❧❛r♠❡♥t❡✱ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s s❡ ❝♦♥s✐❞❡r❛ q✉❡ ✉♥ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❡s

❞❡t❡r♠✐♥✐st❛ sí ❡①❤✐❜❡ ✉♥❛ ❡✈♦❧✉❝✐ó♥ ú♥✐❝❛ ❬✺❪✳ ❯♥❛ ❡s♣❡❝✐✜❝❛❝✐ó♥ ❝♦♠♣❧❡t❛ ❞❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡

ést❛s ❡❝✉❛❝✐♦♥❡s ❡stá ❞❛❞❛ ♣♦r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❙❡ ❝♦♥s✐❞❡r❛♥ q✉❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ r❡♣r❡s❡♥t❛❞♦r ♣♦r ✉♥ ♠♦❞❡❧♦ ❡♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s

❡stá ❝♦♥❢♦r♠❛❞♦r ♣♦r ✉♥ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ n✲❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❞❡ ♣r✐♠❡r ♦r❞❡♥

❛❝♦♣❧❛❞❛s ❡♥tr❡ sí✱ q✉❡ s❡ r❡♣r❡s❡♥t❛♥ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥✿

ẋ1 = f1 (t, x1, . . . , xn, u1, . . . , um)
ẋ2 = f1 (t, x1, . . . , xn, u1, . . . , um)
✳✳✳
ẋn = f1 (t, x1, . . . , xn, u1, . . . , um)

✭✷✳✷✳✶✮

❞♦♥❞❡ ẋi ❞❡♥♦t❛ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ xi ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ t✐❡♠♣♦ t✱ xi ❡s ✉♥ ✈❡❝t♦r

❝✉②❛s n ❝♦♠♣♦♥❡♥t❡s s♦♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✱ ② uj ❡s ✉♥ ✈❡❝t♦r ❞❡ ❡♥tr❛❞❛ m✲❞✐♠❡♥s✐♦♥❛❧✳

❙❡ ❡s❝r✐❜❡♥ ❝♦♠♦ ✉♥❛ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ♣r✐♠❡r ♦r❞❡♥✱

ẋ = f(t, x, u) ✭✷✳✷✳✷✮

❞♦♥❞❡ s❡ ❞❡✜♥❡ ❛ x ❝♦♠♦ ❡❧ ❡st❛❞♦ ② u ❡s ❧❛ ❡♥tr❛❞❛✳

❈✉❛♥❞♦ ♥♦ ❛♣❛r❡❝❡ ❡①♣❧í❝✐t❛♠❡♥t❡ ✉♥❛ ❡♥tr❛❞❛ u ❡♥ ❡❧ ♠♦❞❡❧♦ ❡♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦✱ s❡ ❧❡

❧❧❛♠❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ♥♦ ❢♦r③❛❞❛

✶✺



ẋ = f(t, x) ✭✷✳✷✳✸✮

❯♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ✭✷✳✷✳✸✮ s✉r❣❡ ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ f ♥♦ ❞❡♣❡♥❞❡ ❡①♣❧í❝✐t❛♠❡♥t❡ ❞❡❧ t✐❡♠♣♦

t✱ ❡st♦ ❡s✱

ẋ = f(x) ✭✷✳✷✳✹✮

❡♥ t❛❧ ❝❛s♦ s❡ ❞✐❝❡ q✉❡ ❡❧ s✐st❡♠❛ ❡s ❛✉tó♥♦♠♦ ♦ ✐♥✈❛r✐❛♥t❡ ❡♥ ❡❧ t✐❡♠♣♦ ❬✷✻❪✳ ❙✐ ❡❧ s✐st❡♠❛

♥♦ ❡s ❛✉tó♥♦♠♦✱ ❡♥t♦♥❝❡s ❡s ❧❧❛♠❛❞♦ ♥♦ ❛✉tó♥♦♠♦ ♦ ✈❛r✐❛♥t❡ ❡♥ ❡❧ t✐❡♠♣♦✳

❊♥ ❡❧ ❝❛s♦ ❛✉tó♥♦♠♦✱ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡❧ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✷✳✸✮✱ s❡ s❛❜❡

q✉❡ ❡①✐st❡ ② q✉❡ ❡s ú♥✐❝❛ s✐ ❡❧ ✈❡❝t♦r ❞❡ ❝❛♠♣♦ f ❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ▲✐♣s❝❤✐t③ ✺✳✺✳✸✳ ❆❧ r❡s♦❧✈❡r

❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r s❡ t✐❡♥❡ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ♣✉♥t♦s x (t) q✉❡ s❡ ❞❡✜♥❡ ❝♦♠♦ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡❧

s✐st❡♠❛ ❞✐♥á♠✐❝♦✱ ❞♦♥❞❡ x (0) ❡s ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✶ ✭❈♦♥st❛♥t❡ ▲✐♣s❝❤✐t③✮✳ ❬✶✽❪ ❯♥❛ ❢✉♥❝✐ó♥ f ❞❡ S ⊂ Rm ❡♥ Rn s❡ ❧❡ ❧❧❛♠❛
❢✉♥❝✐ó♥ ▲✐♣s❝❤✐t③ s✐ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ Lf t❛❧ q✉❡

‖f (x)− f (y)‖ ≤ Lf ‖x− y‖ ♣❛r❛ t♦❞♦ x, y ∈ S ✭✷✳✷✳✺✮

▲❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ❞❡ f ❡s ❧❛ ♠ás ♣❡q✉❡ñ❛ ❡❧❡❝❝✐ó♥ ❞❡ Lf ♣❛r❛ ❧❛ ❝✉❛❧ ❧❛ ❝♦♥❞✐❝✐ó♥
♣r❡✈✐❛ s❡ ♠❛♥t✐❡♥❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✷ ✭❋✉♥❝✐ó♥ ▲✐♣s❝❤✐t③ ❬✶✽❪✮✳ ❙❡❛ ✉♥❛ ❢✉♥❝✐ó♥ ❣❡♥❡r❛❧ f : S −→ Q✱ ❞♦♥❞❡ S ❡s
✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦ r❛❝✐♦♥❛❧❡s✱ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ {x ∈ Q : a ≤ x ≤ b} ❝♦♥ ❧♦s ♥ú♠❡r♦s
r❛❝✐♦♥❛❧❡s a ② b✳ ❙✐ x ② y s♦♥ ❞♦s ♥ú♠❡r♦s ❡♥ S✱ ❡♥t♦♥❝❡s |x2 − x1| ❡s ❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ❡♥tr❛❞❛
② |f(x2)− f(x1)| ❡s ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❝❛♠❜✐♦ ❡♥ ❧❛ s❛❧✐❞❛✳ ❙❡ ❞✐❝❡ q✉❡ f ❡s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛
❝♦♥ ✉♥❛ ❝♦♥st❛♥t❡ ▲✐♣s❝❤✐t③ Lf ❡♥ S s✐ ❤❛② ✉♥❛ ❝♦♥st❛♥t❡ ✭♥❡❝❡s❛r✐❛♠❡♥t❡ ♣♦s✐t✐✈❛✮ Lf t❛❧ q✉❡

‖f (x)− f (y)‖ ≤ Lf ‖x− y‖ ♣❛r❛ t♦❞♦x, y ∈ S ✭✷✳✷✳✻✮

❝♦♠♦ s❡ ✐♥❞✐❝❛ ♣♦r ❧❛ ♥♦t❛❝✐ó♥✱ ❧❛ ❝♦♥st❛♥t❡ ▲✐♣s❝❤✐t③ Lf ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ✳

✶✻



▲❛s tr❛②❡❝t♦r✐❛s tí♣✐❝❛s t✐❡♥❞❡♥ ❛ ✐♥✜♥✐t♦ ♠✐❡♥tr❛s ❡✈♦❧✉❝✐♦♥❛♥ ❡♥ ❡❧ t✐❡♠♣♦ ♦ s❡ q✉❡❞❛♥

❛❝♦t❛❞❛s ❡♥ ✉♥ ár❡❛ ♣❛r❛ s✐❡♠♣r❡✳ ❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♦❜s❡r✈❛❞♦ ❞❡♣❡♥❞❡ t❛♥t♦ ❞❡ ❧❛ ❢♦r♠❛ ❞❡

f ❝♦♠♦ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ x0❀ ♠✉❝❤♦s s✐st❡♠❛s ♣❡r♠✐t❡♥ ❛♠❜♦s t✐♣♦s ❞❡ s♦❧✉❝✐ó♥✳ ❊❧ ❝♦♥❥✉♥t♦

❞❡ ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s q✉❡ ♥♦s ❧❧❡✈❛ ❛❧ ♠✐s♠♦ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛ s❡ ❧❡

❝♦♥♦❝❡ ❝♦♠♦ r❡❣✐ó♥ ❞❡ ❛tr❛❝❝✐ó♥✳

▲♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s q✉❡ s❡ ❛♥❛❧✐③❛♥ ❡♥ ❡st❡ tr❛❜❛❥♦ ♥♦ só❧♦ t✐❡♥❡♥ s♦❧✉❝✐♦♥❡s ❛❝♦t❛❞❛s✱ s✐

♥♦ q✉❡ ✉s✉❛❧♠❡♥t❡ t❛♠❜✐é♥ s♦♥ ❞✐s✐♣❛t✐✈♦s✱ ❧♦ ❝✉á❧ s✐❣♥✐✜❝❛✱ q✉❡ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ✉♥ ✈♦❧✉♠é♥ ❞❡❧

❡s♣❛❝✐♦ ❞❡ ❢❛s❡ q✉❡ ❝♦♥t✐❡♥❡ s✉s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❡stá ❝♦♥tr❛í❞♦ ❜❛❥♦ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✳

❯♥❛ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ✉t✐❧✐③❛❞♦s ❡♥ ❡st❡

tr❛❜❛❥♦ ❡s ❧❛ ❝♦♥t✐♥✉✐❞❛❞✱ ♣♦r ❧♦ t❛♥t♦✱ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧ s✐st❡♠❛

❞✐♥á♠✐❝♦ s♦♥ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ② s✉ ❞❡✜♥✐❝✐ó♥ ❡s ❧❛ s✐❣✉✐❡♥t❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✸✳ ❬✹✹❪ ❯♥❛ ❢✉♥❝✐ó♥ f q✉❡ ♠❛♣❡❛ ✉♥ ❝♦♥❥✉♥t♦ S1 ❡♥ ✉♥ ❝♦♥❥✉♥t♦ S2 s❡ ❞❡♥♦t❛
❝♦♠♦ f : S1 → S2✳ ❯♥❛ ❢✉♥❝✐ó♥ f : ℜn → Rm s❡ ❞✐❝❡ q✉❡ ❡s ❝♦♥t✐♥✉❛ ❡♥ ✉♥ ♣✉♥t♦ x s✐
f (xk) → f (x) s✐❡♠♣r❡ ② ❝✉❛♥❞♦ xk → x✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ f ❡s ❝♦♥t✐♥✉❛ ❡♥ x s✐✱ ❞❛❞♦ ✉♥
ǫ > 0✱ ❤❛② ✉♥ δ > 0 t❛❧ q✉❡

‖x− y‖ < δ =⇒ ‖f (x)− f (y)‖ < ǫ ✭✷✳✷✳✼✮

✷✳✷✳✶ ❊st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦

❖tr♦ ❞❡ ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❛♠♣❧✐❛ ✐♠♣♦rt❛♥❝✐❛ ❛ ❝♦♥s✐❞❡r❛r ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s

❡s ❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✳✹ ✭P✉♥t♦ ❞❡ ❊q✉✐❧✐❜r✐♦✮✳ ❬✹✹❪ ❯♥ ♣✉♥t♦ x = x∗ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❡s ✉♥
♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✭P❊✮ ❞❡ ✭✷✳✷✳✸✮ s✐ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ q✉❡ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❡❧ ❡st❛❞♦ ❞❡❧
s✐st❡♠❛ ❡♠♣✐❡❝❡ ❡♥ x∗ ② ♣❡r♠❛♥❡③❝❛ ❡♥ x∗ ♣❛r❛ t♦❞♦ t✐❡♠♣♦ ❢✉t✉r♦✳

P❛r❛ ❡❧ s✐st❡♠❛ ❛✉tó♥♦♠♦ ✭✷✳✷✳✹✮ ❧♦s P❊ s♦♥ ❧❛s r❛í❝❡s r❡❛❧❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

f(x) = 0 ✭✷✳✷✳✽✮
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❯♥ P❊ ♣✉❡❞❡ ❡st❛r ❛✐s❧❛❞♦❀ ❡s ❞❡❝✐r✱ ♥♦ s✐❡♠♣r❡ ❤❛② ♦tr♦s P❊ ❡♥ s✉ ✈❡❝✐♥❞❛❞ ♦ ♣♦❞rí❛ ❤❛❜❡r
✉♥ ❝♦♥t✐♥✉♦ ❞❡ ❡❧❧♦s✳

✷✳✸ ❙✐st❡♠❛s ❉✐♥á♠✐❝♦s ◆♦ ▲✐♥❡❛❧❡s

▲♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s s♦♥ ✉♥ ❝❛s♦ ♠ás ❝♦♠♣❧❡❥♦ ❡♥ ❞♦♥❞❡ ♥♦ s❡ ♠❛♥t✐❡♥❡ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡

s✉♣❡r♣♦s✐❝✐ó♥ ② ❡s ♥❡❝❡s❛r✐♦ ❡♠♣❧❡❛r ❤❡rr❛♠✐❡♥t❛s ♠❛t❡♠át✐❝❛s ❞❡ ❛♥á❧✐s✐s ❞❡ ♠❛②♦r ❝♦♠♣❧❡❥✐❞❛❞✳

▲♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s ♣✉❡❞❡♥ s❡r ❛♥❛❧✐③❛❞♦r ❛♣❧✐❝❛♥❞♦ ✉♥❛ ❧✐♥❡❛❧✐③❛❝✐ó♥✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ s❡❛

♣♦s✐❜❧❡ ✉t✐❧✐③❛r❧❛✱ s✐♥ ❡♠❜❛r❣♦✱ ❡①✐st❡s ❛❧❣✉♥❛s ❧✐♠✐t❛❝✐♦♥❡s ❡♥tr❡ ❧❛s ❝✉á❧❡s s❡ ♣✉❡❞❡♥ ❞❡st❛❝❛r

❧❛s s✐❣✉✐❡♥t❡s✿

• ❆❧ ❛♣❧✐❝❛r ❧❛ ❧✐♥❡❛❧✐③❛❝✐ó♥✱ só❧♦ s❡ ♣✉❡❞❡ ❛♥❛❧✐③❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❛❧r❡❞❡❞♦r

❞❡ ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✱ ♣♦r ❧♦ t❛♥t♦✱ só❧♦ s❡ ♣r❡❞✐❝❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦

❧♦❝❛❧ ❞❡❧ s✐st❡♠❛✳

• ▲❛ ❞✐♥á♠✐❝❛ ❞❡ ✉♥ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧ ❡s ♠✉❝❤♦ ♠ás r✐❝❛ q✉❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ✉♥ s✐st❡♠❛

❧✐♥❡❛❧✳

❊s ♣♦r ❡st❛ r❛③ó♥ q✉❡ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s s♦♥ ❧♦s ♠ás ✐♥t❡r❡s❛♥t❡s✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡

✈✐st❛ ❞❡ ❡st❡ tr❛❜❛❥♦✱ ♣❛r❛ q✉❡ s❡❛♥ ✉t✐❧✐③❛❞♦s ❝♦♠♦ s✐st❡♠❛s ❣❡♥❡r❛❞♦r❡s ❞❡ tr❛②❡❝t♦r✐❛s✳

❊①✐st❡♥ ❢❡♥ó♠❡♥♦s ♥♦ ❧✐♥❡❛❧❡s q✉❡ só❧♦ ♣✉❡❞❡♥ ♣r❡s❡♥t❛rs❡ ❡♥ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s✱ ❧♦ q✉❡

s✉❣✐❡r❡ q✉❡ ❧♦s s✐st❡♠❛s ❧✐♥❡❛❧❡s ♥♦ s♦♥ ❝❛♣❛❝❡s ❞❡ ♣r❡❞❡❝✐r s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ② ♣♦r ❡s♦ ❞❡❜❡

r❡❝✉rr✐rs❡ ❛ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❛❧❡s✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞❡ ❧♦s s✐st❡♠❛s ♥♦

❧✐♥❛❧❡s s♦♥✿

• ❊s❝❛♣❡ ❡♥ t✐❡♠♣♦ ✜♥✐t♦✳

• ▼ú❧t✐♣❧❡s ♣✉♥t♦s ❞❡ ❡q✉✐❧✐❜r✐♦ ❛✐s❧❛❞♦s✳

✶✽



• ❈✐❝❧♦s ❧í♠✐t❡✳

• ❖s❝✐❧❛❝✐♦♥❡s s✉❜❛r♠ó♥✐❝❛s✱ ❛r♠ó♥✐❝❛s ② ❝✉❛s✐♣❡r✐ó❞✐❝❛s✳

• ❈❛♦s✳

• ▼ú❧t✐♣❧❡s ♠♦❞♦s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦✳

▲♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♥♦ ❧✐♥❡❛❧❡s ❞❡s❝r✐t♦s ♣♦r ✭✷✳✷✳✹✮ ♣r❡s❡♥t❛♥ ❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ ❝♦♥

❝❛r❛❝t❡ríst✐❝❛s ❞✐❢❡r❡♥t❡s q✉❡ ❡❧ ❡st❛❞♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❡♥ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧ ❞❛❞♦ ♣♦r ẋ = Ax✱ ❧♦s

❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ s♦♥ ❧❧❛♠❛❞♦s ❛tr❛❝t♦r❡s ❞❡ ✉♥ s✐st❡♠❛✱ ❞❡✜♥✐❞♦s ❝♦♠♦✿

❉❡✜♥✐❝✐ó♥ ✷✳✸✳✶ ✭❆tr❛❝t♦r✮✳ ❬✹✶❪ ❊❧ ❝♦♥❥✉♥t♦ ❝❡rr❛❞♦ Ω ⊂ Rn ❡s ❧❧❛♠❛❞♦ ❡❧ ❛tr❛❝t♦r ❞❡❧ s✐st❡♠❛
✭✷✳✷✳✹✮ s✐ ✭❛✮ ❡①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ Ω0 ⊃ Ω t❛❧ q✉❡ t♦❞❛s ❧❛s tr❛②❡❝t♦r✐❛s x(t) ❞❡❧ s✐st❡♠❛
✭✷✳✷✳✹✮ ♦r✐❣✐♥❛❞❛s ❡♥ Ω0 ❡stá♥ ❞❡✜♥✐❞❛s ♣❛r❛ t♦❞♦ t ≥ 0 ② t✐❡♥❞❡♥ ❛ Ω ❝✉❛♥❞♦ t → ∞✱ ❡st♦ ❡s✱
dist(x(t),Ω) → 0 ❝✉❛♥❞♦ t → ∞✱ s✐ x(0) ∈ Ω0✱ ❞♦♥❞❡ dist(x,Ω) = infy∈Ω ‖x−y‖ ❡s ❧❛ ❞✐st❛♥❝✐❛✶

❞❡❧ ♣✉♥t♦ x ❛❧ ❝♦♥❥✉♥t♦ Ω✱ ② ✭❜✮ s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω ♥♦ t✐❡♥❡♥ ❡st❛ ♣r♦♣✐❡❞❛❞✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡s ❧❧❛♠❛❞♦ ❛tr❛❝t♦r ♣♦rq✉❡ s✐ ❡stá ♣r❡s❡♥t❡ ❛❧❣✉♥❛ ❢♦r♠❛ ❞❡ ❛♠♦r✲

t✐❣✉❛♠✐❡♥t♦ ❡♥ ❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ❝♦♥❢♦r♠❡ ❡❧ ❡st❛❞♦ tr❛♥s✐t♦r✐♦ ❞❡❝❛❡✱ ❡❧ s✐st❡♠❛ ❡s ✧❛tr❛í❞♦✧

❛❧ ❝♦♥❥✉♥t♦ Ω✳ ▲♦s ❛tr❛❝t♦r❡s ❡♥ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s s❡ ♣✉❡❞❡♥ ❝❧❛s✐✜❝❛r ❝♦♠♦✿

✶✳ P✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳

✷✳ Ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♦ ❝✐❝❧♦ ❧í♠✐t❡✳

✸✳ Ór❜✐t❛ ❝✉❛s✐♣❡r✐ó❞✐❝❛✳

✹✳ ❆tr❛❝t♦r ❝❛ót✐❝♦✳
✶‖ · ‖ ✐♥❞✐❝❛ ❧❛ ♥♦r♠❛ ❊✉❝❧✐❞❡❛♥❛✱ ② ‖ · ‖∞✱ ❧❛ ♥♦r♠❛ ✐♥✜♥✐t❛ ❡♥ ❧♦s ❡s♣❛❝✐♦s ❞❡ ✈❡❝t♦r❡s ② ❢✉♥❝✐♦♥❡s✳ ❊❧ ❡s♣❛❝✐♦

❊✉❝❧✐❞❡❛♥♦ ❞❡ ❧♦s ✈❡❝t♦r❡s n✲❞✐♠❡♥s✐♦♥❛❧❡s s❡ ❞❡♥♦t❛ ♣♦r Rn✳
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✷✳✹ ❙✐st❡♠❛ ❉✐♥á♠✐❝♦ P❡r✐ó❞✐❝♦

▲❛ ♣❡r✐♦❞✐❝✐❞❛❞ s❡ ❝❛r❛❝t❡r✐③❛ ♣♦r ♣♦s❡❡r ✉♥❛ r❡♣❡t✐t✐✈✐❞❛❞ ❝♦♥t✐♥✉❛✱ ❡♥ ❧❛s tr❛②❡❝t♦r✐❛s s❡ ❛♣r❡❝✐❛

❧❛ ♠✐s♠❛ ❢♦r♠❛ ❞❡ ❧❛ ❝✉r✈❛✱ ❝✉❛♥❞♦ s❡ r❡❧❛❝✐♦♥❛♥ ✐♥t❡r✈❛❧♦s ❡s♣❡❝í✜❝♦s ❞❡ t✐❡♠♣♦✳ ▲♦s ♣❛tr♦♥❡s

♣❡r✐ó❞✐❝♦s t❛♠❜✐é♥ s♦♥ ❝♦♥♦❝✐❞♦s ❝♦♠♦ ❝✐❝❧♦s ❧í♠✐t❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✹✳✶ ✭❈✐❝❧♦s ❧í♠✐t❡✮✳ ❬✷✻❪ ❯♥ s✐st❡♠❛ ♦s❝✐❧❛ ❝✉❛♥❞♦ t✐❡♥❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣❡r✐ó❞✐❝❛ ♥♦
tr✐✈✐❛❧✱

x (t+ T ) = x (t) , t ≥ 0 ✭✷✳✹✳✶✮

♣❛r❛ ❛❧❣ú♥ T > 0✳ ▲❛ ✐♠á❣❡♥ ❞❡ ✉♥❛ s♦❧✉❝✐ó♥ ♣❡r✐ó❞✐❝❛ ❡♥ ❡❧ r❡tr❛t♦ ❞❡ ❢❛s❡ ❡s ❧❛ ❞❡ ✉♥❛
ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ♦ ✉♥❛ ór❜✐t❛ ❝❡rr❛❞❛✳

❯♥ s✐st❡♠❛ ❧✐♥❡❛❧ ❝♦♠♦ ♦s❝✐❧❛❞♦r ❛r♠ó♥✐❝♦ t✐❡♥❡ tr❛②❡❝t♦r✐❛s q✉❡ s♦♥ ór❜✐t❛s ❝❡rr❛❞❛s✱ ❝✉②❛

❛♠♣❧✐t✉❞ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧✳ ❙✐♥ ❡♠❜❛r❣♦✱ ✉♥ ♦s❝✐❧❛❞♦r ❧✐♥❡❛❧ ♥♦ ❡s r♦❜✉st♦ ✭❡str✉❝✲

t✉r❛❧♠❡♥t❡ ❡st❛❜❧❡✮ ②❛ q✉❡ ❝✉❛❧q✉✐❡r ♣❡rt✉r❜❛❝✐ó♥ ❞❡str✉②❡ ❧❛ ♦s❝✐❧❛❝✐ó♥✳ P♦r ♠❡❞✐♦ ❞❡ s✐st❡♠❛s

♥♦ ❧✐♥❡❛❧❡s ❡s ♣♦s✐❜❧❡ ❝♦♥str✉✐r ♦s❝✐❧❛❞♦r❡s t❛❧❡s q✉❡✱

• ❙❡❛♥ ❡str✉❝t✉r❛❧♠❡♥t❡ ❡st❛❜❧❡s✳

• ▲❛ ❛♠♣❧✐t✉❞ ❞❡ ❧❛ ♦s❝✐❧❛❝✐ó♥ ✭❡♥ ré❣✐♠❡♥ ♣❡r♠❛♥❡♥t❡✮ ♥♦ ❞❡♣❡♥❞❛ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✷✳✶✿ ❈✐❝❧♦ ❧í♠✐t❡ ❞❡❧ ♦s❝✐❧❛❞♦r ❞❡ ❱❛♥
❉❡r P♦❧✳

❋✐❣✉r❛ ✷✳✷✿ ❈✐❝❧♦ ❧í♠✐t❡ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ▼❛❣✐♥✉✳
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❊st❡ t✐♣♦ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s s♦♥ ❛♠♣❧✐❛♠❡♥t❡ ❣❡♥❡r❛❞♦s ♣♦r s❡r✐❡s ❞❡ ❢✉♥❝✐♦♥❡s s❡♥♦✐❞❛❧❡s✳

❊♥ ❧❛ ❋✐❣✉r❛s ✷✳✶ ② ✷✳✷ s❡ ♠✉❡str❛♥ ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❧♦s ❝✐❝❧♦s ❧í♠✐t❡ ❞❡ ❧♦s ♠♦❞❡❧♦s ❝♦♥

❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s ♣❡r✐ó❞✐❝♦s✳

✷✳✺ ❙✐st❡♠❛s ❉✐♥á♠✐❝♦s ❈❛ót✐❝♦s

▲❛ ✐❞❡❛ ❞❡ ❝♦♠♦ ♣❡q✉❡ñ❛s ❞❡s✈✐❛❝✐♦♥❡s ♣✉❡❞❡♥ ❝r❡❝❡r ❡①♣❧♦s✐✈❛♠❡♥t❡ ❤❛st❛ ♣r♦❞✉❝✐r ❡❢❡❝t♦s

s✉❜st❛♥❝✐❛❧❡s ❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ s✐st❡♠❛s ❢ís✐❝♦s ❢✉❡ ✉♥ ❢❡♥ó♠❡♥♦ ❡♥ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡

❊❞✇❛r❞ ▲♦r❡♥③ ✭✶✾✻✸✮✳ ❊❧ ♥♦tó q✉❡ ✉♥ ♠♦❞❡❧♦ ❝❧✐♠❛tó❧♦❣✐❝♦ ♣✉❡❞❡ ❡①❤✐❜✐r ✉♥❛ ❞❡♣❡♥❞❡♥❝✐❛

❛ ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❞❡ ❛❧❣ú♥ ❝❛♠❜✐♦ ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ② ♥♦ ❡s ♣r♦❞✉❝t♦ ❞❡ ✉♥❛ ❡rró♥❡❛

❞❡s❝r✐♣❝✐ó♥ ♠❛t❡♠át✐❝❛✳

❊❧ ❝❛♦s ❡s ✐♠♣r❡❞❡❝✐❜❧❡✱ ♣❡r♦ ❞❡t❡r♠✐♥❛❜❧❡✳ ❖ ❞✐❝❤♦ ❞❡ ♦tr♦ ♠♦❞♦✱ ❡❧ ❝❛♦s ♥♦ ❡s ❛❧❡❛t♦r✐♦✱

t✐❡♥❡ ✉♥ ♦r❞❡♥ s✉❜②❛❝❡♥t❡✳ ▲❛ ✐♥❝ó❣♥✐t❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❝❛♦s ❡s ❧❛ ♣r❡❣✉♥t❛ ❞❡ q✉é ❡s ❧♦ q✉❡

❤❛❝❡ q✉❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ s❡❛ ❝❛ót✐❝♦ ♦ ♥♦ ❝❛ót✐❝♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✶ ✭❉❡✜♥✐❝✐ó♥ ❞❡ ❈❛♦s ❞❡ ❉❡✈❛♥❡②✮✳ ❬✶✻❪ ❙❡❛ f : X → X✳ ❉❡❝✐♠♦s q✉❡ f ❡s
❝❛ót✐❝❛ ❡♥ X s✐ s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s tr❡s ❝♦♥❞✐❝✐♦♥❡s✿

• ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f ❢♦r♠❛ ✉♥ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❡♥ X✳

• f ❡s t♦♣♦❧ó❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈❛ ❡♥ X

• f ❡s s❡♥s✐❜❧❡ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❡♥ X✳

❯♥❛ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠ás ❛♠♣❧✐❛♠❡♥t❡ ❛❝❡♣t❛❞❛s ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ❝❛♦s ❡s ❧❛ tr❛♥s✐t✐✈✐❞❛❞

t♦♣♦❧ó❣✐❝❛ ❬✶❪✳ ❊st❛ ♣r♦♣✐❡❞❛❞ ❞❡s❝r✐❜❡ ♠❛t❡♠át✐❝❛♠❡♥t❡ q✉❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❞❡ ♥❛t✉r❛❧❡③❛

❝❛ót✐❝❛ ❣❡♥❡r❛ tr❛②❡❝t♦r✐❛s ❞❡♥s❛s ❡♥ s✉ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡✳ ❆❧❣✉♥❛s ❞❡✜♥✐❝✐♦♥❡s út✐❧❡s ♣❛r❛ ❡①♣r❡s❛r

❢♦r♠❛❧♠❡♥t❡ ❧♦ ❛♥t❡r✐♦r s♦♥✿

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✷✳ (X, f) ❞❡♥♦t❛ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ t♦♣♦❧ó❣✐❝♦✱ ❞♦♥❞❡X ❡s ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦
✭❝♦♠♣❛❝t♦✮ ❝♦♥ ✉♥❛ ♠étr✐❝❛ d ② f : X → X ❡s ✉♥ ♠❛♣❡♦ ❝♦♥t✐♥✉♦✳

✷✶



❉❡✜♥✐❝✐ó♥ ✷✳✺✳✸✳ ❯♥ ♣✉♥t♦ x ∈ X ♠✉❡✈❡ s✉ tr❛②❡❝t♦r✐❛ s✐❡♥❞♦ ❧❛ s❡❝✉❡♥❝✐❛ x, f(x), f 2(x), f 3(x), . . .✱
❞♦♥❞❡ fn(x) ❡s ❧❛ n✲és✐♠❛ ✐t❡r❛❝✐ó♥ ❞❡ f ✳ ❊❧ ♣✉♥t♦ fn(x) ❡s ❧❛ ♣♦s✐❝✐ó♥ ❞❡ x ❞❡s♣✉és ❞❡ n ✉♥✐❞❛❞❡s
❞❡ t✐❡♠♣♦✳ ❊❧ ❝♦♥❥✉♥t♦ ❞❡ ♣✉♥t♦s ❞❡ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ x ❡♥ f ❡s ❧❧❛♠❛❞❛ ❧❛ ór❜✐t❛ ❞❡ x ❞❡♥♦t❛❞❛
♣♦r orbf (x)

❯♥❛ ✈❡③ q✉❡ s❡ ❤❛♥ ❞❡✜♥✐❞♦ ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s út✐❧❡s s♦❜r❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ② s✉s

♣r♦♣✐❡❞❛❞❡s t♦♣♦❧ó❣✐❝❛s✱ ❧♦s ❝✉❛❧❡s s♦♥ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❞❡s❝r✐❜✐r ❞❡ ❢♦r♠❛ ♠ás ♣r❡❝✐s❛ ❡❧ ❝♦♥✲

❝❡♣t♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞ t♦♣♦❧ó❣✐❝❛ q✉❡ ❡st❛ ❞❛❞♦ ♣♦r ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✳✹✳ ❙❡❛ X ✉♥ ❡s♣❛❝✐♦ ♠étr✐❝♦ ② f : X → X ❝♦♥t✐♥✉❛✳ ❙❡ ❝♦♥s✐❞❡r❛♥ ❧❛s s✐❣✉✐❡♥t❡s
❝♦♥❞✐❝✐♦♥❡s✿

• P❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s ❛❜✐❡rt♦s ♥♦ ✈❛❝í♦s U, V ∈ X ❤❛② ✉♥ ❡♥t❡r♦ ♣♦s✐t✐✈♦ n t❛❧ q✉❡
fn(U) ∩ V 6= 0✱

• ❤❛② ✉♥ ♣✉♥t♦ x0 ∈ X t❛❧ q✉❡ ❧❛ ór❜✐t❛ ❞❡ x0 ❡s ❞❡♥s❛ ❡♥ X✳

❯s✉❛❧♠❡♥t❡ ❧❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ✷✳✺✳✹ s❡ ❛❞♦♣t❛ ❝♦♠♦ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ tr❛♥s✐t✐✈✐❞❛❞

t♦♣♦❧ó❣✐❝❛✱ ❛✉♥q✉❡ ♦tr♦s ❛✉t♦r❡s t♦♠❛♥ ❧❛ s❡❣✉♥❞❛ ❝♦♥❞✐❝✐ó♥✳ ▲❛ tr❛♥s✐t✐✈✐❞❛❞ t♦♣♦❧ó❣✐❝❛ ❡s ✉♥❛

❝❛r❛❝t❡ríst✐❝❛ ❣❧♦❜❛❧ ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦✳ ■♥t✉✐t✐✈❛♠❡♥t❡✱ ✉♥ ♠❛♣❡♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦

f t✐❡♥❡ ♣✉♥t♦s ❝♦♥ ✈❡❝✐♥❞❛❞❡s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❝❡r❝❛♥❛s✱ t❛❧❡s q✉❡ ❛❧ tr❛♥s❝✉rr✐r ❧❛s ✐t❡r❛❝✐♦♥❡s✱

❡✈❡♥t✉❛❧♠❡♥t❡ s✉ tr❛②❡❝t♦r✐❛ ❧♦s ♠✉❡✈❡ ❛ ❝✉❛❧q✉✐❡r ♦tr❛ ✈❡❝✐♥❞❛❞✳

❖tr❛s ❝❛r❛❝t❡ríst✐❝❛s ♠✉② s✐❣♥✐✜❝❛t✐✈❛s q✉❡ ♣♦s❡❡♥ ❧♦s s✐st❡♠❛s ❝❛ót✐❝♦s s♦♥ ❧❛s s✐❣✉✐❡♥t❡s✿

• ❙❡♥s✐❜✐❧✐❞❛❞ ❛ ❧♦s ❝❛♠❜✐♦s ❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✷✳✸ s❡ ♦❜s❡r✈❛ ❡st❡

❢❡♥ó♠❡♥♦ ❞❡ ❞✐✈❡r❣❡❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❡♥tr❡ ❞♦s tr❛②❡❝t♦r✐❛s q✉❡ ❡♠♣✐❡③❛♥ ♠✉② ❝❡r❝❛♥❛s ❡♥tr❡

sí ❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ② ❝♦♥❢♦r♠❡ ❡✈♦❧✉❝✐♦♥❛♥ t❡♠♣♦r❛❧♠❡♥t❡ ❞✐✈❡r❣❡♥ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✳

• ■♥❝r❡♠❡♥t♦ ❞❡ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ♦s❝✐❧❛❝✐♦♥❡s ❛❧ ❝❛♠❜✐❛r ❛❧❣ú♥ ♣❛rá♠❡tr♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s

❞✐♥á♠✐❝❛s✳

• Pr❡s❡♥t❛ ❛tr❛❝t♦r❡s ✏❡①tr❛ñ♦s✧ q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ♦ ❝♦♥ ❧♦s ♠❛♣❛s ❞❡

P✐♥❝❛ré✱ ② ♣r❡s❡♥t❛♥ ✉♥❛ ❡str✉❝t✉r❛ ❢r❛❝t❛❧✳

✷✷



• ❊s♣❡❝tr♦ ❛♠♣❧✐♦ ❞❡ s✉s ❢r❡❝✉❡♥❝✐❛s✱ s❡ ♦❜t✐❡♥❡ ❛❧ ❛♣❧✐❝❛r ❧❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r

✭❋❋❚✮ ❡♥ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ❝❛ót✐❝❛✳

❋✐❣✉r❛ ✷✳✸✿ ❊①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

❆❧❣✉♥♦s s✐st❡♠❛s ❜✐❡♥ ❝♦♥♦❝✐❞♦s q✉❡ ♥♦s ♣❡r♠✐t❡♥ ❣❡♥❡r❛r tr❛②❡❝t♦r✐❛s ❝❛ót✐❝❛s s♦♥✱ ♣♦r

❡❥❡♠♣❧♦✱ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❞❡ ▲♦r❡♥③ ♣❛r❛ ❧❛ ❝♦♥✈❡❝❝✐ó♥ ❡♥ ✢✉✐❞♦s✿

dx
dt

= −σx+ σy

dy
dt

= rx− y + xz

dz
dt

= xy − bz

✭✷✳✺✳✶✮

❋✐❣✉r❛ ✷✳✹✿ ❆tr❛❝t♦r ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

✷✸



❆❧❣✉♥♦s ♦tr♦s ❡❥❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❝❛ót✐❝♦s s♦♥✿

dx
dt

= − (y − z)

dy
dt

= x+ ay

dz
dt

= b+ xz − cz

✭✷✳✺✳✷✮

❋✐❣✉r❛ ✷✳✺✿ ❆tr❛❝t♦r ❝❛ót✐❝♦ ❞❡ ❘öss❧❡r✳

dx
dt

= a (y − x)

dy
dt

= (c− a) x− xz + cy

dz
dt

= xy − bz

✭✷✳✺✳✸✮

❋✐❣✉r❛ ✷✳✻✿ ❆tr❛❝t♦r ❝❛ót✐❝♦ ❞❡ ❈❤❡♥✳

✷✹



dx
dt

= α (y − x− h)

dy
dt

= x− y + z

dz
dt

= −βy

h = m1x+ 1/2 (m0 −m1) (|x+ 1| − |x− 1|)
✭✷✳✺✳✹✮

❋✐❣✉r❛ ✷✳✼✿ ❆tr❛❝t♦r ❝❛ót✐❝♦ ❞❡ ❈❤✉❛✳

dx
dt

= y

dy
dt

= −γy − αx− βx3 + F cos(z)

dz
dt

= −w

✭✷✳✺✳✺✮
❋✐❣✉r❛ ✷✳✽✿ ❆tr❛❝t♦r ❝❛ót✐❝♦ ❞❡❧ ♦s❝✐❧❛❞♦r ❉✉✛✲
✐♥❣✳

✷✳✻ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

❊♥ ✶✽✷✼✱ ❘♦❜❡rt ❇r♦✇♥ ❞❡♠♦stró q✉❡ ❝✉❛❧q✉✐❡r s✉s♣❡♥s✐ó♥ ❞❡ ♣❛rtí❝✉❧❛s ✜♥❛s ❞❡ ✈✐❞r✐♦ ② ♠✐♥✲

❡r❛❧❡s ♣r❡s❡♥t❛❜❛♥ ✉♥ ♠♦✈✐♠✐❡♥t♦ ✐rr❡❣✉❧❛r ❝♦♥♦❝✐❞♦ ❝♦♠♦ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

❊❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ s❡ ❣❡♥❡r❛ ❞❡❜✐❞♦ ❛ ❝✐❡rt❛s s✉♣♦s✐❝✐♦♥❡s ❡st♦❝ást✐❝❛s q✉❡ ♣r♦✈✐❡♥❡♥

❞❡ ❧♦s ❡✈❡♥t♦s ❞❡ ❧❛s ❝♦❧✐s✐♦♥❡s ❡♥tr❡ ❧❛s ♣❛rtí❝✉❧❛s ② ❧❛s ♠♦❧é❝✉❧❛s ❞❡❧ ❧✐q✉✐❞♦ q✉❡ ❧❛s r♦❞❡❛♥✳ ❊❧

♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ♣♦s❡❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✱ ♠✐s♠❛s q✉❡ ♣r❡s❡♥t❛♥ ❧♦s ♣r♦❝❡s♦s ❞❡

❲✐❡♥❡r ✿

Pr♦♣✐❡❞❛❞❡s✿

✷✺



• ❚r❛②❡❝t♦r✐❛s ❝♦♥t✐♥✉❛s✳

• ❊st❛❝✐♦♥❛r✐❡❞❛❞ ❡ ✐♥❝r❡♠❡♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

• W (t) ≈ N (0, t) ♣❛r❛ ❝❛❞❛ t ≥ 0✳

✷✳✻✳✶ ❊❝✉❛❝✐ó♥ ❞❡ ▲❛♥❣❡✈✐♥ ♣❛r❛ ❡❧ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

❊❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ r❡✈❡❧❛ ❝❧❛r❛♠❡♥t❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❡st❛❞íst✐❝❛s q✉❡ ♦❝✉rr❡♥ ❡♥ ✉♥

s✐st❡♠❛ ❡♥ ❡q✉✐❧✐❜r✐♦ tér♠✐❝♦ ❬✸✾❪✳ ▲❛♥❣❡✈✐♥ ♣r♦♣✉s♦ ✉♥❛ s♦❧✉❝✐ó♥ ♠❛s s✐♠♣❧❡ ♣❛r❛ ❞❡s❝r✐❜✐r ❡❧

♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❞❡s❝r✐❜✐é♥❞♦❧♦ ❝♦♥ ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❡st♦❝ást✐❝❛✳

❙❡ ❝♦♥s✐❞❡r❛ ❡❧ ❝❛s♦ ♠ás s✐♠♣❧❡✱ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛ m ❝✉②♦ ❝❡♥tr♦

❞❡ ♠❛s❛ ❡♥ ✉♥ t✐❡♠♣♦ t ❡stá ❞❡s✐❣♥❛❞❛ ♣♦r x (t) ② ❝✉②❛ ✈❡❧♦❝✐❞❛❞ ❡s v = dx/dt✳ ❊st❛ ♣❛rtí❝✉❧❛

❡stá ✐♥♠❡rs❛ ❡♥ ✉♥ ❧✐q✉✐❞♦ ❛ t❡♠♣❡r❛t✉r❛ ❛❜s♦❧✉t❛ T ✳ ❚r❛t❛r ❞❡ ❞❡s❝r✐❜✐r ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛

♣❛rtí❝✉❧❛ ❝♦♥ ❧♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❞❡❧ ❧íq✉✐❞♦ q✉❡ ❧❛ r♦❞❡❛ ❡s ✉♥❛ t❛r❡❛ ♠✉② ❝♦♠♣❧✐❝❛❞❛✱ ♣❡r♦

❡❧ ❡❢❡❝t♦ ❞❡ t♦❞♦s ❡st♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ s❡ s✐♠♣❧✐✜❝❛ ❝♦♠♦ ✉♥❛ ❢✉❡r③❛ ♥❡t❛ ❡❢❡❝t✐✈❛ F (t) s♦❜r❡

❧❛ ♣❛rtí❝✉❧❛✳ ❆❞❡♠ás✱ ❧❛ ♣❛rtí❝✉❧❛ ✐♥t❡r❛❝tú❛ ❝♦♥ ♦tr❛s ❢✉❡r③❛ ❡①t❡r♥❛s✱ t❛❧❡s ❝♦♠♦ ❧❛ ❣r❛✈❡❞❛❞

♦ ❝❛♠♣♦s ❡❧❡❝tr♦♠❛❣♥ét✐❝♦s✱ ❛ tr❛✈és ❞❡ ✉♥❛ ❢✉❡r③❛ ❞❡♥♦t❛❞❛ ♣♦r F (t) ② ✉s❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ❧❡②

❞❡ ◆❡✇t♦♥ s❡ ❞❡s❝r✐❜❡ ❝♦♠♦✿

m
dv

dt
= F (t) + F (t) , ✭✷✳✻✳✶✮

❧❛ ❢✉❡r③❛ F (t) ❞❡s❝r✐❜❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ x (t) ❝♦♥ ❧♦s ❞❡♠ás ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❞❡❧ s✐st❡♠❛✳

▲❛ ❢✉❡r③❛ F (t) ❞❡♣❡♥❞❡ ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ❡♥ ❝♦♥st❛♥t❡ ♠♦✈✐♠✐❡♥t♦✳ P♦r ❧♦

t❛♥t♦✱ F (t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✢✉❝tú❛ rá♣✐❞❛♠❡♥t❡ ❡♥ ❡❧ t✐❡♠♣♦ ② ✈❛r✐❛ ❞❡ ✉♥❛ ❢♦r♠❛ ✐rr❡❣✉❧❛r✳

❊st❛❞íst✐❝❛♠❡♥t❡✱ ❡st❛ ❢✉❡r③❛ s❡ ❝♦♥s✐❞❡r❛ ❝♦♠♦ ✉♥ ❡♥s❛♠❜❧❡ ❞❡ ♠✉❝❤♦s s✐st❡♠❛s s✐♠✐❧❛r❡s✱ ❝❛❞❛

✉♥♦ ❝♦♥st❛ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ② ❡❧ ♠❡❞✐♦ q✉❡ ❧❛ r♦❞❡❛✳ P❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s s✐st❡♠❛s ❧❛ ❢✉❡r③❛

F (t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛ ❞❡ t✱ ❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛ q✉❡ só❧♦ s❡ ♣✉❡❞❡♥ ❤❛❝❡r ❝♦♥s✐❞❡r❛❝✐♦♥❡s
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❡st❛❞íst✐❝❛s ❞❡❧ ❡♥s❛♠❜❧❡✳ ❊♥t♦♥❝❡s✱ ❧❛ r❛③ó♥ ❛ ❧❛ ❝✉❛❧ ✈❛r✐❛ F (t) s❡ ❝❛r❛❝t❡r✐③❛ ♣♦r ✉♥ ✏t✐❡♠♣♦

❞❡ ❝♦rr❡❧❛❝✐ó♥✧✬ τ ∗✱ ❡❧ ❝✉❛❧ ♠✐❞❡ ❡❧ t✐❡♠♣♦ ♣r♦♠❡❞✐♦ ❡♥tr❡ ❞♦s ♠á①✐♠♦s ✭♦ ♠í♥✐♠♦s✮ s✉❝❡s✐✈♦s ❞❡

❧❛ ❢✉♥❝✐ó♥ ✢✉❝t✉❛♥t❡ F (t)✱ ❡❧ ❝✉❛❧ ❡s ♠✉② ♣❡q✉❡ñ♦✱ ❣❡♥❡r❛❧♠❡♥t❡ ❡s ❞❡❧ ♦r❞❡♥ ❞❡ ❧❛ s❡♣❛r❛❝✐ó♥

✐♥t❡r♠♦❧❡❝✉❧❛r ♠❡❞✐❛ ❞✐✈✐❞✐❞❛ ♣♦r ❧❛ ✈❡❧♦❝✐❞❛❞ ♠♦❧❡❝✉❧❛r ♠❡❞✐❛✮✳ ▲❛ ❢✉❡r③❛ F (t) ♣✉❡❞❡ s❡r t❛♥t♦

♣♦s✐t✐✈❛ ❝♦♠♦ ♥❡❣❛t✐✈❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s✉ ♣r♦♠❡❞✐♦ ❞❡ ❡♥s❛♠❜❧❡ ❡s ❝❡r♦✳

F (t) ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✢✉❝tú❛ rá♣✐❞❛♠❡♥t❡✱ ♣♦r ✭✷✳✻✳✶✮ s❡ ❞❡❞✉❝❡ q✉❡ v t❛♠❜✐é♥ ❡s ✉♥❛

❢✉♥❝✐ó♥ ✢✉❝t✉❛♥t❡ ❡♥ ❡❧ t✐❡♠♣♦✳ ▲❛ ❢✉♥❝✐ó♥ v t✐❡♥❡ ✉♥❛ ♣❛rt❡ q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡ ✭s✉ ♣r♦♠❡❞✐♦✮

② ♦tr❛ q✉❡ ✢✉❝tú❛ rá♣✐❞❛♠❡♥t❡ (v′)✱ ❝✉②♦ ♣r♦♠❡❞✐♦ ❡s ❝❡r♦✱

v = v̄ + v′ ✭✷✳✻✳✷✮

▲❛ ♣❛rt❡ q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡ v̄ ❡s ❝r✉❝✐❛❧ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛

❡♥ ❣r❛♥❞❡s ♣❡r✐♦❞♦s ❞❡ t✐❡♠♣♦✳ P❛r❛ ❝♦♥♦❝❡r s✉ ❞❡♣❡♥❞❡♥❝✐❛ s❡ ✐♥t❡❣r❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✻✳✶✮ s♦❜r❡

❡❧ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ τ ② s❡ ♦❜t✐❡♥❡

m [v (t+ τ)− v (t)] = F (t) τ +

∫ t+τ

t

F (t′) dt′, ✭✷✳✻✳✸✮

❞♦♥❞❡ s❡ s✉♣♦♥❡ q✉❡ F ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s✉ ❝❛♠❜✐♦ ❡s

❞❡s♣r❡❝✐❛❜❧❡ ❞✉r❛♥t❡ ❡❧ t✐❡♠♣♦ τ ✳ ▲❛ ✐♥t❡❣r❛❧ ❡♥ ✭✷✳✻✳✸✮ r❡s✉❧t❛ ♠✉② ♣❡q✉❡ñ❛✱ ♣♦r ❧♦ q✉❡ q✉❡❞❛

❝♦♠♦✿

m
dv̄

dt
= F . ✭✷✳✻✳✹✮

▲❛ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❡❧ ❛♠❜✐❡♥t❡ ❡①♣r❡s❛❞❛ ♣♦r F ✱ ❞❡❜❡ s❡r t❛❧ q✉❡ t✐❡♥❞❛ ❛ ❝♦♥❞✉❝✐r ❧❛ ♣❛rtí❝✉❧❛

❛❧ ❡st❛❞♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳ ❊st❡ ❡st❛❞♦ ❞❡ ❡q✉✐❧✐❜r✐♦ s❡ ❞❡✜♥❡ ❝♦♠♦ v̄ = 0✳ ❙❡ s✉♣♦♥❡ q✉❡ ❧❛ ❢✉❡r③❛
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❡①t❡r♥❛ F = 0✱ ♣♦r ❧♦ t❛♥t♦✱ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡①♣r❡s❛❞❛ ♣♦r F ❡s t❛❧ q✉❡✱ s✐ ❛❧ t✐❡♠♣♦ ✐♥✐❝✐❛❧ v̄ 6= 0✱

♣r♦✈♦❝❛ q✉❡ v̄ s❡ ❛♣r♦①✐♠❡ ❣r❛❞✉❛❧♠❡♥t❡ ❛ s✉ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ v̄ = 0✳ F ❡s ❛❢❡❝t❛❞❛ ♣♦r

❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ②❛ q✉❡ ❝♦♥t✐❡♥❡ ✉♥❛ ♣❛rt❡ q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡ F̄ q✉❡ t✐❡♥❞❡ ❛

❧❧❡✈❛r ❧❛ ♣❛rtí❝✉❧❛ ❛❧ ❡q✉✐❧✐❜r✐♦✳ P♦r ❧♦ q✉❡ ❛♥á❧♦❣❛♠❡♥t❡✱ ✭✷✳✻✳✷✮ s❡ ❡s❝r✐❜❡ ❝♦♠♦

F = F̄ + F ′, ✭✷✳✻✳✺✮

❞♦♥❞❡ F ′ ❡s ❧❛ ♣❛rt❡ ❞❡ F q✉❡ ✢✉❝tú❛ rá♣✐❞❛♠❡♥t❡ ❝✉②♦ ♣r♦♠❡❞✐♦ ❡s ❝❡r♦ ② F̄ ❡s ❧❛ ♣❛rt❡

q✉❡ ✈❛r✐❛ ❧❡♥t❛♠❡♥t❡✱ q✉❡ ❞❡❜❡ s❡r ❛❧❣✉♥❛ ❢✉♥❝✐ó♥ ❞❡ v̄ t❛❧ q✉❡ F̄ (v̄) = 0✱ ❝✉❛♥❞♦ v̄ = 0✳ ❙✐ v̄

♥♦ ❡s ♠✉② ❣r❛♥❞❡✱ F̄ (v̄) = 0 s❡ ❞❡s❛rr♦❧❧❛ ❝♦♠♦ ✉♥❛ s❡r✐❡ ❞❡ ♣♦t❡♥❝✐❛s ❞❡ v̄✳ ❊♥t♦♥❝❡s F̄ t✐❡♥❡

❧❛ ❢♦r♠❛ ❣❡♥❡r❛❧ ❞❡

F̄ = −αv̄, ✭✷✳✻✳✻✮

❞♦♥❞❡ α ❡s ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭❧❧❛♠❛❞❛ ✏❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝❝✐ó♥✧✮ ❡stá ❛❝♦♠♣❛ñ❛❞❛ ♣♦r

❡❧ s✐❣♥♦ ♥❡❣❛t✐✈♦ q✉❡ ❡①♣r❡s❛ q✉❡ ❧❛ ❢✉❡r③❛ F̄ t✐❡♥❞❡ ❛ r❡❞✉❝✐r v̄ ❛ ❝❡r♦ ♠✐❡♥tr❛s ❡❧ t✐❡♠♣♦

tr❛♥s❝✉rr❡✳ ▲❛ ❢✉❡r③❛ ❞❡ ❢r✐❝❝✐ó♥ ❡s ❝❛✉s❛❞❛ ♣♦r ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡s❝r✐t❛ ♣♦r F (t) ② ❧❛ ❝♦♥t✐❜r✉❝✐ó♥

❞❡ α✱ ❡♥t♦♥❝❡s ✭✷✳✻✳✸✮ s❡ ❡s❝r✐❜❡ ❝♦♠♦

m
dv

dt
= F − αv + F ′ (t) , ✭✷✳✻✳✼✮

❞♦♥❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ αv̄ ≈ αv t✐❡♥❡ ✉♥ ❡rr♦r ❞❡s♣r❡❝✐❛❜❧❡ ✭②❛ q✉❡ αv′ ♣✉❡❞❡ s❡r ❞❡s♣r❡❝✐❛❞♦

s✐ s❡ ❝♦♠♣❛r❛ ❝♦♥ F ′ (t)✮✳ ■♥tr♦❞✉❝✐❡♥❞♦ γ ≡ α/m ② ❧❛ ❢✉❡r③❛ ✢✉❝t✉❛♥t❡ ♣♦r ✉♥✐❞❛❞ ❞❡ ♠❛s❛

Af (t) ≡ F ′ (t) /m ✭❧❧❛♠❛❞❛ t❛♠❜✐é♥ ❢✉❡r③❛ ❞❡ ▲❛♥❣❡✈✐♥✮ ❡♥ ✭✷✳✻✳✼✮ s❡ ♦❜t✐❡♥❡

✷✽



dv

dt
+ γv =

F
m

+ Af (t) , ✭✷✳✻✳✽✮

❡st❛ ❡❝✉❛❝✐ó♥ ❞✐✜❡r❡ ❞❡ ✭✷✳✻✳✸✮ ♣♦r ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡ F (t) /m✱ ❡♥ s✉ ♣❛rt❡ q✉❡

✈❛r✐❛ ❧❡♥t❛♠❡♥t❡ −γv ② ❧❛ ♣❛rt❡ ✢✉❝t✉❛♥t❡ Af (t)✱ ❧❛ ❝✉❛❧ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❛❧❡❛t♦r✐❛ ❝♦♥ ♣r♦♠❡❞✐♦

✐❣✉❛❧ ❛ ❝❡r♦✳ ❙✐ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ❢✉❡r③❛ ❡①t❡r♥❛ F = 0 ❡♥ ✭✷✳✻✳✽✮ s❡ ♦❜t✐❡♥❡ ✜♥❛❧♠❡♥t❡ ❧❛

✏❡❝✉❛❝✐ó♥ ❞❡ ▲❛♥❣❡✈✐♥✧✳

dv

dt
= −γv + Af (t) , ✭✷✳✻✳✾✮

✷✳✻✳✷ ❆♣r♦①✐♠❛❝✐ó♥ ♣❛r❛ ❣❡♥❡r❛r ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❉❡t❡r♠✐♥✲
✐st❛

▲❛ ✐❞❡❛ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡t❡r♠✐♥✐st❛ ❤❛ s✐❞♦ ❞✐s❝✉t✐❞❛ ❡♥ ❤✐❞r♦❞✐♥á♠✐❝❛ ② ❡♥ r❡❛❝✲

❝✐♦♥❡s q✉í♠✐❝❛s ♦s❝✐❧❛t♦r✐❛s✱ ❞♦♥❞❡ ❛ ♣❡s❛r ❞❡ q✉❡ só❧♦ s❡ ♦❜s❡r✈❛❜❛ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡rrát✐❝♦

♦ ❛❧❡❛t♦r✐♦ ❡♥ s✉ ❡✈♦❧✉❝✐ó♥ t❡♠♣♦r❛❧✱ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥✐st❛ ② q✉❡ ❢✉❡

❞❡✜♥✐❞♦ ❝♦♠♦ ❝❛♦s ♠✐❝r♦s❝ó♣✐❝♦✳ ❆ ♣❛rt✐r ❞❡❧ ❞❡s❝r✉❜r✐♠✐❡♥t♦ ❞❡ ✐♥❞✐❝✐♦s ❞❡ ❝❛♠✐♥❛t❛ ❛❧❡❛t♦r✐❛

❬✷✷❪ ❡♥ ❧♦s ♦s❝✐❧❛❞♦r❡s ❝❛ót✐❝♦s✱ s❡ ♣r♦♣✉s✐❡r♦♥ ❛♣r♦①✐♠❛❝✐♦♥❡s ❬✻✻❪ ❜❛s❛❞❛s ❡♥ ❣❡♥❡r❛❞♦r❡s ♥♦

❧✐♥❡❛❧❡s ❞❡ ♥ú♠❡r♦s ♣s❡✉❞♦✲❛❧❡❛t♦r✐♦s✳

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ✉s❛ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡t❡r♠✐♥✐st❛ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ♣r♦♣✉❡st❛

♣♦r ❬✶✶❪✱ ❞♦♥❞❡ s✉ ♠♦❞❡❧♦ s❡ ❞❡r✐✈❛ ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛♥❣❡✈✐♥ ✭✷✳✻✳✾✮✱ q✉❡ ❞❡s❝r✐❜❡ ❧❛

❞✐♥á♠✐❝❛ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❧✐❜r❡ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

❉✐❝❤❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ✢✉❝t✉❛❝✐ó♥ ✭Af ✮ ❡s

❡①tr❡♠❛❞❛♠❡♥t❡ rá♣✐❞❛ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ♣❛rtí❝✉❧❛ ✭ẋ✮✱

♣♦r ❧♦ t❛♥t♦✱ ❡①✐st❡ ✉♥ ✐♥t❡r✈❛❧♦ ∆t ❞✉r❛♥t❡ ❡❧ ❝✉á❧ ♣♦❞rí❛ ❞❡❝✐rs❡ q✉❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ẋ (t) ❝♦♥

✷✾



r❡s♣❡❝t♦ ❛ ❧❛ ❞❡ ẋ (t+∆t) ❡s ✐♥s✐❣♥✐✜❝❛♥t❡ ② s❡ s✐❣✉❡ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛♥❣❡✈✐♥ s❡ ♣✉❡❞❡

r❡❡s❝r✐❜✐r ❝♦♠♦ ✉♥ s✐st❡♠❛ ❞❡ ❞♦s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✿

ẋ = y

ẏ = −γy + Af (t) ,
✭✷✳✻✳✶✵✮

❛❣r❡❣❛♥❞♦ ✉♥❛ ❣r❛❞♦ ❞❡ ❧✐❜❡rt❛❞ ❛❞✐❝✐♦♥❛❧ ❛❧ s✐st❡♠❛ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦ ❞❡s❝r✐t♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥

✭✷✳✻✳✶✵✮✱ s❡ ❛s✐❣♥❛ ❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡ ❧❛ ✢✉❝t✉❛❝✐ó♥ ✭Af ✮ ❧❛ ✈❛r✐❛❜❧❡ z ② s❡ ♦❜t✐❡♥❡ ✉♥ s✐st❡♠❛ ❞❡

tr❡s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✱ ♣❛r❛ ✜♥❛❧♠❡♥t❡ ♦❜t❡♥❡r ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡t❡r♠✐♥íst❛✱ r❡♣r❡s❡♥t❛❞❛

♣♦r ✉♥ ♠♦❞❡❧♦ ❞✐s✐♣❛t✐✈♦ ✐♥❡st❛❜❧❡ q✉❡ ❣❡♥❡r❛ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❬✶✶❪✿

ẋ = y

ẏ = −γy + z

ż = α1x+ α2y + α3z + α4

✭✷✳✻✳✶✶✮

❊❧ ♠♦❞❡❧♦ ✭✷✳✻✳✶✶✮ ♥♦ ❞❡♣❡♥❞❡ ❞❡ ✉♥ tér♠✐♥♦ ❡st♦❝ást✐❝♦✱ s✐♥♦ ❞❡ ❧❛ ♣♦s✐❝✐ó♥✱ ✈❡❧♦❝✐❞❛❞✱

② ❧❛ ❛❝❡❧❡r❛❝✐ó♥✱ ♣♦r ❧♦ t❛♥t♦✱ ❡s ❞❡t❡r♠✐♥✐st❛✳ ▲♦s tér♠✐♥♦s α1,2,3 ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ s♦♥ ✈❛❧♦r❡s

❝♦♥st❛♥t❡s ② α4 ❡s ❝❛❧❝✉❧❛❞♦ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥✿

α4 = C1 · round (x/C2) ✭✷✳✻✳✶✷✮
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❋✐❣✉r❛ ✷✳✾✿ P♦s✐❝✐ó♥ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❧✐❜r❡ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❡♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✳

❍❛❝✐❡♥❞♦ ✉♥❛ r❡✈✐s✐ó♥ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s s✐st❡♠❛s ❞✐♥á♠✐❝♦s✱ s❡ ❝♦♥s✐❞❡r❛ ❞❡ ♠❛②♦r ✐♥t❡rés

❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s✱ ♣♦r ❧❛ r✐q✉❡③❛ ❞❡ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♠♦ ❣❡♥❡r❛❞♦r❡s ❞❡ tr❛②❡❝t♦r✐❛s

❞❡ r❡❢❡r❡♥❝✐❛s✱ ❛❞❡♠ás✱ s❡ ♠❡♥❝✐♦♥❛♥ ❧♦s s✐st❡♠❛s q✉❡ ❞❡s❝r✐❜❡♥ tr❛②❡❝t♦r✐❛s ♣❡r✐ó❞✐❝❛s✱ ❛ ✜♥

❞❡ ❝♦♠♣❛r❛r ❧❛s ❞✐❢❡r❡♥❝✐❛s✱ ✈❡♥t❛❥❛s ② ❞❡s✈❡♥t❛❥❛s ❡♥ ❧❛ t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛ ❞❡❧

❘▼❘✳

❊♥ ❧❛ ❧✐t❡r❛t✉r❛ ❛❜✉♥❞❛♥ ❞✐✈❡rs♦s tr❛❜❛❥♦s q✉❡ s✉❣✐❡r❡♥ ♠❛♥❡❥❛r ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞❡ ❝❛♦s ②

♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ q✉❡ ♣❡rt❡♥❡❝❡♥ ❛ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s✱ ❝♦♥ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ❛✉♠❡♥t❛r ❧❛

❛✉t♦♥♦ ✁♠✐❛✱ ✐♥t❡❧✐❣❡♥❝✐❛✱ ❛❞❛♣t❛❜✐❧✐❞❛❞ ② ❡✜❝✐❡♥❝✐❛ ❡♥ ❧❛s ❞✐st✐♥t❛s ❛♣❧✐❝❛❝✐♦♥❡s q✉❡ ❞❡s❡♠♣❡ñ❛♥

❧♦s r♦❜♦ts ♠ó✈✐❧❡s✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ s❡ ✉t✐❧✐③❛♥ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝♦♥ ❡❝✉❛❝✐♦♥❡s ♣✉r❛♠❡♥t❡ ❞❡t❡r♠✐♥✐st❛s✱

♥♦ ❤❛② ❡s♣❛❝✐♦ ❛ ❧❛ ❛❧❡❛t♦r✐❡❞❛❞✱ ❝♦♠ú♥♠❡♥t❡ ♣r❡s❡♥t❡ ❡♥ ❧♦s ♠♦❞❡❧♦s q✉❡ ❣❡♥❡r❛♥ ♠♦✈✐♠✐❡♥t♦

❇r♦✇♥✐❛♥♦✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ❢❛❝✐❧✐t❛r ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧❛s t❛r❡❛s ❞❡ ❝♦♥tr♦❧ ♦r✐❡♥t❛❞❛s ❛ ❧❛s

❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ✐♥t❡rés ❡♥ ❡st❡ tr❛❜❛❥♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❣❡♥❡r❛❞♦s ♣✉❡❞❡♥

s❡r ❝♦♥❢✉♥❞✐❞♦s ❝♦♠♦ r✉✐❞♦ ❞❡❜✐❞♦ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡rrát✐❝♦ ❡ ✐rr❡❣✉❧❛r✱ ♣♦r t❛❧ ♠♦t✐✈♦✱ ❡♥

❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❡s❝r✐❜❡♥ ② s❡ ❡①♣❧♦r❛♥ ❞✐✈❡rs♦s ❛♥á❧✐s✐s ♣❛r❛ ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ♠ás

♣r❡❝✐s❛ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ♣r❡s❡♥t❡ ❡♥ ❧❛s tr❛②❡❝t♦r✐❛s r❡s✉❧t❛♥t❡s ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡♥ ❡❧ ❘▼❘✳

✸✶



❈❛♣ít✉❧♦ ✸

❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦

✸✳✶ ■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ❛❜♦r❞❛♥ ♠ét♦❞♦s ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s✱ q✉❡ s♦♥ ❞❡

❛②✉❞❛ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❝♦rr❡❝t❛♠❡♥t❡ ❧❛ ❞✐♥á♠✐❝❛ ♣r❡s❡♥t❡ ❡♥ ❧❛s tr❛②❡❝t♦r✐❛s✱ ♣♦r ❡❥❡♠♣❧♦ ❧❛

♣❡r✐♦❞✐❝✐❞❛❞✱ ❝❛♦s✱ ❝❛♠✐♥❛t❛ ❛❧❡❛t♦r✐❛ ② ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

✸✳✷ ❉✐s❡ñ♦ ❞❡ ❍❡rr❛♠✐❡♥t❛ ♣❛r❛ ❧❛ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❚r❛②❡❝✲
t♦r✐❛s

P❛r❛ r❡❛❧✐③❛r ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s ❝♦♠♣♦rt❛♠✐❡♥t♦s q✉❡ ❡stá♥ ♣r❡s❡♥t❡s ❡♥ ❧❛

❞✐♥á♠✐❝❛ s✉❜②❛❝❡♥t❡ ❞❡ ✉♥ ♣r♦❝❡s♦ ♦ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ s❡ r❡❝✉rr❡♥ ❛ t❛♥t♦ ❛ ❧♦s ♠ét♦❞♦s

❧✐♥❡❛❧❡s ② ♥♦ ❧✐♥❡❛❧❡s✱ q✉❡ ♣r♦♣♦r❝✐♦♥❛♥ ✐♥❢♦r♠❛❝✐ó♥ ♥❡❝❡s❛r✐❛ q✉❡ ♣✉❡❞❡ s❡r ❝♦♠♣❛r❛❞❛ ❝♦♥ ❡❧

r❡st♦ ❞❡ ❧♦s ❛♥á❧✐s✐s ② ❛sí t❡♥❡r ✐♥❢♦r♠❛❝✐ó♥ ♠ás ❝♦♥✜❛❜❧❡ ② ♣r❡❝✐s❛ s♦❜r❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡

❛❧❣ú♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❞❡ ✐♥t❡rés ❡♥ ❡st❡ tr❛❜❛❥♦✳

✸✷



✸✳✸ ▼ét♦❞♦s ▲✐♥❡❛❧❡s

▲♦s ♠ét♦❞♦s ❧✐♥❡❛❧❡s ✐♥t❡r♣r❡t❛♥ ❧❛s ❡str✉❝t✉r❛s r❡❣✉❧❛r❡s ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s✱ t❛❧❡s ❝♦♠♦ ❧❛

❢r❡❝✉❡♥❝✐❛ ❞♦♠✐♥❛♥t❡✱ ❛ tr❛✈és ❞❡ ❝♦rr❡❧❛❝✐♦♥❡s ❧✐♥❡❛❧❡s✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡ ❧❛ ❞✐♥á♠✐❝❛ ✐♥trí♥s❡❝❛

❞❡❧ s✐st❡♠❛ ❡s ❣♦❜❡r♥❛❞❛ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣❛r❛❞✐❣♠❛ ❧✐♥❡❛❧ q✉❡ ❞❡t❡r♠✐♥❛ q✉❡ ❧❛s ♣❡q✉❡ñ❛s

❝❛✉s❛s ❝♦♥❞✉❝❡♥ ❛ ♣❡q✉❡ñ♦s ❡❢❡❝t♦s ② q✉❡ ♣✉❡❞❡♥ s❡r ♣r❡❞❡❝✐❞♦s ❞❡ ✉♥❛ ♠❛♥❡r❛ ♠ás s❡♥❝✐❧❧❛

q✉❡ ❛q✉❡❧❧♦s ♥♦ ❧✐♥❡❛❧❡s✳

❆❤♦r❛ ❜✐❡♥✱ ❛❧❣♦ q✉❡ s❡ ❝♦♥♦❝❡ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❡s q✉❡ só❧♦ ♣r❡s❡♥t❛♥ ❞❡❝❛✐♠✐❡♥t♦s

❡①♣♦♥❡♥❝✐❛❧❡s ✭♦ ✐♥❝r❡♠❡♥t♦s✮ ó s♦❧✉❝✐♦♥❡s ♦s❝✐❧❛t♦r✐❛s ♣❡r✐ó❞✐❝❛s✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ❛s✉♠✐r q✉❡ ❧❛s

✐rr❡❣✉❧❛r✐❞❛❞❡s s❡ ❛tr✐❜✉②❡♥ ❛ ❛❧❣✉♥❛ ❡♥tr❛❞❛ ❡①t❡r♥❛ ❛❧❡❛t♦r✐❛ ❞❡❧ s✐st❡♠❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ s❡ ❤❛

✈✐st♦ q✉❡ ❝✐❡rt♦ t✐♣♦ ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❝♦♠♦ ❡❧ ❞❡ ❧♦s s✐st❡♠❛s ❝❛ót✐❝♦s✱ ♠✉❡str❛♥ r❡s♣✉❡st❛s

✐rr❡❣✉❧❛r❡s ❡♥ s✉ s❛❧✐❞❛✱ ❧❛s ❝✉❛❧❡s ♥♦ s❡ ❛tr✐❜✉②❡♥ ❛ ❧❛s ❡♥tr❛❞❛s ❛❧❡❛t♦r✐❛s ❡①t❡r♥❛s✱ ❞❡❜✐❞♦ ❛

q✉❡ s✉ r❡s♣✉❡st❛ ❡s ❣❡♥❡r❛❞❛ ♣♦r ❡❝✉❛❝✐♦♥❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥✐st❛s✳

P♦r ❡st❡ ♠♦t✐✈♦✱ s❡ ✐♥tr♦❞✉❝❡♥ ❧♦s ♠ét♦❞♦s ❧✐♥❡❛❧❡s ② ♥♦ ❧✐♥❡❛❧❡s ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡

✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✳ P❛r❛ ❡♠♣❡③❛r✱ s❡ ❞❡s❝r✐❜❡ t❡ór✐❝❛♠❡♥t❡ ❧❛ s❡❝❝✐ó♥ ❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡

❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡ q✉❡ ♣✉❡❞❡ ✐❞❡♥t✐✜❝❛r ❡❧ r❛s❣♦ ♠ás ❢á❝✐❧ ❞❡ ✐❞❡♥t✐✜❝❛r✱ ❧♦s

❝♦♠♣♦rt❛♠✐❡♥t♦s ❧✐♥❡❛❧❡s✳

❊♥ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❛♥á❧✐s✐s ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s ✉♥❛ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞é❜✐❧❡s ♠ás ❡✈✐❞❡♥t❡s

❡s ❧❛ ❡st❛❝✐♦♥❛r✐❡❞❛❞✱ ❧❛ ❝✉á❧ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ q✉❡ ♥♦s ❣❛r❛♥t✐③❛ q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s

♣❡r♠❛♥❡❝❡♥ ✜❥❛s ② ❝♦♥st❛♥t❡s✱ ❧♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ♦❜t❡♥❡r ✐♥❢♦r♠❛❝✐ó♥ ♠ás ❝♦♥✜❛❜❧❡ ❞❡ ✉♥

❢❡♥ó♠❡♥♦ ♦ ♣r♦❝❡s♦✳ ❉❛❞♦ q✉❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s q✉❡ s❡ tr❛t❛♥ ❡♥ ❡st❡ tr❛❜❛❥♦

❝♦♥♦❝❡♠♦s q✉❡ s♦♥ ❣♦❜❡r♥❛❞❛s ♣♦r r❡❣❧❛s ❞❡t❡r♠✐♥✐st❛s ❝♦♥st❛♥t❡s✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐③❛r q✉❡ ❧♦s

r❡s✉❧t❛❞❡s q✉❡ ♦❜t❡♥❞r❡♠♦s s♦♥ ❢á❝✐❧♠❡♥t❡ r❡♣r♦❞✉❝✐❜❧❡s ❜❛❥♦ ❧❛s ♠✐s♠❛s ❝♦♥❞✐❝✐♦♥❡s ② ♣♦r ❧♦

t❛♥t♦✱ ❝♦♥✜❛❜❧❡s✳
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✸✳✸✳✶ ❋✉♥❝✐ó♥ ❞❡ ❆✉t♦❝♦rr❡❧❛❝✐ó♥

▲❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐♦♥ ❞❡ ✉♥❛ s❡ñ❛❧ ♥♦s ♣✉❡❞❡ ❞❛r ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡

❝♦rr❡❧❛❝✐♦♥❡s ❡♥ ❧♦s ❞✐❢❡r❡♥t❡s ✐♥t❡r✈❛❧♦s ❞❡ t✐❡♠♣♦ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧ ❬✸✹❪✱ ❧♦

q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♥♦ ❡s ❛❧❡❛t♦r✐❛✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♥ ♠♦❞❡❧♦ ❛♣r♦♣✐❛❞♦ q✉❡

❞❡s❝r✐❜❡ s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦✱ s✉♣♦♥✐❡♥❞♦ q✉❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ♥♦ ❡s ❛❧❡❛t♦r✐❛✳ ▲❛ ❛✉t♦❝♦rr❡❧❛❝✐ó♥

❡s ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛❝✐ó♥ q✉❡ s❡ ❝❛❧❝✉❧❛ ❛ ♣❛rt✐r ❞❡ ❧❛s ♠✉❡str❛s ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ♣❛r❛

❞✐❢❡r❡♥t❡s ✐♥t❡r✈❛❧♦s ❞❡ t✐❡♠♣♦ ♦ r❡t❛r❞♦s τ ② s❡ ❝❛❧❝✉❧❛ ❝♦♠♦✱

cτ =
1

σ2
〈(sn − 〈s〉) (sn−τ − 〈s〉)〉 =

〈
snsn−τ − 〈s〉2

〉

σ2
. ✭✸✳✸✳✶✮

▲❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❡s s❡♥❝✐❧❧❛✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❡❧

r❡t❛r❞♦ τ s❡❛ ♣❡q✉❡ñ♦ ❝♦♠♣❛r❛❞♦ ❝♦♥ ❡❧ t♦t❛❧ ❞❡ ♠✉❡str❛s ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧✳ P♦r ❧♦ t❛♥t♦✱ ❧❛

❡st✐♠❛❝✐ó♥ ❞❡ ĉτ só❧♦ ❡s r❛③♦♥❛❜❧❡ ♣❛r❛ τ ≪ N ✳

❙✐ s❡ ❣r❛✜❝❛♥ ❧♦s ✈❛❧♦r❡s ❞❡ sn ❝♦♥tr❛ ❧♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ✈❛❧♦r❡s ❞❡ ✉♥ r❡t❛r❞♦ τ ✜❥♦ ❛♥t❡r✐♦r✱

sn−τ ✱ ❧❛ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ cτ ❝✉❛♥t✐✜❝❛ ❝♦♠♦ ❡stá♥ ❞✐str✐❜✉✐❞♦s ❡s♦s ♣✉♥t♦s✳ ❙✐ ❡stá♥ ✐❣✉❛❧♠❡♥t❡

❡s♣❛r❝✐❞♦s ❡♥ t♦❞♦ ❡❧ ♣❧❛♥♦✱ ❡♥t♦♥❝❡s cτ = 0✱ ② s✐ ❡st♦s ❡stá♥ ❝❡r❝❛♥♦s ❛ ❧❛ ❧í♥❡❛ sn = −sn−τ

s❡ t❡♥❞rá q✉❡ cτ < 0✳ ▲♦s ú❧t✐♠♦s ❞♦s ❝❛s♦s r❡✢❡❥❛♥ ✉♥❛ t❡♥❞❡♥❝✐❛ ❞❡ sn ② sn−τ ♣r♦♣♦r❝✐♦♥❛❧

❛ ❝❛❞❛ ✉♥❛✱ ❧♦ q✉❡ ❧♦ ❤❛❝❡ ♣❧❛✉s✐❜❧❡ q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ r❡✢❡❥❡ s♦❧♦ ❝♦rr❡❧❛❝✐♦♥❡s

❧✐♥❡❛❧❡s✳

❙✐ ❧❛ s❡ñ❛❧ ❡s ♦❜s❡r✈❛❞❛ ❡♥ t✐❡♠♣♦ ❝♦♥t✐♥✉♦✱ s❡ ♣✉❡❞❡ ✐♥tr✐❞✉❝✐r ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥

c (τ)✱ ② ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ✭✸✳✸✳✶✮ s♦♥ ❡st✐♠❛❞❛s ❞❡ c (τ = τ∆t)✳ ❖❜✈✐❛♠❡♥t✱ cτ = c−τ ② c0 = 1✳

P♦r ❧♦ t❛♥t♦✱ s✐ ✉♥❛ s❡ñ❛❧ ❡s ♣❡r✐ó❞✐❝❛ ❡♥ ❡❧ t✐❡♠♣♦✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ t❛♠❜✐é♥ ❡s

♣❡r✐ó❞✐❝❛ ❡♥ ❡❧ r❡t❛r❞♦ τ ✳
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▲❛s ❛✉t♦❝♦rr❡❧❛❝✐♦♥❡s ❡♥ ❧❛s s❡ñ❛❧❡s ❝❛ót✐❝❛s ❞❡t❡r♠✐♥✐st❛s ② ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡✲

t❡r♠✐♥✐st❛ tí♣✐❝❛♠❡♥t❡ t❛♠❜✐é♥ ❞❡❝❛❡♥ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡♥ ❝❛❞❛ ✐♥❝r❡♠❡♥t♦ ❞❡ ❧♦s r❡t❛r❞♦s

τ ✳ ❆✉♥q✉❡ ❧❛s ❛✉t♦❝♦rr❡❧❛❝✐♦♥❡s ♥♦ s♦♥ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞✐♥st✐♥❣✉✐r ❡♥tr❡ ❡st❡ t✐♣♦ ❞❡ s❡ñ❛❧❡s✱

❛❞❡♠ás ❞❡ ❡♥tr❡ ❧❛ ❛❧❡❛t♦r✐❡❞❛❞✳

✸✳✸✳✷ ❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r

❊♥ ❧✉❣❛r ❞❡ ❞❡s❝r✐❜✐r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❡st❛❞íst✐❝❛s ❞❡ ✉♥❛ s❡ñ❛❧ ❡♥ s✉ ❞♦♠✐♥✐♦ t❡♠♣♦r❛❧✱ r❡s✉❧t❛

✐♥t❡r❡s❛♥t❡ ❝♦♥♦❝❡r s✉s ♣r♦♣✐❡❞❛❞❡s ❡♥ s✉ ❡s♣❛❝✐♦ ❞❡ ❋♦✉r✐❡r ✭❞♦♠✐♥✐♦ ❞❡ ❧❛ ❢r❡❝✉❡♥❝✐❛✮✳ ▲❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❛②✉❞❛ ❛ ✐❞❡♥t✐✜❝❛r ❢á❝✐❧♠❡♥t❡ ♣❡r✐♦❞✐❝✐❞❛❞ ♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ❢r❡✲

❝✉❡♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❬✷✹❪✳ ❆❧ ✐❣✉❛❧ q✉❡ t❛♠❜✐é♥ ♣❡r♠✐t❡ ❡st❛❜❧❡❝❡r ✉♥❛ r❡❧❛❝✐ó♥ r❡❝í♣r♦❝❛ ❡♥tr❡

❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ s❡ñ❛❧ ❡♥ ❡❧ ❞♦♠✐♥✐♦ t❡♠♣♦r❛❧ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ s❡ñ❛❧ r❡s✉❧t❛♥t❡s ❡♥

❡❧ ❞♦♠✐♥✐♦ ❢r❡❝✉❡♥❝✐❛❧ ✭♣r♦♣✐❡❞❛❞❡s ❞❡ s✉ ❡s♣❡❝tr♦✮✳ ▲❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥

s (t) ❡s

s̃ (f) :=
1√
2π

∫ ∞

−∞

s (t) exp2πift dt ✭✸✳✸✳✷✮

② ♣❛r❛ ✉♥❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ✜♥✐t❛ ❞✐s❝r❡t❛ ❡s

s̃k :=
1√
N

N∑

n=1

sn exp
2πikn/N dt. ✭✸✳✸✳✸✮

❆q✉í✱ ❧❛s ❢r❡❝✉❡♥❝✐❛s s♦♥ fk = k/N∆t✱ ❞♦♥❞❡ k = −N/2, . . . , N/2 ② ∆t ❡s ❡❧ ✐♥t❡r✈❛❧♦ ❞❡

♠✉❡str❡♦✳ ▲❛ ♥♦r♠❛❧✐③❛❝✐ó♥ ❞❡ ❛♠❜❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s ❡s t❛❧ q✉❡ ❧❛ tr❛s♥❢♦r♠❛❝✐ó♥ ✐♥✈❡rs❛ só❧♦

❡q✉✐✈❛❧❡ ❛ ✉♥ ❝❛♠❜✐♦ ❞❡ s✐❣♥♦ ❡♥ ❧❛ ❡①♣♦♥❡♥❝✐❛❧ ② ✉♥ ✐♥t❡r❝❛♠❜✐♦ ❞❡ f ✭ó k✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮

② t ✭n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❊♥t♦♥❝❡s✱ ❛♠❜❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ ✐♥✈❡rt✐❜❧❡s ② s♦♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s

❧✐♥❡❛❧❡s✳
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✸✳✸✳✸ ❊s♣❡❝tr♦ ❞❡ P♦t❡♥❝✐❛

❊❧ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛ ❞❡ ✉♥❛ s❡ñ❛❧ ♥♦s ♣❡r♠✐t❡ ♦❜t❡♥❡r ✉♥❛ ❣rá✜❝❛ ❡♥ ❧❛ q✉❡ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r

❝♦♠♦ ❡st❛ ❞✐str✐❜✉✐❞❛ ❧❛ ♣♦t❡♥❝✐❛ ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r❡❝✉❡♥❝✐❛s q✉❡ ❝♦♥t✐❡♥❡ ❬✸✹❪✳

❙❡ ❝❛❧❝✉❧❛ ♠❡❞✐❛♥t❡ ❡❧ ❝✉❛❞r❛❞♦ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❝♦♥t✐♥✉❛✱ S (f) = |s̃ (f)|2✳

P❛r❛ ❛♣❧✐❝❛r ❡st❡ ❛♥á❧✐s✐s ❛ ✉♥❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❞✐s❝r❡t❛ ② ✜♥✐t❛✱ ❡s ♥❡❝❡s❛r✐♦ ♦❜t❡♥❡r ✐♥✐❝✐❛❧✲

♠❡♥t❡ ❡❧ ❡s♣❡❝tr♦ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❢♦✉r✐❡r ❞✐s❝r❡t❛ ② ♣♦st❡r✐♦r❡♠❡♥t❡ ❝❛❧❝✉❧❛r

s✉ ♠❛❣♥✐t✉❞ ♣❛r❛ ♦❜t❡♥❡r ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ❞❡❧ ❡s♣❡❝tr♦ q✉❡

s❡ ❝♦♥♦❝❡ ❝♦♠♦ ♣❡r✐♦❞♦❣r❛♠❛✱ Sk = |sk|2✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❡①✐st❡♥ ❛❧❣✉♥❛s ❞❡s✈❡♥t❛❥❛s ❡♥ ❡st❛ ❡st✐♠❛❝✐ó♥ ❡♥tr❡ ❧❛s ❝✉❛❧❡s ❡st❛♥ ❧❛s

s✐❣✉✐❡♥t❡s✿

• ❧❛ r❡s♦❧✉❝✐ó♥ ❢r❡❝✉❡♥❝✐❛❧ ✜♥✐t❛ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ❧❧❡✈❛ ❛

❢✉❣❛s ❡♥ ❝♦♥t❡♥✐❞♦ ❞❡ ❢r❡❝✉❡♥❝✐❛s ❛❞②❛❝❡♥t❡s✳

• ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❡st❛❞íst✐❝❛s s♦♥ ❞❡❧ ♠✐s♠♦ ♦r❞❡♥ q✉❡ S (f) ♠✐s♠❛✳

▲❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❡st♦s ♣r♦❜❧❡♠❛s ❡s ♣r♦♠❡❞✐❛r ❧♦s ❝♦♥t❡♥✐❞♦s ❢r❡❝✉❡♥❝✐❛❧❡s ❛❞②❛❝❡♥t❡s ✱ ♦ ❞❡

♠♦❞♦ ♠ás ❡✜❝✐❡♥t❡✱ ❝❛❧❝✉❧❛r ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ♠ás ✈❡♥t❛♥❛s q✉❡ s❡ ✈❛♥ ❝♦rr✐❡♥❞♦ s♦❜r❡ ❡❧ ❞♦♠✐♥✐♦

❞❡❧ t✐❡♠♣♦✱ s✐♥ ❡♠❜❛r❣♦✱ ❞❛❞♦ q✉❡ s❡ ❛♥❛❧✐③❛♥ s❡r✐❡s t❡♠♣♦r❛❧❡s ✜♥✐t❛s✱ ❡s ❞❡❝✐r✱ ❞✉r❛♥t❡ ✉♥❛

♠✐s♠❛ ✈❡♥t❛♥❛ ❞❡ t✐❡♠♣♦✱ ♥♦ s♦♥ s✐❣♥✐✜❝❛t✐✈❛ ❧❛ ♣ér❞✐❞❛ ❞❡ ✐♥❢♦r♠❛❝✐ó♥✳

❖tr♦ ❛s♣❡❝t♦ ✐♥t❡r❡s❛♥t❡ ❞❡❧ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛ ❡s ✉♥❛ r❡❧❛❝✐ó♥ ❜✐❡♥ ❝♦♥♦❝✐❞❛ ② ♠✉② ✐♠♣♦r✲

t❛♥t❡ ❡♥tr❡ ❡❧ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛ ② ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❡❧ t❡ór❡♠❛ ❞❡

❲✐❡♥❡r✲❑❤✐♥❝❤✐♥✳ ❊♥ t❡r♠✐♥♦s s❡♥❝✐❧❧♦s✱ ❡st❛❜❧❡❝❡ q✉❡ ❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ❢✉♥❝✐ó♥

❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥ ❞❡ ✉♥❛ s❡ñ❛❧ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ s✉ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛✳

▲❛ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛ ❡s ♣❛rt✐❝✉❧❛r♠❡♥t❡ út✐❧ ♣❛r❛ ❡st✉❞✐❛r ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ❞❡ ✉♥ s✐st❡♠❛✱

②❛ q✉❡ ❡s ♣♦s✐❜❧❡ ✐❞❡♥t✐✜❝❛r ♣♦r ♠❡❞✐♦ ❞❡ ♣✐❝♦s ❛❣✉❞♦s ♦ ♠ás ❛♠♣❧✐♦s ❧❛s ❢r❡❝✉❡♥❝✐❛s ❞♦♠✐♥❛♥t❡s✱
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♦ ❧♦s ❛r♠ó♥✐❝♦s ❞❡ ❧❛ s❡ñ❛❧✳

❆ ♣❛rt✐r ❞❡❧ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛❧ ♣♦❞r❡♠♦s ✐❞❡♥t✐✜❝❛r ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❧♦ s✐❣✉✐❡♥t❡✿

• ❊♥ s❡ñ❛❧❡s ♣✉r❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛s ♦ ❝✉❛s✐✲♣❡r✐ó❞✐❝❛s ❤❛❜rá ❧✐♥❡❛s ❡s♣❡❝tr❛❧❡s ❛❣✉❞❛s✳

• ▲❛s ♠❡❞✐❝✐♦♥❡s ❞❡ r✉✐❞♦ ❛❣r❡❣❛♥ ❢r❡❝✉❡♥❝✐❛s ❝♦♥t✐♥✉❛s ♠ás ♣❡q✉❡ñ❛s ❛❧ ❡s♣❡❝tr♦✳

• ▲❛s s❡ñ❛❧❡s ❝❛ót✐❝❛s ♣✉❡❞❡♥ ♠♦str❛r ❧í♥❡❛s ❡s♣❡❝tr❛❧❡s ❛❣✉❞❛s ❛✉♥q✉❡ ❡♥ ❧❛ ❛✉s❡♥❝✐❛ ❞❡

r✉✐❞♦ ❤❛❜rá ✉♥❛ ♣❛rt❡ ❝♦♥t✐♥✉❛ ❞❡❧ ❡s♣❡❝tr♦✳ ❊st♦ ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❞❡❝❛✐♠✐❡♥t♦

❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s✳

• ❆ ♣❛rt✐r ❞❡ ❧❛ ❧✐t❡r❛t✉r❛✱ ❡♥ ❧♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❡♥ ♣❛rtí❝✉❧❛s ❝♦❧♦✐❞❛❧❡s q✉❡ ♣r❡✲

s❡♥t❛♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ s❡ s❛❜❡ q✉❡ ❡①✐st❡ ✉♥ r❡❧❛❝ó♥ ❧✐♥❡❛❧ ❜✐❡♥ ❞❡✜♥✐❞❛ ❡♥ ❢♦r♠❛

❞❡ ❧❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ s✉ ♣♦t❡♥❝✐❛ ❡s♣❡❝t❛❧ ❞❛❞❛ ❝♦♠♦ Sω
k ❞♦♥❞❡ ω = −2✳

❉❡ ❧♦ ❛♥t❡r✐♦r s❡ ❞❡❞✉❝❡ q✉❡ ❡♥ ❡❧ ❡s♣❡❝tr♦ ❞❡ ♣♦t❡♥❝✐❛✱ ❧❛ s❡ñ❛❧ ② ❡❧ r✉✐❞♦ ♣✉❡❞❡♥ ❞✐st✐♥❣✉✐rs❡

❢á❝✐❧♠❡♥t❡✱ ② q✉❡ ❡♥ ❛❧❣✉♥♦s ❞❡ ❧♦s ❝❛s♦s✱ ❡❧ ❡s♣❡❝t♦ ❞❡ ♣♦t❡♥❝✐❛ ❞❡ ✉♥❛ s❡ñ❛❧ ✱ s✐♥ t❡♥❡r ♥✐♥❣✉♥❛

✐♥❢♦r♠❛❝✐ó♥ ❛❞✐❝✐♦♥❛❧✱ ❡s ✐♠♣♦s✐❜❧❡ ✐♥❢❡r✐r ❞❡❧ ❡s♣❡❝tr♦ s✐ ❧❛ ♣❛rt❡ ❝♦♥t✐♥✉❛ ❡st❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥

❡❧ r✉✐❞♦ ❞❡ ✉♥❛ s❡ñ❛❧ ✭❝✉❛s✐✲✮ ♣❡r✐ó❞✐❝❛ ♦ ❡s ❞❡❜✐❞♦ ❛❧ ❝❛♦s✳

✸✳✹ ▼ét♦❞♦s ◆♦ ▲✐♥❡❛❧❡s

✸✳✹✳✶ ❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst

❊st❛ té❝♥✐❝❛ ❞❡ ❛♥á❧✐s✐s ❢✉❡ ♣r♦♣✉❡st❛ ♣♦r ❍❛r♦❧❞ ❊❞✇✐♥ ❍✉rst ❛ ♣r✐♥❝✐♣✐♦s ❞❡❧ s✐❣❧♦ ❳❳✳ ▲❛

r❡❧❡✈❛♥❝✐❛ ❞❡ s✉ ❛♥á❧✐s✐s r❡❝❛❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ q✉❡ s✉ ♠ét♦❞♦ ❡st❛❞íst✐❝♦ ♣❡r♠✐t✐ó ❞❡s❝✉❜r✐r

✐♥❢♦r♠❛❝✐ó♥ s✉❜②❛❝❡♥t❡ ❞❡ ✉♥ ♣r♦❝❡s♦✱ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❛ ❧❛r❣♦ ♣❧❛③♦✱ ❛✉♥q✉❡ ♣❛r✲

t✐❝✉❧❛♠❡♥t❡ ❧♦ ❛♣❧✐❝ó ♣❛r❛ s✉ ❝❛s♦ ❞❡ ❡st✉❞✐♦ q✉❡ tr❛t❛❜❛ s♦❜r❡ ❡❧ ❛♥á❧✐s✐s ❞❡ ✉♥ ❢❡♥ó♠❡♥♦s

❣❡♦❢ís✐❝♦✳
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❊st❡ ❛♥á❧✐s✐s t❛♠❜✐é♥ ❡st❛ ❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛ ❧❛ ❣❡♦♠❡trí❛ ❢r❛❝t❛❧✳ ▲❛ ❣❡♦♠❡trí❛

❢r❛❝t❛❧ ❡s ✉♥ ♣❛r❛❞✐❣♠❛ q✉❡ ♦❢r❡❝❡ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ♥♦ ♣♦❞❡r r❡♣r❡s❡♥t❛r ❡❧❡✲

♠❡♥t♦s ❞❡ ❛❧❣✉♥❛s s✉♣❡r✜❝✐❡s ❞❡ ❢♦r♠❛ ♠ás ♣r❡❝✐s❛✱ ❧♦ ❝✉❛❧ ♥♦r♠❛❧♠❡♥t❡ ✐♠♣❧✐❝❛ ❤❛❝❡r ✉s♦

❞❡ ❣❡♦♠❡trí❛s r❡❣✉❧❛r❡s ② ❜✐❡♥ ❞❡✜♥✐❞❛s ❝♦♠♦ ❧❛s q✉❡ ❝♦♥♦❝❡♠♦s✱ ❛❞❡♠ás✱ ❜r✐♥❞❛ ✉♥❛ ❢♦r♠❛

❞❡ ❡✈❛❧✉❛r ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❣r❛♥ r❡❧❡✈❛♥❝✐❛ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❣❡♦♠❡trí❛ ❢r❛❝t❛❧✱ ❝♦♠♦ s♦♥ ❡❧

❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ② ❧❛ ❞✐♠❡♥s✐ó♥ ❢r❛❝t❛❧✳

❊❧ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ❬✷✾❪ ❡s ✉♥❛ ♠❡❞✐❞❛ ❞❡ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛s s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡

♣❡r♠✐t❡ ❞✐st✐♥❣✉✐r s❡r✐❡s ❢r❛❝t❛❧❡s✱ ✐✳❡✳✱ t✐❡♥❡ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ q✉❡ ♣✉❡❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

✉♥ ♣r♦❝❡s♦ ❛❧❡❛t♦r✐♦ s❡s❣❛❞♦✱ ❡♥ ❡❧ ❝✉❛❧ ❡①✐st❡ ✏♠❡♠♦r✐❛ ❞❡ ❧❛r❣♦ ♣❧❛③♦✧ ❡♥tr❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s✱

❡s ❞❡❝✐r✱ q✉❡ ❧♦s ❡✈❡♥t♦s ❞❡ ✉♥ ♣❡r✐♦❞♦ ✐♥✢✉②❡♥ ❡♥ t♦❞♦s ❧♦s s✐❣✉✐❡♥t❡s✳

❇❡♥♦ît ❇✳ ▼❛♥❞❡❧❜r♦t r❡t♦♠ó ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❍✉rst ② ❞❡s❛rr♦❧❧ó ✉♥ ♥✉❡✈♦

♠ét♦❞♦ ❡st❛❞íst✐❝♦✱ ❛♥á❧✐s✐s ❞❡ r❛♥❣♦r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst✱ ❡❧ ❝✉á❧ r❡s✉❧t❛ s❡r ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥

❞❡❧ tr❛❜❛❥♦ ❞❡ ❍✉rst✳ ❊st❡ ❡s ✉♥ ♠ét♦❞♦ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ❬✷✾❪✱ ❡❧ ❝✉❛❧

❡s ✉♥ ✈❛❧♦r ♥✉♠ér✐❝♦ q✉❡ ❤❛❝❡ ♣♦s✐❜❧❡ ❞❡t❡r♠✐♥❛r ❧❛ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ♣❧❛③♦ ❡♥ ✉♥❛ s❡r✐❡

❞❡ ❞❛t♦s✳ ❉✐❝❤♦ ♠ét♦❞♦ ❡s ❛♠♣❧✐❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡✈❛❧✉❛r ❧❛ ♦❝✉rr❡♥❝✐❛ ❞❡ ❡✈❡♥t♦s ♣♦❝♦

❝♦♠✉♥❡s✱ ❡s ❞❡❝✐r✱ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♣r♦❝❡s♦s q✉❡ ♣❡rs✐st❡♥ ❡♥ ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✱ ♣♦r ❧♦ t❛♥t♦✱

❡s ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✐❞ó♥❡❛ ♣❛r❛ ❛♥❛❧✐③❛r ♣r♦❝❡s♦s ❢ís✐❝♦s ② ✜♥❛♥❝✐❡r♦s✱ ❞♦♥❞❡ ❡s ♠✉② ✐♠♣r♦t❛♥t❡

❡♥❝♦♥tr❛r ❡st❡ t✐♣♦ ❞❡ ❢❡♥ó♠❡♥♦s ♣❡rs✐st❡♥t❡s✱ s✐♥ ❡♠❜❛r❣♦✱ ♥♦ s❡ ❧✐♠✐t❛ s♦❧❛♠❡♥t❡ ❛ ❡st❡ t✐♣♦

❞❡ ❡✈❡♥t♦s✱ ♣♦r ❧♦ q✉❡ ♣✉❡❞❡ s❡r ✉s❛❞♦ ❡♥ ❝✉❛❧q✉✐❡r s❡r✐❡ ❞❡ t✐❡♠♣♦ ❬✷✹❪✳ ▲❛ ♠❡t♦❞♦❧♦❣í❛ ♣❛r❛

❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ❛♥á❧✐s✐s ❞❡❧ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst ❬✶✺❪ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

✶✳ ❙❡ t♦♠❛ ✉♥❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❞❡ ❧♦♥❣✐t✉❞ M ✱ ♣❡r♦ ❝♦♠♦ só❧♦ s❡ ❛♥❛❧✐③❛rá♥ ❧♦s r❡♥❞✐♠✐❡♥t♦s

❧♦❣❛rít♠✐❝♦s✱ ❧❛ s❡r✐❡ ♦r✐❣✐♥❛❧ s❡ r❡❞✉❝❡ ❛ ✉♥❛ ♥✉❡✈❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❞❡ ❧♦♥❣✐t✉❞ N = M

❞♦♥❞❡ ❝❛❞❛ r❡♥❞✐♠✐❡♥t♦ ❡stá ❞❡✜♥✐❞♦ ♣♦r✿

Ni = log

(
Mi+1

Mi

)

, i = 1, 2, . . . , N ✭✸✳✹✳✶✮
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✷✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡❧ ♣❡rí♦❞♦ ❞❡ t✐❡♠♣♦ N ❞❡❜❡ s✉❜❞✐✈✐❞✐rs❡ ✉♥❛ ✈❡③ ♠ás ❡♥ A✲s✉❜♣❡rí♦❞♦s

❝♦♥t✐❣✉♦s q✉❡ t❡♥❞rá♥ ✉♥❛ ❧♦♥❣✐t✉❞ n✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ A · n = N ✳ P♦st❡r✐♦r♠❡♥t❡ s❡

❞❡✜♥❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s s✉❜♣❡rí♦❞♦s ❝♦♠♦ Ia ♣❛r❛ a = 1, 2, . . . , A✳ ❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡❧

s✉❜❝♦♥❥✉♥t♦ Ia ❡stá ❞❛❞♦ ❝♦♠♦ Nk,a ♣❛r❛ k = 1, 2, . . . , n✳ P❛r❛ ❝❛❞❛ s✉❜♣❡rí♦❞♦ Ia ❞❡

❧♦♥❣✐t✉❞ n✱ ❡❧ ✈❛❧♦r ♣r♦♠❡❞✐♦ ❡stá ❞❡✜♥✐❞♦ ♣♦r ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥✿

ea =
1

n

n∑

k=1

Nk,a ✭✸✳✹✳✷✮

✸✳ ▲❛s ❞❡s✈✐❛❝✐ó♥ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ Nk,a r❡s♣❡❝t♦ ❛ ❧❛ ♠❡❞✐❛ ea ♣❛r❛ ❝❛❞❛ s✉❜♣❡r✐♦❞♦ Ia s❡

✈❛♥ s✉♠❛♥❞♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❛❝✉♠✉❧❛❞❛ ✭Xk,a✮✱ ❡st❛ ❞❛❞♦ ❝♦♠♦✿

Xk,a =
k∑

i=1

(Ni,a − ea) , k = 1, 2, . . . , n ✭✸✳✹✳✸✮

✹✳ ❊❧ r❛♥❣♦ RIa s❡ ❞❡✜♥❡ ❝♦♠♦ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ✈❛❧♦r ♠á①✐♠♦ ② ❡❧ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ Xk,a

♣❛r❛ ❝❛❞❛ s✉❜♣❡r✐♦❞♦ Ia✿

RIa = max (Xk,a)−min (Xk,a) , donde 1 ≤ k ≤ n ✭✸✳✹✳✹✮

✺✳ ❙❡ ❝❛❧❝✉❧❛ ❧❛ ❞❡s✈✐❛❝✐ó♥ ❡stá♥❞❛r ♠✉❡str❛❧ SIa ❞❡ ❧❛ ❢♦r♠❛ tr❛❞✐❝✐♦♥❛❧ ♣❛r❛ ❝❛❞❛ ♣❡r✐♦❞♦

Ia✿

SIa =

√
√
√
√

1

N

n∑

k=1

(Ni,a − ea)
2 ✭✸✳✹✳✺✮

✻✳ P❛r❛ ❝❛❞❛ ♣❡r✐♦❞♦ Ia✱ s✉ r❛♥❣♦ RIa s❡ ♥♦r♠❛❧✐③❛ ❞✐✈✐❞✐❡♥❞♦ ♣♦r s✉ ❞❡s✈✐❛❝✐ó♥ ❡stó♥❞❛r

♠✉❡str❛❧ SIa ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ P♦r ❧♦ t❛♥t♦ ❡❧ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ♣❛r❛ ❝❛❞❛ s✉❜♣❡r✐♦❞♦ Ia

✸✾



❡s ✐❣✉❛❧ ❛ RIa/SIa✳ ❈♦♠♦ t❡♥❡♠♦s ♣❡r✐♦❞♦s ❝♦♥t✐♥✉♦s ❞❡ ❧♦♥❣✐t✉❞ ✱ ❡♥t♦♥❝❡s t♦♠❛♠♦s ❡❧

✈❛❧♦r ♣r♦♠❡❞✐♦ R/S ♣❛r❛ ♣❡r✐♦❞♦s ❞❡ ❧♦♥❣✐t✉❞ ② q✉❡ ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦✿

(RS)n =

(

1

A

A∑

a=1

(RIa/SIa)

)

✭✸✳✹✳✻✮

✼✳ ❋✐♥❛❧♠❡♥t❡✱ ❧❛ ❧♦♥❣✐t✉❞ n ♦ ❡❧ t❛♠❛ñ♦ ❞❡❧ s✉❜♣❡rí♦❞♦ s❡ ✐♥❝r❡♠❡♥t❛ ❛❧ s✐❣✉✐❡♥t❡ ✈❛❧♦r

♣♦s✐❜❧❡ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ M − 1/n s❡❛ ✉♥ ✈❛❧♦r ❡♥t❡r♦✳ ■♥✐❝✐❛♠♦s ❝♦♥ ❡❧ ✈❛❧♦r ♠ás ♣❡q✉❡ñ♦

❞❡ ❛❝✉❡r❞♦ ❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❛♥t❡r✐♦r ② s❡ r❡♣✐t❡♥ ❧♦s ♣❛s♦s ❞❡❧ ✶ ❛❧ ✻ ❤❛st❛ n = (M1)/2

✉t✐❧✐③❛♥❞♦ s✐❡♠♣r❡ ❧❛ s❡r✐❡ ❝♦♠♣❧❡t❛ ✭✈❡r ❋✐❣✉r❛✮✳ P♦st❡r✐♦r♠❡♥t❡ ❛♣❧✐❝❛♠♦s ✉♥❛ r❡❣r❡s✐ó♥

❞❡ ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s ❞❡ log (R/S)n ❝♦♥tr❛ log (RS)n✳ ▲❛ ♦r❞❡♥❛❞❛ ❛❧ ♦r✐❣❡♥ ❡s ❡❧ log (c)

② ❧❛ ♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡s ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst H✳

❋✐❣✉r❛ ✸✳✶✿ ❈♦♥str✉❝❝✐ó♥ ❞❡ ❧♦s ❣r✉♣♦s ❝♦♥s✐❞❡r❛❞♦s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦ ❞❡
❍✉rst✳ ■♠❛❣❡♥ ❡①tr❛í❞❛ ❞❡ ❬✶✺❪✳
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❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✶ s❡ ✐❧✉str❛ ❣rá✜❝❛♠❡♥t❡ ❝♦♠♦ s❡ ❝♦♥str✉②❡♥ ❧♦s ♥✉❡✈♦s r❛♥❣♦s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s

❞❡ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst✳

❊❧ ✈❛❧♦r ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❍✉rst ♣✉❡❞❡ t♦♠❛r ❧♦s s✐❣✉✐❡♥t❡s ✈❛❧♦r❡s✿

• ❙✐ H = 0.5 ✭r✉✐❞♦ ❜❧❛♥❝♦✮ ✐♠♣❧✐❝❛ ✉♥ ♣r♦❝❡s♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛❧❡❛t♦r✐♦ ❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✱

❝♦♥ ❛✉s❡♥❝✐❛ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ✐♥❝r❡♠❡♥t♦s ❞❡ ❧❛ s❡ñ❛❧✳ ❈♦rr❡❧❛❝✐ó♥ ❂ ✵✳

• ❙✐ 0.5 < H ≤ 1 ✐♠♣❧✐❝❛ s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡ ♠✉❡str❛♥ ♣r♦❝❡s♦s ♣❡rs✐st❡♥t❡s ♦ ❝♦rr❡❧❛✲

❝✐♦♥❛❞♦s ✭✉♥ ♣❡rí♦❞♦ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❡s s❡❣✉✐❞♦ ❞❡ ♦tr♦ ❛♥á❧♦❣♦✮ ② ♣r❡s❡♥t❛♥ ✉♥ ❛s♣❡❝t♦

s✉❛✈❡✳

• ❙✐ 0 ≤ H < 0.5 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❛♥t✐✲♣❡rs✐st❡♥❝✐❛ ♦ ❛♥t✐✲❝♦rr❡❧❛❝✐♦♥❛❧

❡♥ ❧❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ✭✉♥ ♣❡rí♦❞♦ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❡s s❡❣✉✐❞♦ ❞❡ ♦tr♦ ❞❡ ❞❡❝r❡❝✐♠✐❡♥t♦✮ q✉❡

s❡ ❝❛r❛❝t❡r✐③❛ ♣♦r ✉♥ ♠❛②♦r ❝♦♥t❡♥✐❞♦ ❞❡ ❛❧t❛ ❢r❡❝✉❡♥❝✐❛✳

❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✷ s❡ ✐❧✉str❛ ❝♦♠♦ ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ❡❧❡✈❛❞♦ ✐♠♣❧✐❝❛ ✉♥ t✐♣♦ ❞❡ ❝♦♠♣❧❡❥✐❞❛❞

❜❛❥❛✲❝♦rr❡❧❛❝✐ó♥ ♣♦s✐t✐✈❛✱ ✐✳❡✳✱ ✉♥ ♣❡rí♦❞♦ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❡s s❡❣✉✐❞♦ ♣♦r ♦tr♦ ❛♥á❧♦❣♦ ✭♣r♦❝❡s♦s

♣❡rs✐st❡♥t❡s✮ ② ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ❜❛❥♦ ✐♥❞✐❝❛ ✉♥❛ ❝♦♠♣❧❡❥✐❞❛❞ ❛❧t❛✲❝♦rr❡❧❛❝✐ó♥ ♥❡❣❛t✐✈❛✱ ✐✳❡✳✱

✉♥ ♣❡rí♦❞♦ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❡s s❡❣✉✐❞♦ ♣♦r ✉♥♦ ❞❡❝r❡❝✐❡♥t❡ ✭♣r♦❝❡s♦s ❛♥t✐✲♣❡rs✐st❡♥t❡s✮✳

❋✐❣✉r❛ ✸✳✷✿ ❊①♣♦♥❡♥t❡ ❞❡ ❍✉rst ❝♦♠♦ ❝✉❛♥t✐✜❝❛❞♦r ❞❡ ❝♦♠♣❧❡❥✐❞❛❞✳ ■♠❛❣❡♥ ❡①tr❛í❞❛ ❞❡ ❬✶✺❪✳
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❊❧ ❛♥á❧✐s✐s ❞❡s❛rr♦❧❧❛❞♦ ♣♦r ▼❛♥❞❡❧❜r♦t ♦❜t✐❡♥❡ ❡❧ ✈❛❧♦r ❞❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❍✉rst ✭H✮✱ q✉❡

s❡ ❡♥❝✉❡♥tr❛ ❛❝♦t❛❞♦ ❡♥tr❡ ✵ ② ✶✱ ② ♠❡♥❝✐♦♥❛ q✉❡ ❡st❡ ❢❡♥ó♠❡♥♦ ♦❝✉rrí❛ ❞❡❜✐❞♦ ❛ ✉♥ ❡❢❡❝t♦

r❡❧❛❝✐♦♥❛❞♦ ❛ ❧❛ ✐♥✈❛r✐❛♥❝✐❛ ❛❧ ❝❛♠❜✐♦ ❞❡ ❡s❝❛❧❛✱ ❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥trí♥s❡❝❛ ❞❡ ❧❛s

s❡r✐❡s ❞❡ t✐❡♠♣♦ ❢r❛❝t❛❧❡s ❬✹✻❪✳

✸✳✹✳✷ ❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥ ❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

❈✳ ❑✳ P❡♥❣ ② ♦tr♦s ✐♥✈❡t✐❣❛❞♦r❡s ❞❡s❛rr♦❧❧❛r♦♥ ❡st❡ ❛♥á❧✐s✐s ❡♥ ✶✾✾✹ ❬✺✺❪ ② ❤❛ s✐❞♦ ❛♣❧✐❝❛❞♦ ❡♥

❞✐✈❡rs♦s ❝❛♠♣♦s ❞❡ ❡st✉❞✐♦ ❝♦♠♦ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝♦r❛③ó♥✱ ❡❧ ❛♥á❧✐s✐s ❞❡ s❡ñ❛❧❡s

❝❡r❡❜r❛❧❡s✱ ❧❛ ❝❛♠✐♥❛t❛ ❤✉♠❛♥❛✱ r❡❣✐str♦s ♠❡t❡r❡♦❧ó❣✐❝♦s✱ ❞❛t♦s ✜♥❛♥❝✐❡r♦s✱ ❡t❝✳ ❊❧ ❛♥➝✐s✐s ❞❡

✢✉❝t✉❛❝✐ó♥ s✐♥ t❡♥❞❡♥❝✐❛ ✭❉❋❆✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ❡s ✉♥ ♠ét♦❞♦ ❡st❛❞íst✐❝♦ s✐♠✐❧❛r ❛❧

r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst✳ ❙♦♥ ♠ét♦❞♦s ❜❛s❛❞♦s ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❧❛ ❝❛♠✐♥❛t❛ ❛❧❡❛t♦r✐❛✱ ②❛ q✉❡

❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ s♦♥ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ s✉♠❛♥❞♦s ♣❛r❛ ❡st♦s ❛♥á❧✐s✐s✱ ❧♦ q✉❡

❛②✉❞❛ ❛ r❡❞✉❝✐r ♥♦t❛❜❧❡♠❡♥t❡ ❡❧ ♥✐✈❡❧ ❞❡ r✉✐❞♦ q✉❡ ♣✉❡❞❛ ❡st❛r ♣r❡s❡♥t❡ ❡♥ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧✳

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ❡❧ ♠ét♦❞♦ ❞❡❧ ❉❋❆ ♣✉❡❞❡ ❛♥❛❧✐③❛r s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡ ♥♦ s❡❛♥ ❡st❛❝✐♦♥❛r✐❛s✱

s✐♥ ✈❡r ❛❢❡❝t❛❞♦s s✉s r❡s✉❧t❛❞♦s✱ ❧♦ q✉❡ ♥♦ s✉❝❡❞❡ ❝♦♥ ❡❧ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst✳

❊st❡ ❛♥á❧✐s✐s ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r t❡♥❞❡♥❝✐❛s ❛ ♣❛rt✐r ❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ✐♥trí♥s❡❝❛s ❞❡ ❧❛ s❡r✐❡

t❡♠♣♦r❛❧✱ ❧♦ ❝✉❛❧ r❡q✉✐❡r❡ ❞❡t❡❝t❛r ❝♦♥✜❛❜❧❡♠❡♥t❡ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s✳ ▲❛s t❡♥❞❡♥❝✐❛s ♣✉❡❞❡♥ s❡r

❝❛✉s❛❞❛s ♣♦r ❢❛❝t♦r❡s ❡①t❡r♥♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❡❧ ❡❢❡❝t♦ ✐♥✈❡r♥❛❞❡r♦ ② ❧♦s r❡❣✐str♦s ❞❡ ✈❛r✐❛❝✐♦♥❡s

❡st❛❝✐♦♥❛❧❡s ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ❡st❛ ✉s✉❛❧♠❡♥t❡ s✉♣♦♥❡♥ t❡♥❡r ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ s✉❛✈❡ ②

♠♦♥ót♦♥♦ ♦ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❧❡♥t❛♠❡♥t❡ ♦s❝✐❧❛t♦r✐♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❛✉♥q✉❡ ❤❛②❛ t❡♥❞❡♥❝✐❛s

❢✉❡rt❡s ❡♥ ❧♦s ❞❛t♦s✱ ❛s♦❝✐❛❞❛ ❝♦♥ ❧❛ ❢❛❧s❛ ❞❡t❡❝❝✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✱ ❡st❡ ❛♥á❧✐s✐s

❡❧✐♠✐♥❛ s✐st❡♠át✐❝❛♠❡♥t❡ ❧❛s t❡♥❞❡♥❝✐❛s ❞❡ ❞✐st✐♥t♦♥s ♦r❞❡♥❡s✳ ▲❛ ♠❡t♦❞♦❧♦❣í❛ ♣❛r❛ r❡❛❧✐③❛r ❡❧

❛♥á❧✐s✐s ❉❋❆ ❬✸✸❪ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

❈♦♥s✐❞ér❡s❡ ✉♥ r❡❣✐str♦ xi ❞❡ i = 1, 2, . . . , N ♠❡❞✐❝✐♦♥❡s ❡q✉✐❡s♣❛❝✐❛❞❛s✳ ❊♥ ❧❛ ♠❛②♦rí❛ ❞❡

❧❛s ❛♣❧✐❝❛❝✐♦♥❡s✱ ❡❧ í♥❞✐❝❡ i ❝♦rr❡s♣♦♥❞❡ ❛❧ t✐❡♠♣♦ ❞❡ ❧❛s ♠❡❞✐❝✐♦♥❡s✳ ❙♦❧♦ ❡st❛♠♦s ✐♥t❡r❡s❛❞♦s
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❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧♦s ✈❛❧♦r❡s xi ② xi+s ♣❛r❛ ❞✐❢❡r❡♥t❡s r❡t❛r❞♦s✱ ❡st♦ ❡s✱ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❛

❞✐❢❡r❡♥t❡s ❡s❝❛❧❛s ❞❡ t✐❡♠♣♦ ❞❡t❡r♠✐♥❛❞❛s ♣♦r s✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❞❡s❤❛❝❡rs❡ ❞❡ ✉♥ ❞❡s♣❧❛③❛♠✐❡♥t♦

❝♦♥st❛♥t❡ ❡♥ ❧♦s ❞❛t♦s✱ s❡ ♣r♦♠❡❞✐❛♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s

〈x〉 = 1

N

N∑

i=1

xi, ✭✸✳✹✳✼✮

❧❛ ❝✉á❧ ❡s ✉s✉❛❧♠❡♥t❡ r❡st❛❞❛✱ x̄i = xi − 〈x〉✳ ❈✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧♦s

✈❛❧♦r❡s ❞❡ ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s {x}Ni=1 s❡♣❛r❛❞❛s ♣♦r s ♣❛s♦s s♦♥ ❞❡✜♥✐❞❛s ♣♦r ❧❛ ❢✉♥❝✐ó♥

❞❡ ✭❛✉t♦✲✮❝♦rr❡❧❛❝✐ó♥✿

C (s) = 〈x̄i − x̄i+s〉 =
1

N − s

N−s∑

i=1

x̄ix̄i+s. ✭✸✳✹✳✽✮

❙✐ xi ❡stá ✐♥❝♦rr❡❧❛❝✐♦♥❛❞❛✱ C (s) = 0 ♣❛r❛ s > 0✳ ▲❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ ❡♥t❡ ❧♦s

✈❛❧♦r❡s xi s♦♥ r❡s✉❧t❛❞♦ ❞❡ ❞❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ C (s)✱ C (t) ≈ e−s/sx ❝♦♥ ✉♥ t✐❡♠♣♦ ❞❡

❞❡❝❛✐♠✐❡♥t♦ sx✳ P❛r❛ ❧❛s ❧❧❛♠❛❞❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ C (s) ❞❡❝❛❡ ❝♦♠♦ ✉♥❛ ❧❡② ❞❡

♣♦t❡♥❝✐❛

C (s) ∝ s−γ, ✭✸✳✹✳✾✮

❝♦♥ ✉♥ ❡①♣♦♥❡♥t❡ 0 < γ < 1✳ ❊❧ ❝á❧❝✉❧♦ ❞✐r❡❝t♦ ❞❡ C (s) ♥♦ ❡s ❛♣r♦♣✐❛❞♦ ❞❡❜✐❞♦ ❛❧ r✉✐❞♦

s✉♣❡r♣✉❡st♦ ❞❡ ❧♦s ❞❛t♦s r❡❝♦❣✐❞♦s xi ② ❞❡❜✐❞♦ ❛ ❧❛s t❡♥❞❡♥❝✐❛s s✉❜②❛❝❡♥t❡s ❞❡ ♦r✐❣❡♥ ❞❡s❝♦♥♦❝✐❞♦✳

P♦r ❡❥❡♠♣❧♦✱ ❡❧ ♣r♦♠❡❞✐♦ 〈x〉 ♣✉❡❞❡ s❡r ❞✐❢❡r❡♥t❡ ♣❛r❛ ❧❛ ♣r✐♠❡r❛ ② ❧❛ s❡❣✉♥❞❛ ♠✐t❛❞ ❞❡❧ r❡❣✐str♦✱

s✐ ❧♦s ❞❛t♦s t✐❡♥❡♥ ❢✉❡rt❡s ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✳ P♦r ❧♦ q✉❡ ❡s ❞❡s❡❛❜❧❡ ❡st✐♠❛r ❡❧

❡①♣♦♥❡♥t❡ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ✉♥ ♠♦❞♦ ❞✐❢❡r❡♥t❡✳
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❯s✉❛❧♠❡♥t❡ ❧♦s ❞❛t♦s s♦♥ ❛❢❡❝t❛❞♦s ♣♦r ❧❛s ♥♦ ❡st❛❝✐♦♥❛r✐❡❞❛❞❡s✳ ❚❛❧❡s t❡♥❞❡♥❝✐❛s t✐❡♥❡♥ q✉❡

s❡r ❜✐❡♥ ❞✐s❝❡r♥✐❞❛s ❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ✐♥trí♥s❡❝❛s ❞❡❧ s✐st❡♠❛ ♣❛r❛ ♣♦❞❡r ❡♥❝♦♥tr❛r ❡❧ ❝♦rr❡❝t♦

❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❡s❝❛❧❛ ❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s✳ ❊st♦ ♥♦ ❡s ❛❧❣♦ s❡♥❝✐❧❧♦✱ ❞❡❜✐❞♦ ❛ q✉❡ r❡st❛♥❞♦

❛❧❣ú♥ t✐♣♦ ❞❡ ♠❡❞✐❛ ♠ó✈✐❧ ❝♦♥ ✉♥ ❝✐❡rt♦ ❛♥❝❤♦ ❞❡ ❝♦♥t❡♥✐❞♦ α ✐♥tr♦❞✉❝✐rí❛ ❛rt✐✜❝✐❛❧♠❡♥t❡ ❧❛

❡s❝❛❧❛ ❞❡ t✐❡♠♣♦ α ❡♥ ❧♦s ❞❛t♦s✱ ❞❡str✉②❡♥❞♦ ✉♥❛ ❡s❝❛❧❛ ♣♦s✐❜❧❡ ❞❡ ✉♥ ❛♠♣❧✐♦ r❛♥❣♦ ❞❡ ❡s❝❛❧❛s ❞❡

t✐❡♠♣♦✳ ❊❧ ❛♥á❧✐s✐s ❞❡ r❛♥❣♦ r❡❡s❝❛❧❛❞♦ ❞❡ ❍✉rst ❬✶✺❪ ② ♦tr♦s ♠ét♦❞♦s q✉❡ ♥♦ ❡❧✐♠✐♥❛♥ t❡♥❞❡♥❝✐❛

❢✉♥❝✐♦♥❛♥ ❜✐❡♥ s✐ ❧♦s r❡❣✐str♦s s♦♥ ❧❛r❣♦s ② ♥♦ ✐♥✈♦❧✉❝r❛♥ t❡♥❞❡♥❝✐❛s✳ P❡r♦ s✐ ❤❛② t❡♥❞❡♥❝✐❛s ❡♥

❧♦s ❞❛t♦s✱ ❡st♦s ♣♦❞rí❛♥ ❞❛r r❡s✉❧t❛❞♦s ❡q✉✐✈♦❝❛❞♦s✳ ❊❧ ❉❋❆ ❡s ✉♥ ♠ét♦❞♦ ❜✐❡♥ ❞❡✜♥✐❞♦ ♣❛r❛

❞❡t❡r♠✐♥❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❡s❝❛❧❛ ❞❡ ❧♦s ❞❛t♦s r✉✐❞♦s♦s ❡♥ ♣r❡s❡♥❝✐❛ ❞❡ t❡♥❞❡♥❝✐❛s✱ ❛ú♥

s✐♥ ❝♦♥♦❝❡r s✉ ♦r✐❣❡♥ ② ❢♦r♠❛✳ ❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡❧ ❉❋❆ ❝♦♥s✐st❡ ❡♥ ❝✉❛tr♦ ♣❛s♦s✿

❉❡t❡r♠✐♥❛r ❡❧ ♣❡r✜❧

Y (i) =
i∑

k=1

xk − 〈x〉 , ✭✸✳✹✳✶✵✮

❞❡❧ r❡❣✐str♦ ❞❡ ❧♦s ❞❛t♦s xi ❞❡ ❧♦♥❣✐t✉❞ N ✳ ▲❛ r❡st❛ ❞❡❧ ♣r♦♠❡❞✐♦ ♥♦ ❡s ♦❜❧✐❣❛t♦r✐❛✱ ❞❛❞♦ q✉❡

♣♦❞rí❛ s❡r ❡❧✐♠✐♥❛❞❛ ❞❡s♣✉és ❛❧ ❡❧✐♠✐♥❛r ❧❛ t❡♥❞❡♥❝✐❛ ❡♥ ❡❧ t❡r❝❡r ♣❛s♦✳

❊♥ ❡❧ s❡❣✉♥❞♦ ♣❛s♦ s❡ ❞✐✈✐❞❡ ❡❧ ♣❡r✜❧ Y (i) ❡♥ Ns ≡ N/s s❡❣♠❡♥t♦s ♥♦ s♦❧❛♣❛❞♦s ❞❡ ❧♦♥❣✐t✉❞

✐❣✉❛❧ ❛ s✳ P✉❡st♦ q✉❡ ❧❛ ❧♦♥❣✐t✉❞ ❞❡ r❡❣✐str♦ N ♥♦ ♥❡❝❡s✐t❛ s❡r ✉♥ ♠ú❧t✐♣❧♦ ❞❡ ❧❛ ❡s❝❛❧❛ ❞❡ t✐❡♠♣♦

❝♦♥s✐❞❡r❛❞❛ s✱ ✉♥❛ ❝♦rt❛ ♣❛rt❡ ❛❧ ✜♥❛❧ ❞❡❧ ♣❡r✜❧ s❡ q✉❡❞❛rá ❡♥ ❧❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❝❛s♦s✳ ❈♦♥ ❡❧

✜♥ ❞❡ ♥♦ ✐❣♥♦r❛r ❡st❛ ♣❛rt❡ ❞❡❧ r❡❣✐str♦ ❞❡ ❞❛t♦s✱ s❡ r❡♣✐t❡ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛ ♣❛rt✐r ❞❡❧

♦tr♦ ❡①tr❡♠♦ ❞❡❧ r❡❣✐str♦✳ P♦r ❧♦ t❛♥t♦✱ s❡ ♦❜t✐❡♥❡♥ ❡♥ ❝♦♥❥✉♥t♦ 2Ns s❡❣♠❡♥t♦s✳ ❊♥ ❡❧ t❡r❝❡r

♣❛s♦ ❝❛❧❝✉❧❛♠♦s ❧❛ t❡♥❞❡♥❝✐❛ ❧♦❝❛❧ ♣❛r❛ ❝❛❞❛ s❡❣♠❡♥t♦ ν ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ❛❥✉st❡ ❞❡ ♠í♥✐♠♦s

❝✉❛❞r❛❞♦s ❞❡ ❧♦s ❞❛t♦s✳ ❊♥t♦♥❝❡s✱ ❞❡✜♥✐♠♦s ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ s✐♥ t❡♥❞❡♥❝✐❛ ❝♦♥ ❞✉r❛❝✐ó♥ ❞❡

s−s❡❣♠❡♥t♦✱ ❞❡♥♦t❛❞❛ ♣♦r Yi (s)✱ ❝♦♠♦ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ♦r✐❣✐♥❛❧ ② ❧♦s ❛❥✉st❡s
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Yi (s) = Y (i)− pν (i) , ✭✸✳✹✳✶✶✮

❞♦♥❞❡ pν (i) s♦♥ ❧♦s ♣♦❧✐♥♦♠✐♦s ❞❡ ❛❥✉st❡ ❡♥ ❡❧ ν−és✐♠♦ s❡❣♠❡♥t♦✳ P✉❡❞❡♥ ✉s❛rs❡ ♣♦❧✐♥♦♠✐♦s

❧✐♥❡❛❧❡s✱ ❝ú❜✐❝♦s ♦ ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r ❡♥ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❛❥✉st❡✳ ❉❛❞♦ q✉❡ ❧❛ ❡❧✐♠✐♥❛❝✐ó♥ ❞❡

❧❛ t❡♥❞❡♥❝✐❛ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ❡s r❡❛❧✐③❛❞❛ ♠❡❞✐❛♥t❡ ❧❛ r❡st❛ ❞❡ ❧♦s ❛❥✉st❡s ❞❡❧ ♣❡r✜❧✱ ❡st♦s

♠ét♦❞♦s ❞✐✜❡r❡♥ ❡♥ s✉ ❝❛♣❛❝✐❞❛❞ ❞❡ ❡❧✐♠✐♥❛r ❧❛s t❡♥❞❡♥❝✐❛s ❡♥ ❧♦s ❞❛t♦s✳ ❊♥ ❡❧ ❉❋❆ ❞❡ ♦r❞❡♥

n✱ s❡ ❡❧✐♠✐♥❛♥ ❧❛s t❡♥❞❡♥❝✐❛s ❞❡ ♦r❞❡♥ n ❡♥ ❡❧ ♣❡r✜❧ ② ❞❡ ♦r❞❡♥ n− 1 ❡♥ ❡❧ r❡❣✐str♦ ♦r✐❣✐♥❛❧✳

❊♥ ❡❧ ❝✉❛rt♦ ♣❛s♦ s❡ ❝❛❧❝✉❧❛ ❧❛ ✈❛r✐❛♥③❛ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s 2Ns s❡❣♠❡♥t♦s

F 2
s (ν) =

〈
Y 2
s (i)

〉
=

1

s

s∑

i=1

Y 2
s [(ν − 1) s+ i] , ✭✸✳✹✳✶✷✮

❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ s✐♥ t❡♥❞❡♥❝✐❛ Ys (i) ♣r♦♠❡❞✐❛♥❞♦ t♦❞♦s ❧♦s i ❞❛t♦s ❡♥ ❡❧ ν−és✐♠♦ s❡❣✲

♠❡♥t♦✳ P♦r ú❧t✐♠♦✱ s❡ ♣r♦♠❡❞✐❛♥ t♦❞♦s ❧♦s s❡❣♠❡♥t♦s ② s❡ t♦♠❛ ❧❛ r❛í③ ❝✉❛❞r❛❞❛ ♣❛r❛ ♦❜t❡♥❡r

❧❛ ❢✉♥❝✐ó♥ ❞❡ ✢✉❝t✉❛❝✐ó♥ ❞❡❧ ❉❋❆

F (s) =

[

1

2Ns

2Ns∑

ν=1

F 2
s (ν)

]1/2

. ✭✸✳✹✳✶✸✮

P❛r❛ ❞✐❢❡r❡♥t❡s ❡❧✐♠✐♥❛❝✐♦♥❡s ❞❡ t❡♥❞❡♥❝✐❛ ❞❡ ♦r❞❡♥ n s❡ ♦❜t✐❡♥❡♥ ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s ❞❡

✢✉❝t✉❛❝✐ó♥ F (s)✱ ❧❛s ❝✉á❧❡s ❡stá♥ ❞❡♥♦t❛❞❛s ♣♦r F (n) (s)✳ P♦r ❝♦♥str✉❝❝✐ó♥✱ F (n) (s) ❡stá s♦❧♦

❞❡✜♥✐❞❛ ♣♦r s ≥ n + 2✳ ❊st❛♠♦s ✐♥t❡r❡s❛❞♦ ❡♥ ❧❛ s−❞❡♣❡♥❞❡♥❝✐❛ ❞❡ F (n) (s)✳ ❊s ♦❜✈✐♦✱ q✉❡ ❧❛

✈❛r✐❛♥③❛ ✐♥❝r❡♠❡♥t❛rá ❝♦♥ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❞✉r❛❝✐ó♥ s ❞❡ ❧♦s s❡❣♠❡♥t♦s✳ ❙✐ ❡❧ r❡❣✐str♦ ❞❡ ❞❛t♦s

xi ❡stá♥ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛ ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✱ ❝♦♠♦ s❡ ♥♦t❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥

✭✸✳✹✳✾✮✱ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ✢✉❝t✉❛❝✐ó♥ F (n) (s) ✐♥❝r❡♠❡♥t❛♥ ♣♦r ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛

✹✺



F (n) (s) ∝ sα, ✭✸✳✹✳✶✹✮

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ s✱ ❞♦♥❞❡ ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ✢✉❝t✉❛❝✐ó♥ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛❧ ❡①♣♦♥❡♥t❡

❞❡ ❝♦rr❡❧❛❝✐ó♥ γ✳ ❯♥❛ ❞❡r✐✈❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✉t✐❧✐③❛ ✭✸✳✹✳✶✹✮ ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ s✳

P❛r❛ ❞❛t♦s s✐♥ t❡♥❞❡♥❝✐❛ ② ❞❡s♣❧❛③❛♠✐❡♥t♦ ♥✉❧♦✱ x̄i = xi ② Ys (i) = Y (i) ♣❛r❛ i ≤ s✳ ❊♥t♦♥❝❡s✱ ❡❧

❞❡s♣❧❛③❛♠✐❡♥t♦ ❝✉❛❞rát✐❝♦ ♠❡❞✐♦ ❡♥ ❝❛❞❛ s❡❣♠❡♥t♦ n ♣✉❡❞❡ s❡r ❝❛❧❝✉❧❛❞♦✱ ✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s

✭✸✳✹✳✽✮ ② ✭✸✳✹✳✶✵✮✱

〈
Y 2 (i)

〉
=

〈
i∑

k=1

x2
k

〉

+

〈
j,k<i
∑

k 6=j

xjxk

〉

= i
〈
x2
〉
+

j,k<i
∑

k 6=j

C (|k − j|) = i
〈
x2
〉
+ 2

i−1∑

k=1

(i− k)C (k) .

✭✸✳✹✳✶✺✮

P❛r❛ ✉♥ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ i✱ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ♣✉❡❞❡ s❡r ❛♣r♦①✐♠❛❞♦✱ ✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥

✭✸✳✹✳✾ ② r❡s✉❧t❛✱

i−1∑

k=1

C (k) ≈
i∑

k=1

k−γ ≈
∫ i

1

k−γdk ≈ i1−γ②
i−1∑

k=1

kC (k) ≈ i2−γ. ✭✸✳✹✳✶✻✮

❙✐ ❧♦s ❞❛t♦s ❡stá♥ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛ ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ ❝♦♥ 0 < γ < 1✱

❡st❡ tér♠✐♥♦ ❞♦♠✐♥❛rá ♣❛r❛ t♦❞❛ i ❣r❛♥❞❡✱ ❞❛♥❞♦

〈
Y 2 (i)

〉
= i2−γ. ✭✸✳✹✳✶✼✮

❊♥t♦♥❝❡s✱ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❝✉❛❞rát✐❝♦ ♠❡❞✐♦ 〈Y 2 (i)〉 ❞❡❧ ♣❡r✜❧ ❛✉♠❡♥t❛ ♠ás rá♣✐❞♦ q✉❡

❧✐♥❡❛❧♠❡♥t❡ ❡♥ i✱ ❧♦ ❝✉á❧ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ s✉♣❡r❞✐❢✉s✐ó♥✳ ❯♥❛ ❛♣r♦①✐♠❛❝✐ó♥ s✐♠✐❧❛r ♣❛r❛ F (n) (s)✱

✉s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✳✶✼✮ ♥♦s ❧❧❡✈❛ ❛✿

F (n) (s) ≈ s1−γ/2, ✭✸✳✹✳✶✽✮

✹✻



♣❛r❛ ❣r❛♥❞❡s ❡s❝❛❧❛s ❞❡ t✐❡♠♣♦ s✳ ❈♦♠♣❛r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✹✳✶✹✮ ② ✭✸✳✹✳✶✽✮ s❡ ❡♥❝✉❡♥tr❛

α = 1− γ

2
♣❛r❛ 0 < γ < 1, ✭✸✳✹✳✶✾✮

❙✐ ❧♦s ❞❛t♦s ❡stá♥ ✐♥❝♦rr❡❧❛❝✐♦♥❛❞♦s ♦ t✐❡♥❡♥ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ ❬C (s) ❞❡❝❛❡ ❡①✲

♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♦r γ > 1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✳✾✮ ❪✱ ❡❧ ♣r✐♠❡r tér♠✐♥♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✳✶✺✮

❞♦♠✐♥❛rá ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ i✱ ② ❡♥❝♦♥tr❛r❡♠♦s q✉❡ Y 2 (i) ≈ i ✭❝♦rr❡s♣♦♥❞❡ ❛ ✉♥❛ ❞✐❢✉s✐ó♥

r❡❣✉❧❛r✮ ② ♣♦r ❧♦ t❛♥t♦ F (n) (s) ≈ s1/2✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ✢✉❝t✉❛❝✐ó♥ α = 1/2 ✐♥❞✐❝❛

❧❛ ❛✉s❡♥❝✐❛ ❞❡ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✳

❆❧ ❣r❛✜❝❛r F (n) (s) ❝♦♠♦ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ s ❡♥ ❞♦❜❧❡s ❡s❝❛❧❛s ❧♦❣❛rít♠✐❝❛s ♣❛r❛ ♦❜t❡♥❡r α ♣♦r

♠❡❞✐♦ ❞❡ ✉♥❛ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ ✭❛❥✉st❡ ❧✐♥❡❛❧✮✳ ❊♥ r❡s✉♠❡♥✱ ❧♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡ q✉❡ s♦♥

♦❜t❡♥✐❞♦s ❡♥ ❡st❡ ❛♥á❧✐s✐s s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿

• α = 0.5 ❝♦rr❡s♣♦♥❞❡ ❛ ❞❛t♦s ✐♥❝♦rr❡❧❛❝✐♦♥❡s✱ ♦ ❛ ✉♥❛ ❝❛♠✐♥❛t❛ ❛❧❡❛t♦r✐❛✳ ❙✐ ❡①✐st❡♥ ❝♦r✲

r❡❧❛❝✐♦♥❡s ❞❡ ❝♦rt♦ ❛❧❝❛♥❝❡ ❡♥ ❧♦s ❞❛t♦s✱ ❡❧ ❛❥✉st❡ ❧✐♥❡❛❧ ♣✉❡❞❡ ❞❛r ✉♥ r❡s✉❧t❛❞♦ ❞✐❢❡r❡♥t❡

❞❡ ✵✳✺✱ s✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ❣r❛♥❞❡s ✈❡♥t❛♥❛s ❞❡ t✐❡♠♣♦ α s❡ ❛♣r♦①✐♠❛rá ❛ ✵✳✺✳

• 0.5 < α < 1 ✐♥❞✐❝❛ q✉❡ ❡①✐st❡♥ ❝♦rr❡❧❛❝✐♦♥❡s ♣❡rs✐♥st❡♥t❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ q✉❡ ♦❜❡❞❡❝❡♥

❛ ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛✱ t❛❧ q✉❡ ♣❛r❛ ❣r❛♥❞❡s ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❝✐♠✐❡♥t♦ ❡s ♠ás ♣r♦❜❛❜❧❡ q✉❡

s❡❛♥ s❡❣✉✐❞♦s ♣♦r ♦tr♦s ❣r❛♥❞❡s ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❝✐♠✐❡♥t♦ ② ✈✐❝❡✈❡rs❛✳

• 0 < α < 0.5 ✐♥❞✐❝❛ ✉♥ ❞✐❢❡r❡♥t❡ t✐♣♦ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❡② ❞❡ ♣♦t❡♥❝✐❛ t❛❧ q✉❡ ♣❛r❛ ❣r❛♥❞❡s

② ♣❡q✉❡ñ♦s ✈❛❧♦r❡s ❞❡ ❧❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ s❡rá ♠ás ♣r♦❜❧❛❜❧❡ s✉ ❛❧t❡r♥❛♥❝✐❛✳

• ❯♥ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ α = 1 ❝♦rr❡s♣♦♥❞❡ ❛❧ r✉✐❞♦ 1/f ✳

• α ≥ ✐♥❞✐❝❛ q✉❡ ❡①✐st❡♥ ❝♦rr❡❧❛❝✐♦♥❡s✱ ♣❡r♦ ②❛ ♥♦ t✐❡♥❡♥ ✉♥❛ ❢♦r♠❛ ❞❡ ❧❡② ❞❡ ♣♦t❡♥❝✐❛✳

• α = 1.5 ❡s ♦tr♦ ❝❛s♦ ❡s♣❡❝✐❛❧✱ ✐♥❞✐❝❛ q✉❡ s❡ t✐❡♥❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ❧❛ ✐♥t❡❣r❛❝✐ó♥

❞❡❧ r✉✐❞♦ ❜❧❛♥❝♦✳

✹✼



❊❧ ❡①♣♦♥❡♥t❡ α ♣✉❡❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♥ ✐♥❞✐❝❛❞♦r q✉❡ ❞❡s❝r✐❜❡ ❧❛ ✏r✉❣♦s✐❞❛❞✧ ❞❡ ❧❛s s❡r✐❡s

t❡♠♣♦r❛❧❡s✿ ❡❧ ✈❛❧♦r ♠ás ❣r❛♥❞❡ ❞❡ α✱ ✐♥❞✐❝❛ ✏s✉❛✈✐❞❛❞✧ ❡♥ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧✱ ❡st❡ ❤❡❝❤♦ ❡stá

❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ ❣❡♦♠trí❛ ❢r❛❝t❛❧✳

P❛r❛ ❝♦♠♣r❡♥❞❡r ❝♦♠♦ ❢✉♥❝✐♦♥❛ ❡❧ ❛♥á❧✐s✐s ❞❡❧ ❉❋❆✱ ❡♥ ❡❧ tr❛❜❛❥♦ ❬✺✺❪ s❡ ❛♣❧✐❝♦ ❡st❡ ❛♥á❧✐s✐s

❛ s❡❝✉❡♥❝✐❛s ❞❡ ❉◆❆ q✉❡ s❡ ❝♦♥♦❝❡ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ❧✐t❡r❛t✉r❛ q✉❡ ♣r❡s❡♥t❛♥ ❝✐❡rt❛s ❝♦rr❡❧❛❝✐♦♥❡s

❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ ❡♥ ❢♦r♠❛ ❞❡ ❧❡② ❞❡ ♣♦t❡♥❝✐❛✳

❋✐❣✉r❛ ✸✳✸✿ ❈❛♠✐♥❛t❛s ❞❡ ❉◆❆ ❝♦♥ ❞✐st✐♥t❛s s❡❝✉❡♥❝✐❛s ❞❡ ❝♦♥tr♦❧✳ ■♠❛❣❡♥ ❡①tr❛í❞❛ ❞❡ ❬✺✺❪✳

P❛r❛ ✐❧✉str❛r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛ tr❛✈és ❞❡ ❡st❡ ❛♥á❧✐s✐s✱ s❡ ❤❛❝❡ ❡♥❢ás✐s ❡♥ ❧❛ ❋✐❣✉r❛

✸✳✸✭❛✮ ❞♦♥❞❡ s❡ ♠✉❡str❛ ✉♥❛ ❝❛♠✐♥❛t❛ ❞❡ ❉◆❆ r❡♣r❡s❡♥t❛t✐✈❛ ♣❛r❛ ✉♥ ❝❧❛s❡ ❞❡ s❡❝✉❡♥❝✐❛s ❞❡ ❝♦♥✲

tr♦❧ ❛rt✐✜❝✐❛❧❡s ❣❡♥❡r❛❞❛s ♣♦r s✉❜s❡❝✉❡♥❝✐❛s ✉♥✐✜❝❛❞❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝❛♠✐♥❛t❛s ❛❧❡❛t♦r✐❛s

❝♦♥ ❞✐❢❡r❡♥t❡ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ♥✉❝❧❡♦t✐❞♦s✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✸✭❜✮ s❡ ✐❧✉str❛ ✉♥❛ ❝❛♠✐♥❛t❛ ❞❡ ❉◆❆

r❡♣r❡s❡♥t❛t✐✈❛ ♣❛r❛ ✉♥❛ ❝❧❛s❡ ❞✐❢❡r❡♥t❡ ❞❡ s❡❝✉❡♥❝✐❛s ❣❡♥❡r❛❞❛s ♣♦r ✉♥ ♠♦❞❡❧♦ ❝♦♥ ❝♦rr❡❧❛❝✐ó♥

❞❡ ❧❡② ❞❡ ♣♦t❡♥❝✐❛ ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ ❜✐❡♥ ❞❡✜♥✐❞❛✳

✹✽



❋✐❣✉r❛ ✸✳✹✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❉❋❆ ❛ ❧❛s ❝❛♠✐♥❛t❛s ❞❡ ❉◆❆ ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛
✸✳✸✳ ■♠❛❣❡♥ ❡①tr❛í❞❛ ❞❡ ❬✺✺❪✳

❊♥ ❧❛ ❋✐❣✉r❛ ✭✸✳✹✮ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❛♣❧✐❝❛r ❡❧ ❉❋❆ ❛ ❝❛♠✐♥❛t❛s ❞❡ ❉◆❆ ❝♦♥

❞✐❢❡r❡♥t❡s s❡❝✉❡♥❝✐❛s ❞❡ ❝♦♥tr♦❧✳ P❛r❛ ❧❛ s❡❝✉❡♥❝✐❛ ❞❡ ❝♦♥tr♦❧ q✉❡ ♥♦ ♣♦s❡❡ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡

❧❛ ❋✐❣✉r❛ ✸✳✸✭❛✮✱ r❡s✉❧tó t❡♥❡r ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ α = 0.51✱ ❡♥ ❝❛♠❜✐♦✱ ♣❛r❛ ❧❛

s❡❝✉❡♥❝✐❛ ❞❡ ❉◆❆ ❝♦♥ ✉♥ ♠♦❞❡❧♦ ❞❡ ❝♦rr❡❧❛❝✐♦♥❡s ❜✐❡♥ ❞❡✜♥✐❞❛ ❞❡ ❧❛ ❋✐❣✉r❛ ✸✳✸✭❜✮ r❡s✉❧tó

t❡♥❡r ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ α = 0.61✳ ▲♦s r❡s✉❧t❛❞♦s ❡♥tr❡ ❡st❛s ❝❛♠✐♥❛t❛s ❞❡ ❉◆❆ ❡s

❡✈✐❞❡♥t❡✱ ❡❧ ♠❛②♦r ❡①♣♦♥❡♥t❡ ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ♣♦s❡❡ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡ ❜✐❡♥ ❞❡✜♥✐❞❛s✱

♠✐❡♥tr❛s q✉❡ ❧❛ ❝❛♠✐♥❛t❛ ❞❡ ❉◆❆ q✉❡ t✐❡♥❡ ✉♥ ❡①♣♦♥❡♥t❡ ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ❝❡r❝❛♥♦ 0.5✱ ✐♠♣❧✐❝❛

q✉❡ ♥♦ ♣♦s❡❡ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ❛❧❝❛♥❝❡✱ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❧❛s ❝❛♠✐♥❛t❛s ❛❧❡❛t♦r✐❛s✳

✹✾



✸✳✹✳✸ ❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧ ❆tr❛❝t♦r

❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❧♦s s✐st❡♠❛s ❝❛ót✐❝♦s s❡ ❝❛r❛❝t❡r✐③❛♥ ♣♦r t❡♥❡r ❛tr❛❝t♦r❡s

✏❡①tr❛ñ♦s✑✱ ❧♦s ❝✉❛❧❡s s♦♥ ❝♦♠♣❧✐❝❛❞♦s ♦❜❥❡t♦s ❣❡♦♠étr✐❝♦s q✉❡ ✉s✉❛❧♠❡♥t❡ ❡①❤✐❜❡♥ ✉♥❛ ❡str❝t✉r❛

❢r❛❝t❛❧✱ ❡s ❞❡❝✐r✱ ♣r❡s❡♥t❛♥ ✐♥✈❛r✐❛♥③❛ ❡♥ s✉ ❡s❝❛❧❛✳ ❯♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❞❡t❡r♠✐♥✐st❛ ♣✉❡❞❡ ❡s

✉s✉❛❧♠❡♥t❡ ❞❡s❝r✐t♦ ❝♦♠♦ ✉♥ ♦❜❥❡t♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡✱ ❞❛❞♦ q✉❡ ❡st❛ ❡s ❧❛ ♠❛♥❡r❛ ó♣t✐♠❛

❞❡ ❡st✉❞✐❛r s✉s ♣r♦♣✐❡❞❛❞❡s ❞✐♥á♠✐❝❛s ② ❣❡♦♠étr✐❝❛s✳ ❊s ♠✉② ✐♠♣♦rt❛♥t❡ t❡♥❡r ❛❧ ❛❧❝❛♥❝❡ ❡❧

❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s ❞❡t❡r♠✐♥✐st❛s✱ ❛✉♥q✉❡ ❡♥ ❛❧❣✉♥♦s ❞❡

❧♦s ❝❛s♦s s♦❧♦ s❡ t✐❡♥❡ ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✱ ♥♦ ✉♥ ♦❜❥❡t♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡✳ ▲♦ ❝✉❛á❧ ♥♦ s✐❣♥✐✜❝❛

✉♥ ♣r♦❜❧❡♠❛ ♣❛r❛ ♥✉❡str♦ ❝❛s♦ ♣❡r♦ ❞❛❞♦ q✉❡ s❡ ❞❡s❡❛♥ ❡st✉❞✐❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞✐♥á♠✐❝❛s ❞❡

✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✱ s❡ ❝♦♥s✐❞❡r❛ ♥❡❝❡s❛r✐♦ ❝♦♥✈❡rt✐r ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ❡♥

❝✉❡st✐ó♥✱ ❡♥ s✉s ✈❡❝t♦r❡s ❞❡ ❡st❛❞♦✳ ❆q✉í r❛❞✐❝❛ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧❛ r❡❝♦♥str✉❝❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦

❞❡ ❢❛s❡✱ ✉♥❛ té❝♥✐❝❛ q✉❡ ♣❡r♠✐t❡ ❢♦r♠❛r ❡st♦s ✈❡❝t♦r❡s ❞❡ ❡st❛❞♦ ❛ tr❛✈❡s ❞❡❧ ♠ét♦❞♦ ❞❡ r❡t❛r❞♦s

✭♦ ❝♦♥str✉❝❝✐♦♥❡s r❡❧❛❝✐♦♥❛❞❛s✮ ❬✻✹❪✳

▲❛s s❡r✐❡s ❞❡ t✐❡♠♣♦ s♦♥ ❡s❡♥❝✐❛❧♠❡♥t❡ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ♠❡❞✐❝✐♦♥❡s ❡s❝❛❧❛r❡s ❞❡ ❛❧❣ú♥ ❢❡♥ó✲

♠❡♥♦ ♦ ♣r♦❝❡s♦✱ q✉❡ ❞❡♣❡♥❞❡♥ ❞❡❧ ❡st❛❞♦ ❛❝t✉❛❧ ❞❡❧ s✐st❡♠❛✳ ❊♥t♦♥❝❡s✱ t♦♠❛♥❞♦ ♠ú❧t✐♣❧♦s ❞❡

✉♥ t✐❡♠♣♦ ❞❡ ♠✉❡str❡♦ ✜❥♦✿

sn = s (x (n∆t)) + ηn, ✭✸✳✹✳✷✵✮

❡st♦ ❡s✱ s❡ ❜✉s❝❛ ❡♥ ❡❧ s✐st❡♠❛ ❛ tr❛✈és ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ♠❡❞✐❝✐ó♥ s✱ ♦❜s❡r✈❛❝✐♦♥❡s ♣♦r

❡♥❝✐♠❛ ❞❡ ❧❛s ✢✉❝t✉❛❝✐♦♥❡s ❛❧❡❛t♦r✐❛s ηn✱ q✉❡ ❡s ❡❧ r✉✐❞♦ ❞❡ ♠❡❞✐❝✐ó♥✳ ❉❛❞♦ q✉❡ ❡♥ ❡st❡ tr❛❜❛❥♦

s❡ tr❛t❛♥ s❡r✐❡s t❡♠♣♦r❛❧❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❞❡t❡r♠✐♥✐st❛ ② ❝♦♥♦❝❡♠♦s ❡❧

♠♦❞❡❧♦ q✉❡ ❧♦ ❞❡s❝r✐❜❡✱ ❡❧ ❡❢❡❝t♦ ❞❡❧ r✉✐❞♦ ♥♦ ❡s r❡❧❡✈❛♥t❡✳ ❯♥❛ r❡❝♦♥str✉❝❝✐ó♥ r❡t❛r❞❛❞❛ ❡♥ m

❞✐♠❡♥s✐♦♥❡s ❡stá ❢♦r♠❛❞❛ ❡♥t♦♥❝❡s ♣♦r ❧♦s ✈❡❝t♦r❡s sn ❝♦♠♦✱

✺✵



sn =
(
sn−(m−1)τ , sn−(m−2)τ , . . . , sn−τ , sn

)
. ✭✸✳✹✳✷✶✮

▲❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ t✐❡♠♣♦ ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡ ♠✉❡str❛s τ ✭♦ ❡♥ ✉♥✐❞❛❞❡s ❞❡ t✐❡♠♣♦✱ τ∆t✮ ❡♥tr❡

❝♦♠♣♦♥❡♥t❡s ❛❞②❛❝❡♥t❡s ❞❡ ❧♦s ✈❡❝t♦r❡s r❡t❛r❞❛❞♦s s❡ ❝♦♥♦❝❡ ❝♦♠♦ t✐❡♠♣♦ ❞❡ r❡t❛r❞♦✳ ❈✉❛♥❞♦

τ = 1✱ s♦❧♦ ❧❛ ✈❡♥t❛♥❛ ❞❡ t✐❡♠♣♦ ❝✉❜✐❡rt❛ ♣♦r ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ✈❡❝t♦r❡s ❛✉♠❡♥t❛✱ ♠✐❡♥tr❛s q✉❡ ❡❧

♥ú♠❡r♦ ❞❡ ❞❡ ✈❡❝t♦r❡s ❝♦♥str✉í❞♦s ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦r❛❧ ❡s❝❛❧❛r ♣❡r♠❛♥❡❝❡ ♣r❛❝t✐❝❛♠❡♥t❡ ✐❣✉❛❧✳

❊st♦ ❡s ❞❡❜✐❞♦ ❛ q✉❡ s❡ ❝r❡❛ ✉♥ ✈❡❝t♦r ♣❛r❛ ❝❛❞❛ ♦❜s❡r✈❛❝✐ó♥ ❡s❝❛❧❛r✱ sn✱ ❝♦♥ n > (m− 1) τ ✳

❍❛② t❡♦r❡♠❛s ❞❡ ✐♥♠❡rs✐ó♥ q✉❡ tr❛t❛♥ s♦❜r❡ ❧❛ ❝✉❡st✐ó♥ ❞❡ ❜❛❥♦ q✉❡ ❝✐r❝✉♥st❛♥❝✐❛s ② ❡♥ q✉é

♠❡❞✐❞❛ ❡❧ ♦❜❥❡t♦ ❣❡♦♠étr✐❝♦ ❢♦r♠❛❞♦ ♣♦r ❧♦s ✈❡❝t♦r❡s ❞❡ r❡❝♦♥str✉❝❝✐ó♥ sn ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛

tr❛②❡❝t♦r✐❛ ❛rr♦❥❛❞❛ ♣♦r ❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ♦r✐❣✐♥❛❧ xn✳ ❉❡ ❤❡❝❤♦✱ ❜❛❥♦ ❝✐r❝✉♥st❛♥❝✐❛s ♠✉②

❣❡♥❡r❛❧❡s ❡❧ ❛tr❛❝t♦r ❢♦♠r❛❞♦ ♣♦r sn ❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ ❛tr❛❝t♦r ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ❞❡s❝♦♥♦❝✐❞♦✱

❡♥ ❡♥ ❡❧ ❝✉á❧ ✈✐✈❡ ❡❧ s✐st❡♠❛ ♦r✐❣✐♥❛❧✳ P♦r ❧♦ t❛♥t♦✱ ❡s ♣♦s✐❜❧❡ r❡❝♦♥str✉✐r ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❧♦s

❛tr❛❝t♦r❡s✳

✸✳✹✳✹ ▼ét♦❞♦ ❞❡ ❧♦s ❋❛❧s♦s ❱❡❝✐♥♦s ❈❡r❝❛♥♦s

❆❧ ❛♥❛❧✐③❛r ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧ ❡s❝❛❧❛r✱ ♥♦ s❡ ❝♦♥♦❝❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥✱ ♥✐ ❞❡❧ ✈❛❧♦r ❞❡

r❡t❛r❞♦ τ ✳ ▲♦s t❡♦r❡♠❛s ❞❡ ✐♥♠❡rs✐ó♥ ❣❛r❛♥t✐③❛♥ q✉❡ ♣❛r❛ ❧♦s ❞❛t♦s ❧✐❜r❡s ❞❡ r✉✐❞♦✱ ❡①✐st❡ ✉♥❛

❞✐♠❡♥s✐ó♥ t❛❧ q✉❡ ❧♦s ✈❡❝t♦r❡s sn s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧♦s ✈❡❝t♦r❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡✳ P♦r ❧♦ ❝✉á❧

s❡ ✉s❛ ❡❧ ♠ét♦❞♦ ❞❡ ❧♦s ❢❛❧s♦s ✈❡❝✐♥♦s ❝❡r❝❛♥♦s ✭❋◆◆✱ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ ♣❛r❛ ❡♥❝♦♥tr❛r ❧❛

❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡r♥s✐ó♥ m ✐❞❡❛❧ ❞❡❧ ❛tr❛❝t♦r✳

❙✐ s❡ s✉♣♦♥❡ q✉❡ ❧❛ ❞✐♥á♠✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ❡s r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♥ ✈❡❝t♦r ❞❡ ❝❛♠♣♦

s✉❛✈❡✱ ❡♥t♦♥❝❡s ❧♦s ❡st❛❞♦s ❝❡r❝❛♥♦s ❞❡❜❡rá♥ ❡st❛r s✉❥❡t♦s ❛ ❝❛s✐ ❧❛ ♠✐s♠❛ ❡✈♦❧✉❝✐ó♥ t❡♠♣♦r❛❧✳

P♦r ❧♦ t❛♥t♦✱ ❞❡s♣✉és ❞❡ ✉♥ ❝♦rt♦ ♣❡rí♦❞♦ ❞❡ t✐❡♠♣♦✱ ❧❛s tr❛②❡❝t♦r✐❛s ❡♠❡r❣❡♥t❡s ❞❡ ést♦s ❞❡❜❡rá♥

s❡❣✉✐r s✐❡♥❞♦ ✈❡❝✐♥♦s ❝❡r❝❛♥♦s✱ ✐♥❝❧✉s♦ s✐ ❡❧ ❝❛♦s ✐♥tr♦❞✉❝❡ ✉♥❛ ❞✐✈❡r❣❡♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧✳

❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❋◆◆ ❢✉❡ ✐♥tr♦❞✉❝✐❞♦ ♣♦r ❑❡♥♥❡❧✱ ❇r♦✇♥ ② ❆r❜❛♥❡❧ ❡♥ ✶✾✾✷ ❬✸✻❪✳ ▲❛ ✐❞❡❛
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❜ás✐❝❛ ❡s ❧❛ ❜úsq✉❡❞❛ ❞❡ ♣✉♥t♦s ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s ❧♦s ❝✉á❧❡s s♦♥ ✈❡❝✐♥♦s ❡♥ ✉♥ ❡s♣❛❝✐♦

❞❡ ✐♥♠❡rs✐ó♥✱ ♣❡r♦ q✉❡ ♥♦ ❞❡❜❡rá♥ s❡r❧♦ ❝♦♥❢♦r♠❡ ❡✈♦❧✉❝✐♦♥❛♥ t❡♠♣♦r❛❧♠❡♥t❡ ②❛ q✉❡ ❡♥ ✉♥

❢✉t✉r♦ s✉s tr❛②❡❝t♦r✐❛s s♦♥ ♠✉② ❞✐❢❡r❡♥t❡s✳ ❙✉♣♦♥❣❛s❡ q✉❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ ♣❛r❛ ✉♥

❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s ❡s m0✳ ❉❡s♣✉és✱ s❡ ❡st✉❞✐❛♥ ❡st♦s ❞❛t♦s ❡♥ ✉♥❛ ♠❡♥♦r ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥

m < m0✳ ▲❛ tr❛♥s✐❝✐ó♥ ❞❡ m0 ❛ m ❡s ✉♥❛ ♣r♦②❡❝❝✐ó♥✱ ❡s ❞❡❝✐r✱ s❡ ❡❧✐♠✐♥❛♥ ❝✐❡rt♦s ❡❥❡s ❞❡❧ s✐st❡♠❛

❝♦♦r❞❡♥❛❞♦✳ P♦r ❧♦ t❛♥t♦✱ ♣✉♥t♦s ❞❡ ❡s❡ s✐st❡♠❛ ❝♦♦r❞❡♥❛❞♦ ❧♦s ❝ú❛❧❡s ❢✉❡r♦♥ ❡❧✐♠✐♥❛❞♦s ♣♦r

❧❛ ♣r♦②❡❝❝✐ó♥ ❞✐✜❡r❡♥ ❢✉❡rt❡♠❡♥t❡✱ ② ♣✉❡❞❡♥ ❝♦♥✈❡rt✐rs❡ ❡♥ ✏❢❛❧s♦s ✈❡❝✐♥♦s✧ ❡♥ ❡❧ ❡s♣❛❝✐♦ m

❞✐♠❡♥s✐♦♥❛❧✳ ▲❛s ❡st❛❞íst✐❝❛s ❛②✉❞❛ ❛ ❡st✉❞✐❛r ❧♦ q✉❡ ❛❤♦r❛ r❡s✉❧t❛ ♦❜✈✐♦✿ ♣❛r❛ ❝❛❞❛ ♣✉♥t♦

❞❡ ❧❛ s❡r✐❡ ❞❡ t✐❡♠♣♦✱ s❡ t♦♠❛ s✉ ✈❡❝✐♥♦ ♠ás ❝❡r❝❛♥♦ ❡♥ m ❞✐♠❡♥s✐♦♥❡s✱ s❡ ❝❛❧❝✉❧❛ ❡❧ r❛❞✐♦ ❞❡

❞✐st❛♥❝✐❛s ❡♥tr❡ ❡s♦s ❞♦s ♣✉♥t♦s ❡♥ ✭m + 1✮ ❞✐♠❡♥s✐♦♥❡s ② ❡♥ ❧❛ ❞✐♠❡♥s✐♦♥ m✳ ❙✐ ❡st❡ r❛❞✐♦

❡s ♠ás ❣r❛♥❞❡ q✉❡ ❡❧ ✉♠❜r❛❧ r✱ ❡❧ ✈❡❝✐♥♦ ❢✉❡ ❢❛❧s♦✳ ❊st❡ ✉♠❜r❛❧ t✐❡♥❡ q✉❡ s❡r s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡ ♣❛r❛ ♣❡r♠✐t✐r ✉♥❛ ❞✐✈❡r❣❡♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡❜✐❞❛ ❛❧ ❝❛♦s ② ♦tr❛s ❞✐♥á♠✐❝❛s ✐rr❡❣✉❧❛r❡s

❝♦♠♣❧❡❥❛s✳ ❆❧ ❞❡♥♦t❛r ❧❛ ❞❡s✈✐❛❝✐ó♥ ❡stá♥❞❛r❞ ❞❡ ❧♦s ❞❛t♦s ♣♦r σ ② ✉s❛♥❞♦ ❧❛ ♥♦r♠❛ ♠á①✐♠❛✱

s❡ ❝❛❧❝✉❧❛

Xfnn (r) =

∑N−m−1
n=1 Θ

( ∣

∣

∣
s
(m+1)
n −s

(m+1)
k(n)

∣

∣

∣

∣

∣

∣
s
(m)
n −s

(m)
k(n)

∣

∣

∣

− r

)

Θ
(

σ
r
−
∣
∣
∣s

(m)
n − s

(m)
k(n)

∣
∣
∣

)

∑N−m−1
n=1 Θ

(
σ
r
−
∣
∣
∣s

(m)
n − s

(m)
k(n)

∣
∣
∣

) ✭✸✳✹✳✷✷✮

❞♦♥❞❡ s(m)
k(n) ❡s ❡❧ ✈❡❝✐♥♦ ♠ás ❝❡r❝❛♥♦ ❛ sn ❡♥ m ❞✐♠❡♥s✐♦♥❡s✱ ❡st♦ ❡s✱ k (n) ❡s ❡❧ í♥❞✐❝❡ ❞❡ ❧♦s k

❡❧❡♠❡♥t♦s ❞❡ ❧❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ❞✐❢❡r❡♥t❡s ❞❡ n ♣❛r❛ ❧❛ ❝✉❛❧ |sn − sk| = ♠✐♥✳ ▲❛ ♣r✐♠❡r❛ ❢✉♥❝✐ó♥

❡s❝❛❧♦♥ ❡♥ ❡❧ ♥✉♠❡r❛❞♦r ❡s ❧❛ ✉♥✐❞❛❞✱ s✐ ❡❧ ✈❡❝✐♥♦ ♠ás ❝❡r❝❛♥♦ ❡s ❢❛❧s♦✱ ❡st♦ ❡s✱ s✐ ❧❛ ❞✐st❛♥❝✐❛

✐♥❝r❡♠❡♥t❛ ♣♦r ✉♥ ❢❛❝t♦r ♠❛②♦r q✉❡ r ❝✉❛♥❞♦ ✐♥❝r❡♠❡♥t❛ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ ♣♦r ❧❛

✉♥✐❞❛❞✱ ♠✐❡♥tr❛s q✉❡ ❧❛ s❡❣✉♥❞❛ ❢✉♥❝✐ó♥ ❡s❝❛❧♦♥ s✉♣r✐♠❡ t♦❞♦s ❡s♦s ♣❛r❡s✱ ❝✉②❛ ❞✐st❛♥❝✐❛ ✐♥✐❝✐❛❧

❢✉❡ ♠ás ❣r❛♥❞❡ q✉❡ σ/r✳ P❛r❡s ❝✉②❛ ❞✐♥st❛♥❝✐❛ ✐♥✐❝✐❛❧ ❡s ♠ás ❣r❛♥❞❡ q✉❡ σ/r ♣♦r ❞❡✜♥✐❝✐ó♥ ♥♦

♣✉❡❞❡♥ s❡r ✈❡❝✐♥♦s ❢❛❧s♦s✱ ❞❡❜✐❞♦ ❛ q✉❡✱ ❡♥ ♣r♦♠❡❞✐♦✱ ♥♦ ❤❛② s✉✜❝✐❡♥t❡ ❡s♣❛❝✐♦ ♣❛r❛ s❛❧✐r ♠ás

❛❧❧á ❞❡ σ✳ P♦r ❧♦ t❛♥t♦✱ ❡s♦s s♦♥ ❝❛♥❞✐❞❛t♦s ✐♥✈á❧✐❞♦s ❡❧ ♠ét♦❞♦ ② ♥♦ ❞❡❜❡♥ s❡r ❝♦♥t❛❞♦s✱ ❧♦ ❝✉❛❧

t❛♠❜✐é♥ ❡s r❡✢❡❥❛❞♦ ❡♥ ❧❛ ♥♦r♠❛❧✐③❛❝✐ó♥✳ P✉❡❞❡♥ ❤❛❜❡r ❛❧❣✉♥♦s ✈❡❝✐♥♦s ❢❛❧s♦s ❝❡r❝❛♥♦s ✐♥❝❧✉s♦
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❝✉❛♥❞♦ s❡ ❡stá ✉t✐❧✐③❛♥❞♦ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ ❝♦rr❡❝t❛✳

✸✳✹✳✺ ■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛ Pr♦♠❡❞✐❛❞❛

❯♥❛ ❜✉❡♥❛ ❡st✐♠❛❝✐ó♥ ❞❡❧ t✐❡♠♣♦ ❞❡ r❡t❛r❞♦ τ = τ∆t ❡s ❞í✜❝✐❧ ❞❡ ♦❜t❡♥❡r✳ ❊❧ r❡t❛r❞♦ τ ♥♦ ❡stá

s✉❥❡t♦ ❛ ❧♦s t❡♦r❡♠❛s ❞❡ ✐♥♠❡rs✐ó♥✱ ❞❛❞♦ q✉❡ ❡st♦s ❝♦♥s✐❞❡r❛♥ ❞❛t♦s ♣r❡❝✐s♦s✳

▲♦s ♠ét♦❞♦s ❡st❛❞íst✐❝♦s s♦♥ ✉♥❛ ❜✉❡♥❛ ❤❡rr❛♠✐❡♥t❛✱ ❡❧ ♠ét♦❞♦ ❡st❛❞íst✐❝ ó♣t✐♠♦ ❞❡s❞❡ ❡❧

♣✉♥t♦ ❞❡ ✈✐st❛ ♣rá❝t✐❝♦ ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛✉t♦❝♦rr❡❧❛❝✐ó♥✱ ②❛ q✉❡ ❡♥ ♣r✐♠❡r ❧✉❣❛r s❡ ❝❛❧❝✉❧❛ ♣❛r❛

❢❛♠✐❧✐❛r✐③❛rs❡ ❝♦♥ ❧♦s ❞❛t♦s ② ❞❛ ♣✐st❛s s♦❜r❡ ❧❛ ❡st❛❝✐♦♥❛r✐❡❞❛❞ ② ❧❛s tí♣✐❝❛s ❡s❝❛❧❛s ❞❡ t✐❡♠♣♦✳

❯♥❛ ♠✉② r❛③♦♥❛❜❧❡ ♦❜❥❡❝✐ó♥ ❞❡ ❡st❡ ♠ét♦❞♦ ❡s q✉❡ ❡st❛ ❜❛s❛❞♦ ❡♥ ❡st❛❞íst✐❝❛ ❧✐♥❡❛❧ ② ♥♦ t♦♠❛

❡♥ ❝✉❡♥t❛ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s ♥♦ ❧✐♥❡❛❧❡s✳ P♦r ❧♦ t❛♥t♦✱ s❡ ❞❡❜❡ ♦♣t❛r ♣♦r ✉t✐❧✐③❛r ❡❧

♣r✐♠❡r ♠í♥✐♠♦ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♠✉t✉❛ ♣r♦♠❡❞✐❛❞❛ r❡t❛r❞❛❞❛ ❡♥ ❡❧ t✐❡♠♣♦ ❬✷✵❪✳ ❊❧ ✉s♦ ❞❡ ❡st❡

♠ét♦❞♦ ❡s ❡❧ ♠ás ❝♦♠✉♥♠❡♥t❡ ✉s❛❞♦ ❞✉r❛♥t❡ ❧♦s ú❧t✐♠♦s ❛ñ♦s ♣❛r❛ ❡❧❡❣✐r ✉♥ ✈❛❧♦r ❞❡ r❡t❛r❞♦

❛❞❡❝✉❛❞♦✳ ❚❛❧ ♣r♦❞❡❝✐♠✐❡♥t♦ s❡ ❡♥❝❛r❣❛ ❞❡ ❝❛❧❝✉❧❛r ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ✭❜✐ts✮ q✉❡ s❡ ♣✉❡❞❡ ♣r❡❞❡❝✐r

❞❡ ✉♥ ❞❛t♦ t♦♠❛♥❞♦ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❞❛t♦s ♣r❡✈✐♦s ② ❡st❡ ♠ét♦❞♦ ❡st❛ ❡str❡❝❤❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦

❝♦♥ ❧❛ ❡♥tr♦♣í❛ ❞❡ ❙❤❛♥♥♦♥ ❬✻✶❪✳

❊♥ ❡❧ ✐♥t❡r✈❛❧♦ ❡①♣❧♦r❛❞♦ ♣♦r ❧♦s ❞❛t♦s✱ s❡ ❝r❡❛ ✉♥ ❤✐st♦❣r❛♠❛ ❞❡ r❡s♦❧✉❝✐ó♥ ǫ ♣❛r❛ ❧❛ ❞✐s✲

tr✐❜✉❝✐ó♥ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ❞❛t♦s✳ ❉❡♥♦t❛♥❞♦ pi ❝♦♠♦ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ❧❛ s❡ñ❛❧ t♦♠❡

✉♥ ✈❛❧♦r ❞❡♥tr♦ ❞❡ ❧❛ i−és✐♠❛ ♣❛rt✐❝✐ó♥ ❞❡❧ ❤✐st♦❣r❛♠❛✱ ② s❡❛ pi,j (τ) ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ s (t)

❡sté ❡♥ ❧❛ ♣❛rt✐❝✐ó♥ i ② s (t+ τ) ❡♥ ❧❛ ♣❛rt✐❝✐ó♥ j✳ ❊♥t♦♥❝❡s ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ♠✉t✉❛ ♣❛r❛ ❡❧ t✐❡♠♣♦

❞❡ r❡t❛r❞♦ τ s❡ ❧❡❡ ❝♦♠♦

Iǫ (τ) =

i,j
∑

pi,j (τ) ln pi,j (τ)− 2
i∑

pi ln pi. ✭✸✳✹✳✷✸✮

❊❧ ♣r✐♠❡r ♠í♥✐♠♦ ❞❡ I (τ) ♠❛r❝❛ ❡❧ t✐❡♠♣♦ ❞❡ r❡t❛r❞♦ ❞♦♥❞❡ s (t+ τ) ❛❣r❡❣❛ ♠á①✐♠❛ ✐♥❢♦r✲

♠❛❝✐ó♥ ❛❧ ❝♦♥♦❝✐♠✐❡♥t♦ q✉❡ t❡♥❡♠♦s ❞❡ s (t)✱ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛ r❡❞✉♥❞❛♥❝✐❛ ❡s ♠❡♥♦r✳
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✸✳✹✳✻ ❊①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

▲❛s tr❛②❡❝t♦r✐❛s q✉❡ ❞✐✈❡r❣❡♥ s♦❜r❡ ❡❧ tr❛♥s❝✉rs♦ ❞❡❧ t✐❡♠♣♦ ♣♦❞rí❛ ♥♦ ♣❛r❡❝❡r ❛❧❣♦ ♠✉② ✐♥✲

❞✐❝❛t✐✈♦✱ ♣❡r♦ s✐ só❧♦ ♦❝✉rr❡ ♠✉② ❧❡♥t❛♠❡♥t❡✱ ②❛ q✉❡ ❡st♦ ❡s ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡ ❝❛r❛❝t❡ríst✐❝♦

❞❡ ❧♦s s✐st❡♠❛s ♣❡r✐ó❞✐❝♦s✱ ❛✉♥q✉❡ s❡ ❝♦♥♦❝❡ q✉❡ ❡♥ ❧♦s s✐st❡♠❛s ❝❛ót✐❝♦s ❡st♦ s✉❝❡❞❡ ❝♦♥ ✉♥❛

rá♣✐❞❡③ ❡①♣♦♥❡♥❝✐❛❧✳ ❈♦♥♦❝❡r ❡❧ ❡①♣♦♥❡♥t❡ ♣r♦♣✐❛♠❡♥t❡ ♣r♦♠❡❞✐❛❞♦ ✭❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈✮

❞❡ ❡st❡ ✐♥❝r❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ s✉❜②❛❝❡♥t❡ ❞❡❧ s✐st❡♠❛ ♣❡r♠✐t❡ ❝✉❛♥t✐✜❝❛r ❧❛

✐♥t❡♥s✐❞❛❞ ❞❡❧ ❝❛♦s✳ ❙❡ ♣✉❡❞❡♥ ❞❡✜♥✐r t❛♥t♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦

❝♦♠♦ t❛♥t❛s ❞✐♠❡♥s✐♦♥❡s s❡ t❡♥❣❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡✳ ❙✐♥ ❡♠❜❛r❣♦ ❡s ♣♦s✐❜❧❡ r❡str✐♥❣✐r ❡❧

❝❛❧❝✉❧♦ ❛ só❧♦ ✉♥♦✱ q✉❡ ❡s ❡❧ ♠❛s ✐♠♣♦rt❛♥t❡✱ ❡❧ ♠á①✐♠♦ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ λ✳

❙❡❛ Sn1 ② sn2 ❞♦s ♣✉♥t♦s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝♦♥ ✉♥❛ ❞✐st❛♥❝✐❛ ‖sn1 − sn2‖ = δ0 ≪ 1✳

❉❡♥♦t❛♥❞♦ δ∆n ❝♦♠♦ ❧❛ ❞✐st❛♥❝✐❛ ❡♥ ✉♥ t✐❡♠♣♦ ∆n ♣♦st❡r✐♦r ❡♥tr❡ ❞♦s tr❛②❡❝t♦r✐❛s ❡♠❡r❣✐❡♥❞♦

❞❡ ❡s♦s ♣✉♥t♦s✱ δ∆n = ‖sn1+∆n − sn2+∆n‖✳ ❊♥t♦♥❝❡s λ ❡s ❞❡t❡r♠✐♥❛❞♦ ♣♦r

δ∆n ≃ δ0e
λ∆n, δ∆n ≪ 1, ∆n ≫ 1. ✭✸✳✹✳✷✹✮

❙✐ λ ❡s ♣♦s✐t✐✈♦✱ ❡st♦ s✐❣♥✐✜❝❛ q✉❡ ❤❛② ✉♥ ❞✐✈❡r❣❡♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❡♥tr❡ ❧❛s tr❛②❡❝t♦r✐❛s

❝❡r❝❛♥❛s✱ ❡st♦ ❡s✱ ❝❛♦s✳ ◆❛t✉r❛❧❡♠❡♥t❡ ❞♦s tr❛②❡❝t♦r✐❛s ♥♦ ♣✉❡❞❡♥ s❡♣❛r❛rs❡ ♠ás ❛❧❧á ❞❡❧ t❛♠❛ñ♦

❞❡❧ ❛tr❛❝t♦r✱ t❛❧ q✉❡ ❧❛ ❧❡② ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✹✳✷✹✮ s❡❛ ú♥✐❝❛♠❡♥t❡ ✈á❧✐❞❛ ❞✉r❛♥t❡ t✐❡♠♣♦s∆n ♣❛r❛

❡❧ ❝✉❛❧ δ∆n ♣❡r♠❛♥❡❝❡ ♣❡q✉❡ñ❛✳ ❉❡ ♦tr♦ ♠♦❞♦ s❡ ♦❜s❡r✈❛ ✉♥❛ ✈✐♦❧❛❝✐ó♥ ❞❡ ❧❛ ❧❡② ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

✭✸✳✹✳✷✹✮ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ ✉♥❛ s❛t✉r❛❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛✳ ❉❡❜✐❞♦ ❛ ❡st♦✱ ♠❛t❡♠át✐❝❛♠❡♥t❡ ✉♥❛

❞❡✜♥✐❝✐ó♥ ♠ás r✐❣✉r♦s❛ t❡♥❞rá q✉❡ ✐♥✈♦❧✉❝r❛r ✉♥ ♣r✐♠❡r ❧í♠✐t❡ δ0 −→ 0 t❛❧ q✉❡ ❡❧ s❡❣✉♥❞♦ ❧í♠✐t❡

∆n −→ ∞ ♣✉❡❞❛ s❡r r❡❛❧✐③❛❞♦ s✐♥ ✐♥✈♦❧✉❝r❛r ❡❢❡❝t♦s ❞❡ s❛t✉r❛❝✐ó♥✳ ❙ó❧♦ ❡♥ ❡❧ s❡❣✉♥❞♦ ❧í♠✐t❡ ❡❧

❡①♣♦♥❡♥t❡ λ s❡ ❝♦♥✈✐❡rt❡ ❡♥ ✉♥❛ ❝❛♥t✐❞❛❞ ✐♥✈❛r✐❛♥t❡ ❜✐❡♥ ❞❡✜♥✐❞❛✳

❊♥ ❧♦s s✐st❡♠❛s ❞✐s✐♣❛t✐✈♦s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ♠á①✐♠♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♥❡❣❛t✐✈♦s

❧♦s ❝✉á❧❡s r❡✢❡❥❛♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♣✉♥t♦ ✜❥♦ ❡st❛❜❧❡✳ ❉♦s tr❛②❡❝t♦r✐❛s q✉❡ s❡ ❛♣r♦①✐♠❛♥
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❛ ✉♥ ♣✉♥t♦ ✜❥♦ t❛♠❜✐é♥ ♣✉❡❞❡♥ ❛♣r♦①✐♠❛rs❡ ✉♥❛ ❝♦♥ ❧❛ ♦tr❛ ❡①♣♦♥❡♥❝✐❛♠❡♥t❡ rá♣✐❞♦✳ ❙✐ ❡❧

♠♦✈✐♠✐❡♥t♦ s❡ ❛❥✉st❛ ❛ ✉♥ ❝✐❝❧♦ ❧í♠✐t❡✱ ❧❛s ❞♦s tr❛②❡❝t♦r✐❛s ♣✉❡❞❡♥ só❧♦ s❡♣❛r❛rs❡ ♦ ❛♣r♦①✐♠❛rs❡ ❧❛

✉♥❛ ❝♦♥ ❧❛ ♦tr❛ ♠ás ❧❡♥t♦ q✉❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ ♠á①✐♠♦ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈

❡s ❝❡r♦ ② ❡❧ ♠♦✈✐♠✐❡♥t♦ ❡s ❧❧á♠❛❞♦ ♠❛r❣✐♥❛❧♠❡♥t❡ ❡st❛❜❧❡✳ ❙✐ ✉♥ s✐st❡♠❛ ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡

❞❡t❡r♠✐♥✐st❛ ❡s ♣❡rt✉r❜❛❞♦ ♣♦r r✉✐❞♦✱ ❡♥ ♣❡q✉❡ñ❛s ❡s❝❛❧❛s ❞❡ t✐❡♠♣♦ ♣✉❡❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦

♣♦r ✉♥ ♣r♦❝❡s♦ ❞❡ ❞✐❢✉s✐ó♥✱ ❝♦♥ δ∆n ❝r❡❝✐❡♥❞♦ ❝♦♠♦
√
∆n✱ ❡♥t♦♥❝❡s ❡❧ ♠á①✐♠♦ ❡①♣♦♥❡♥t❡ ❞❡

▲②❛♣✉♥♦✈ ❡s ✐♥✜♥✐t♦✳ ❈♦♥❝♦r❞❛♥❞♦ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ♠❛t❡♠át✐❝❛✱ ❡st♦ ❡s ✈❡r❞❛❞ s✐♥ ✐♠♣♦rt❛r

q✉❡ t❛♥ ♣❡q✉❡ñ❛ s❡❛ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ r✉✐❞♦✳ ❊♥ ❧❛ t❛❜❧❛ ✸✳✹✳✶ s❡ r❡s✉♠❡♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡

♣✉❡❞❡♥ ♦❜t❡♥❡rs❡ ❞❡❧ ♠á①✐♠♦ ❡①♣♦♥❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈✳ ❙❡ ✉t✐❧✐③ó ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❲♦❧❢ ❬✼✶❪ ♣❛r❛

r❡❛❧✐③❛r ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s✳

❚✐♣♦ ❞❡
▼♦✈✐♠✐❡♥t♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

P✉♥t♦ ❋✐❥♦
❊st❛❜❧❡

λ < 0

❈✐❝❧♦ ▲í♠✐t❡
❊st❛❜❧❡

λ = 0

❈❛♦s 0 < λ < ∞
❘✉✐❞♦ λ = ∞

❚❛❜❧❛ ✸✳✹✳✶✿ P♦s✐❜❧❡s t✐♣♦s ❞❡ ♠♦✈✐♠✐❡♥t♦s ② s✉s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ♠á①✐♠♦s ❡①♣♦♥❡♥t❡s ❞❡ ▲②❛✲
♣✉♥♦✈

✸✳✹✳✼ ❉✐♠❡♥s✐ó♥ ❞❡ ❈♦rr❡❧❛❝✐ó♥

❊①✐st❡♥ ✈❛r✐❛s ❢♦r♠❛s ❞❡ ❝✉❛♥t✐✜❝❛r ❧❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞ ❞❡ ✉♥ ♦❜❥❡t♦ ❣❡♦♠étr✐❝♦ ❝♦♠♦ ✉♥ ❛tr❛❝t♦r

♣♦r ♠❡❞✐♦ ❞❡ s✉ ❞✐♠❡♥s✐ó♥✳ ❘❡❛❧✐③❛♥❞♦ ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝♦rr❡❧❛❝✐ó♥ s❡ ❝❛❧❝✉❧❛ ❧❛

❞✐♠❡♥s✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥✳ ●r❛ss❜❡r❣❡r ② Pr♦❝❛❝❝✐❛ ❬✷✸❪ ❞❡s❛rr♦❧❧❛r♦♥ ✉♥ ❛❧❣♦r✐t♠♦ q✉❡ ♣❡r♠✐t❡

♦❜t❡♥❡r❧❛ ❛ ♣❛rt✐r ❞❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s r❡❛❧✐③❛❞❛s ❞❡ ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✳ ❊st❡ ❛❧❣♦r✐t♠♦ ❡♥

♣❛rt✐❝✉❧❛r✱ ❡s ✉♥♦ ❞❡ ✈❛r✐♦s ♦tr♦s ❡①✐st❡♥t❡s✱ s✐♥ ❡♠❜❛r❣♦✱ ❡s ❡❧ q✉❡ s❡ ✉s❛ ♠ás ❝♦♠✉♥♠❡♥t❡

❞❡❜✐❞♦ ❛ s✉ ❡✜❝✐❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ♦tr♦s✳

Pr✐♠❡r♦✱ s❡ ❞❡✜♥❡ ❧❛ s✉♠❛ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ♣❛r❛ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♣✉♥t♦s xn ❞❡ ❛❧❣ú♥ ✈❡❝t♦r

✺✺



❞❡❧ ❡s♣❛❝✐♦ q✉❡ s❡❛ ❧❛ ❢r❛❝❝✐ó♥ ❞❡ t♦❞♦s ❧♦s ♣♦s✐❜❧❡s ♣❛r❡s ❞❡ ♣✉♥t♦s ❧♦s ❝✉á❧❡s ❡stá♥ ❝❡r❝❛♥♦s ❛

✉♥❛ ❞✐st❛♥❝✐❛ ǫ✱ ♣❛r❛ ❛❧❣✉♥❛ ♥♦r♠❛✳ ▲❛ ❢ór♠✉❧❛ ❜ás✐❝❛ ✭♣✉❡❞❡ s❡r ♠♦❞✐✜❝❛❞❛ ♣♦r ♣r❛❝t✐❝✐❞❛❞

❡♥ ❛❧❣✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡♥ ♣❛rt✐❝✉❧❛r✮ ❡s

C (ǫ) =
2

N (N − 1)

i=1∑

N

j=i+1
∑

N

Θ(ǫ− ‖xi − xj‖) , ✭✸✳✹✳✷✺✮

❞♦♥❞❡ Θ ❡s ❧❛ ❢✉♥❝✐ó♥ ❢✉♥❝✐ó♥ ❡s❝❛❧ó♥ ❞❡ ❍❡❛✈✐s✐❞❡✱ Θ(x) = 0 s✐ x ≤ 0 ② Θ(x) = 1 s✐ x > 0✳

▲❛ s✉♠❛ só❧♦ ❝✉❡♥t❛ ❧♦s ♣❛r❡s ✭xi✱ xj✮ ❝✉②❛ ❞✐st❛♥❝✐❛ ❡s ♠ás ♣❡q✉❡ñ❛ q✉❡ ǫ✳ ❊♥ ❡❧ ❧í♠✐t❡ ❞❡ ✉♥❛

❝❛♥t✐❞❛❞ ✐♥✜♥✐t❛ ❞❡ ❞❛t♦s ✭N −→ ∞✮ ② ♣❛r❛ ✉♥ ǫ ♠ás ♣❡q✉❡ñ♦✱ s❡ ❡s♣❡r❛ q✉❡ C s❡ ❝♦♠♣♦rt❡

❝♦♠♦ ✉♥❛ ❧❡② ❞❡ ♣♦t❡♥❝✐❛✱ C (ǫ) ∝ ǫD✱ ② s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ D ♣♦r

d (N, ǫ) =
∂ lnC (ǫ, N)

∂ ln ǫ
, ✭✸✳✹✳✷✻✮

D = lim
ǫ→0

lim
N→∞

d (N, ǫ) . ✭✸✳✹✳✷✼✮

❆❧❣✉♥♦s ❛✉t♦r❡s s✉❣✐❡r❡♥ q✉❡ ❞❡ ❞❡❜❡ ✐♥t❡♥t❛r ✉s❛r ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡

✐♥♠❡rs✐ó♥✱ ♣♦r q✉❡ q✉❡ r❡❛❧✐③❛r ❡❧ ❛♥á❧✐s✐s ✉s❛♥❞♦ ✉♥❛ s♦❧♦ ✈❛❧♦r ❞❡ ❞✐♠❡♥s✐ó♥ ♥♦ ❛rr♦❥❛rá

✐♥❢♦r♠❛❝✐ó♥ ❝♦♥❝❧✉②❡♥t❡✱ ② ❛❧ ❡st❛r ✈❛r✐❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ s❡ ❞❡❜❡ ♦❜s❡r✈❛r ❝♦♠♦

❧❛ ❞✐♠❡♥s✐ó♥ s❡ ❝♦rr❡❧❛❝✐ó♥ t✐❡♥❡ ❛ ✉♥ ✈❛❧♦r ✜♥✐t♦✱ ❡❧ ❝✉á❧ ♣✉❡❞❡ s❡r ✉♥ ♥ú♠❡r♦ ♥♦ ❡♥t❡r♦✳ P♦r

❧♦ t❛♥t♦✱ s❡ ❝♦♥❝❧✉②❡ ♣❛r❛ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❧♦s s✐❣✉✐❡♥t❡s ❛s♣❡❝t♦s ❞❡

♠❛②♦r r❡❧❡✈❛♥❝✐❛✿

• P❛r❛ s✐st❡♠❛s ❝❛ót✐❝♦s✱ ♠✐❡♥tr❛s s❡ ✈❛②❛ ❛✉♠❡♥t❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥

m✱ ❡❧ ❡①♣♦♥❡♥t❡ α ❛❧❝❛♥③❛ ✉♥ ❧í♠✐t❡ ❡♥ ✉♥ ✈❛❧♦r ✜♥✐t♦✱ ❡s ❞❡❝✐r✱ s❡ ❛❧❝❛♥③❛ ❧❛ s❛t✉r❛❝✐ó♥

❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥✳

• P❛r❛ s❡r✐❡s t❡♠♣♦r❛❧❡s ❛❧❡❛t♦r✐❛s✱ ❛❧ ❛✉♠❡♥t❛r ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ m✱ s❡

❛❧❝❛♥③❛ ✉♥❛ ❞✐♠❡♥s✐ó♥ ❛❧t❛ ✭♣♦r ❧♦ ❣❡♥❡r❛❧ ♠❛②♦r ❛ ✺✮✱ ♦ ❜✐❡♥✱ ♥✉♥❝❛ s❡ ❡st❛❜✐❧✐③❛ ❛❧r❡❞❡❞♦r

✺✻



❞❡ ✉♥ ✈❛❧♦r✱ ❡s ❞❡❝✐r✱ ♥♦ ♦❝✉rr❡ ❧❛ s❛t✉r❛❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥✱ ❡♥t♦♥❝❡s ❡❧

❡①♣♦♥❡♥t❡ α s✐❣✉❡ ❛✉♠❡♥t❛♥❞♦ ② s❡ ❝♦♥s✐❞❡r❛ q✉❡ s❡rá ✐♥✜♥✐t♦✳

❊st❛ ❞✐♠❡♥s✐ó♥ r❡♣r❡s❡♥t❛ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❧❛ ❝♦rr❡❧❛❝✐ó♥ ❡s♣❛❝✐❛❧ ❞❡ ❧♦s ❞❛t♦s ❛ ♣❛rt✐r ❞❡❧

❛tr❛❝t♦r ❣❡♥❡r❛❞♦ ♣♦r ❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ❞✐st✐♥❣✉✐r ❧❛s s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡

♣r❡s❡♥t❛♥ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞ ✭❞✐♠❡♥s✐ó♥ ❢r❛❝t❛❧✮ ② ❛q✉❡❧❧❛s q✉❡ s♦♥ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛❧❡❛t♦r✐❛s✳ ▲❛

❞✐♠❡♥s✐ó♥ ❞❡ ❝♦rr❡❧❛❝✐ó♥ r❡✈❡❧❛ q✉❡ ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ s✉❜②❛❝❡♥t❡ ❞❡ ✉♥❛ s❡r✐❡ t❡♠♣♦r❛❧✱ ②❛ q✉❡

♣❡r♠✐t❡ ❡st❛❜❧❡❝❡r ❡❧ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❞✐♠❡♥s✐♦♥❡s ✭✈❛r✐❛❜❧❡s✮ q✉❡ ❝❛r❛❝t❡r✐③❛♥ ❧❛ ❞✐♥á♠✐❝❛

r❡❛❧ ❞❡❧ s✐st❡♠❛ q✉❡ ❣❡♥❡r❛ t❛❧ s❡r✐❡ t❡♠♣♦r❛❧✳

✺✼



✸✳✺ ❘❡s✉♠❡♥ ❞❡ ❧❛s ▼❡t♦❞♦❧♦❣í❛s ♣❛r❛ ❧❛ ❈❛r❛❝t❡r✐③❛❝✐ó♥
❞❡ ❧❛s ❙❡r✐❡s ❚❡♠♣♦r❛❧❡s

❋✐❣✉r❛ ✸✳✺✿ ❘❡s✉♠❡♥ ❞❡ ❧♦s ♠ét♦❞♦s ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s✳

✺✽



✸✳✺✳✶ ❮♥❞✐❝❡s ❞❡ ❧♦s ❆♥á❧✐s✐s ❞❡ ❧❛s ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦

❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❚✐♣♦ ❞❡ ❆♥á❧✐s✐s ❮♥❞✐❝❡s

❉❡❝❛✐♠✐❡♥t♦
❊①♣♦♥❡♥❝✐❛❧
❡♥ ❢r❡❝✉❡♥❝✐❛✳

❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r
▲❡② ❞❡ ❊s❝❛❧❛♠✐❡♥t♦
❞❡ ❧❛ ❉❡♥s✐❞❛❞ ❊s♣❡❝tr❛❧✿
β ≈ −2✳ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦
❍❛② ❝♦rr❡❧❛❝✐♦♥❡s✳❋✉♥❝✐ó♥ ❞❡

❆✉t♦❝♦rr❡❧❛❝✐ó♥ ◆♦ ❤❛② ❝♦rr❡❧❛❝✐♦♥❡s✳
0.5 < H ≤ 1✳ ❈♦♠♣❧❡❥✐❞❛❞ ❇❛❥❛✲❈♦rr❡❧❛❝✐ó♥ P♦s✐t✐✈❛✳
H = 0.5✳ ❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆❧❡❛t♦r✐❛✳

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

0 ≤ H < 0.5✳ ❈♦♠♣❧❡❥✐❞❛❞ ❆❧t❛✲❈♦rr❡❧❛❝✐ó♥ ◆❡❣❛t✐✈❛✳
0 < α < 0.5✳ ❊①✐st❡♥ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❝♦rt♦ ♣❧❛③♦✳
α = 0.5✳ ❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆❧❡❛t♦r✐❛✳
0.5 < α < 1✳ ❊①✐st❡♥ ❝♦rr❡❧❛❝✐♦♥❡s ❞❡ ❧❛r❣♦ ♣❧❛③♦✳
α = 1✳ ❘✉✐❞♦ 1/f ✳

❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥
❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.5✳ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

❚❛❜❧❛ ✸✳✺✳✷✿ ❚❛❜❧❛ ❝♦♥ ❧♦s í♥❞✐❝❡s r❡s✉❧t❛♥t❡s ❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝✲
t♦r✐❛s✳

✺✾



❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❚✐♣♦ ❞❡ ❆♥á❧✐s✐s ❮♥❞✐❝❡s

λ = +✳ ■♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞✳
λ = 0✳ ❈✐❝❧♦ ❧í♠✐t❡✳

❊①♣♦♥❡♥t❡s ❞❡
▲②❛♣✉♥♦✈

λ = −✳ P✉♥t♦ ❧í♠✐t❡✳
❙❛t✉r❛❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥✳ ❙❡r✐❡ ❞❡ t✐❡♠♣♦ ❝❛ót✐❝❛❉✐♠❡♥s✐ó♥ ❞❡

❈♦rr❡❧❛❝✐ó♥ ◆♦ s❡ s❛t✉r❛ ❧❛ ❞✐♠❡♥s✐ó♥✳ ❙❡r✐❡ ❞❡ t✐❡♠♣♦ ❛❧❡❛t♦r✐❛✳

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧
❆tr❛❝t♦r

▲❛ s❡r✐❡ ❞❡ t✐❡♠♣♦ ♣✉❡❞❡
t❡♥❡r ✉♥ ❛tr❛❝t♦r ❞❡✜♥✐❞♦ ♦ ♥♦
✭♠♦str❛r ❣rá✜❝❛♠❡♥t❡✮✳

■♥❢♦r♠❛❝✐ó♥
▼✉t✉❛

Pr♦♠❡❞✐❛❞❛

❈❛♥t✐❞❛❞ ❞❡ ✐♥❢♦r♠❛❝✐ó♥
✭❜✐ts✮ q✉❡ s❡ ♣✉❡❞❡ ♣r❡❞❡❝✐r
❛ ✉♥ ❝✐❡rt♦ r❡t❛r❞♦ τ ✳ ❙❡
❡❧✐❣❡ ❡❧ q✉❡ ❛rr♦❥❛ ❡❧ ♣r✐♠❡r
♠í♥✐♠♦ ❡♥❝♦♥tr❛❞♦✳
❉✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ ❡①✐st❡♥t❡▼ét♦❞♦ ❞❡ ❧♦s

❱❡❝✐♥♦s ❈❡r❝❛♥♦s ❋❛❧s♦s ❉✐♠❡♥s✐ó♥ ❞❡ ✐♥♠❡rs✐ó♥ ♥♦ ❡①✐st❡♥t❡

❚❛❜❧❛ ✸✳✺✳✸✿ ❚❛❜❧❛ ❝♦♥ ❧♦s í♥❞✐❝❡s r❡s✉❧t❛♥t❡s ❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝✲
t♦r✐❛s✳

❙❡ ❤✐③♦ ♠❡♥❝✐ó♥ ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ♠❡t♦❞♦❧♦❣í❛s ♥❡❝❡s❛r✐❛s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ② ❝❛r❛❝t❡r✐③❛❝✐ó♥

❞❡ ❧❛ ❞✐♥á♠✐❝❛ s✉❜②❛❝❡♥t❡ ❞❡ ❧❛s s❡r✐❡s ❞❡ t✐❡♠♣♦ q✉❡ s♦♥ ♦❜t❡♥✐❞❛s ♣♦r ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s

② q✉❡ s❡rá♥ ✉s❛❞❛s ♣❛r❛ ❛♥❛❧✐③❛r ❧❛ ❞✐♥á♠✐❝❛ q✉❡ ❣❡♥❡r❛♥ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡❧ r♦❜♦t ♠ó✈✐❧✱ ❞❡

❡st❡ ♠♦❞♦ s❡ t✐❡♥❡ ✉♥❛ ♠❛♥❡r❛ ❞❡ ❝❛r❛❝t❡r✐③❛r ❝♦♥ ✉♥ ♠❛②♦r r✐❣♦ ♠❛t❡♠át✐❝♦ ✉♥ ❛♠♣❧✐♦ t✐♣♦

❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s✳ ▲♦s ❛♥á❧✐s✐s ❝♦♥s✐❞❡r❛❞♦s ♣♦r ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥

❞❡ s❡r✐❡s ❞❡ t✐❡♠♣♦ ❝♦♥t❡♠♣❧❛♥ ♠ét♦❞♦s ❧✐♥❡❛❧❡s ② ♥♦ ❧✐♥❡❛❧❡s✳ ❊st♦s ❛♥á❧✐s✐s ♥♦ s♦❧♦ s❡ ❡♥❢♦❝❛♥

❡♥ ❧❛ ❞✐♥á♠✐❝❛ ❣❡♥❡r❛❞❛ ♣♦r ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ r♦❜♦ts ♠ó✈✐❧❡s✱ s✐ ♥♦ q✉❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r

❞✐♥á♠✐❝❛s ♣r❡s❡♥t❡s ♦ ❡s❝♦♥❞✐❞❛s ❡♥ s❡r✐❡s ❞❡ t✐❡♠♣♦ ❞❡ ❛❧❣ú♥ ♦tr♦ ♣r♦❝❡s♦ ❢ís✐❝♦✳ ❈♦♥ ❡st❛s

❤❡rr❛♠✐❡♥t❛s s❡ ❛♥❛❧✐③❛♥ ❝❛r❛❝t❡ríst✐❝❛s ❞✐♥á♠✐❝❛s ❝♦♠♦ ❧❛ ❣❡♦♠❡trí❛ ❞❡❧ ❛tr❛❝t♦r ❢r❛❝t❛❧✱ ❧❛

✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞✱ r✉❣♦s✐❞❛❞ ó ❝♦♠♣❧❡❥✐❞❛❞ ② ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ r❡❧❛❝✐♦♥❡s ❧✐♥❡❛❧❡s q✉❡ ❞❡♥ ✐♥❞✐❝✐♦s

♣❛r❛ r❡❛❧✐③❛r ✉♥❛ ❝♦rr❡❝t❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s ✳ ❊st♦s ❛♥á❧✐s✐s t❛♠❜✐é♥ s❡

❛♣❧✐❝❛rá♥ ♣❛r❛ ❝♦♠♣r♦❜❛r ❡❧ t✐♣♦ ❞❡ ❞✐♥á♠✐❝❛ s✉❜②❛❝❡♥t❡ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ♠♦❞❡❧♦

❞✐♥á♠✐❝♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ q✉❡ s❡ ❞❡s❝r✐❜❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣✁♣✐t✉❧♦

❞❡ ❡st❡ tr❛❜❛❥♦✳
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❈❛♣ít✉❧♦ ✹

▼♦❞❡❧❛❞♦ ❞❡ ❘♦❜♦t ▼ó✈✐❧

✹✳✶ ■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ❡①♣❧✐❝❛ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❞❡ t✐♣♦ ✉♥✐❝✐❝❧♦ ❝♦♥ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r✲

❡♥❝✐❛❧ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❧❛s ❤❡rr❛♠✐❡♥t❛s ♣❛r❛ r❡❛❧✐③❛r ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❢ís✐❝♦ ❡♥

❡❝✉❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s ② ♣♦❞❡r ❧♦❣r❛r ♣♦st❡r✐♦r♠❡♥t❡ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ♠❡❞✐❛♥t❡ ❧❛

t❡♦rí❛ ❞❡ ❝♦♥tr♦❧✳ ❙❡ ❞❡s❛rr♦❧❧❛ ❡❧ ♠♦❞❡❧♦ ❞❡ ✉♥ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳

✹✳✷ ❈♦♥s✐❞❡r❛❝✐♦♥❡s ♣❛r❛ ❡❧ ▼♦❞❡❧❛❞♦ ❞❡ ❘♦❜♦ts ▼ó✈✐❧❡s

❈♦♠♦ s❡ ❤❛ ♠❡♥❝✐♦♥❛❞♦ ♣r❡✈✐❛♠❡♥t❡✱ ❧♦s ❞✐❢❡r❡♥t❡s ♠❡❝❛♥✐s♠♦s ❞❡ ❧♦❝♦♠♦❝✐ó♥ ❞❡ ❧♦s r♦❜♦ts

♠ó✈✐❧❡s ♣✉❡❞❡♥ ❝❧❛s✐✜❝❛rs❡ ❡♥ ❛q✉❡❧❧♦s q✉❡ ♣♦s❡❡♥ r✉❡❞❛s✱ ♣❛t❛s ✉ ♦r✉❣❛s✱ ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡

r♦❜♦ts ❝♦♥ ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♠❡❝❛♥✐s♠♦s ❞❡ ❧♦❝♦♠♦❝✐ó♥ s❡ ✐❧✉str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✶✳ ❊st❡ tr❛❜❛❥♦

❡st❛ ❡♥❢♦❝❛❞♦ ❡♥ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s ❝♦♥ r✉❡❞❛s✱ ❧♦s ❝✉á❧❡s ❤❛♥ s✐❞♦ ❛♠♣❧✐❛♠❡♥t❡ ❡st✉❞✐❛❞♦s ❡♥

❧❛ ❧✐t❡r❛t✉r❛✱ ❡♥ ❬✽❪ s❡ ❞❡s❝r✐❜❡♥ ✈❛r✐♦s ♠♦❞❡❧♦s ❝✐♥❡♠át✐❝♦s q✉❡ ♣♦s❡❡♥ ✈❛r✐❛♥t❡s ❡str✉❝t✉r❛❧❡s

❝♦♠ú♥♠❡♥t❡ ❝♦♥s✐❞❡r❛s ❡♥ ❡❧ ❞✐s❡ñ♦ ❞❡ ❡st❡ t✐♣♦ ❞❡ r♦❜♦ts ♠ó✈✐❧❡s✳

✻✶



❋✐❣✉r❛ ✹✳✶✿ ▼❡❝❛♥✐s♠♦s ❞❡ ❧♦❝♦♠♦❝✐ó♥ ❡♥ ❧♦s r♦❜♦ts ♠ó✈✐❧❡s✳

▲♦s ❘▼❘ s♦♥ ♦❜❥❡t♦ ❞❡ ♠❛②♦r ❡s❢✉❡r③♦ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡❜✐❞♦ s✉ s✐♠♣❧✐❝✐❞❛❞ ② ✈❡rs❛t✐❧✐❞❛❞

♣❛r❛ s✉ ✉s♦ ❡♥ ❞✐✈❡rs❛s ❛♣❧✐❝❛❝✐♦♥❡s✱ ②❛ q✉❡ ❡st♦s ✈❡❤í❝✉❧♦s t✐❡♥❡♥ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ♠♦✈❡rs❡ ❧✐❜r❡

② ❛✉tó♥♦♠❛♠❡♥t❡ s♦❜r❡ ✉♥❛ s✉♣❡r✜❝✐❡✳ ❊♥ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❡st♦s s✐st❡♠❛s✱ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❡❧

❝♦♥t❛❝t♦ ❡♥tr❡ ❧❛s r✉❡❞❛s ② ❧❛ s✉♣❡r✜❝✐❡ só❧♦ s❡ ♣r♦❞✉❝❡ ❡♥ ✉♥ ♣✉♥t♦ ❞❡ ❧❛ s✉♣❡r✜❝✐❡✳

❊st❡ t✐♣♦ ❞❡ s✐st❡♠❛s r♦❜ót✐❝♦s ♣♦s❡❡♥ r❡str✐❝❝✐♦♥❡s ❝✐♥❡♠át✐❝❛s ♥♦ ❤♦❧♦♥ó♠✐❝❛s✱ ❧♦ q✉❡ r❡✲

s✉❧t❛ ❡♥ ❧❛ ✐♥❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❜✐②❡❝t✐✈❛ ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ❝❛rt❡s✐❛♥❛s ② ❛rt✐❝✉❧❛r❡s✳

❊s ✐♠♣♦rt❛♥t❡s ❝♦♥♦❝❡r ❛❝❡r❝❛ ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ❞❡❜✐❞♦ ❛ q✉❡ ❞❡t❡r♠✐♥❛♥ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧

❘▼❘ s♦❜r❡ ❧❛ s✉♣❡r✜❝❡ ❞❡ s✉ ❡♥t♦r♥♦ ❞❡ tr❛❜❛❥♦✱ ♣♦r ❡st❡ ♠♦t✐✈♦✱ ❧❛s r❡str✐❝❝✐♦♥❡s t❛♠❜✐é♥ s❡

❝♦♥✈✐❡rt❡♥ ❡♥ ✉♥ ♦❜❥❡t♦ ❞❡ ❡st✉❞✐♦ ❞❡ ❧❛ r♦❜ót✐❝❛ ♠ó✈✐❧✳

❆❧❣✉♥❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s q✉❡ ❞❡❜❡♥ r❡❛❧✐③❛rs❡ ❛❧ ❛❜♦r❞❛r ❡❧ ❞✐s❡ñ♦ ❞❡ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s

s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿

✻✷



• ❊❧ r♦❜♦t ♠ó✈✐❧ s❡ ♠✉❡✈❡ s♦❜r❡ ✉♥❛ s✉♣❡r✜❝✐❡ ♣❧❛♥❛ ❤♦r✐③♦♥t❛❧ ✭♣❧❛♥♦✮✱ ❡s ❞❡❝✐r✱ ❧❛ ❡♥❡r❣í❛

♣♦t❡♥❝✐❛❧ ❡s ❝♦♥st❛♥t❡✳

• ▲♦s ❡❥❡s ❞❡ ❣✉✐❛❞♦ s♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡❧ ❘▼❘✳

• ◆♦ ❤❛② ❡❧❡♠❡♥t♦s ✢❡①✐❜❧❡s ❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ r♦❜♦t✱ ✐♥❝❧✉②❡♥❞♦ s✉ r✉❡❞❛s✳

• ❊❧ ❝♦♥t❛❝t♦ ❡♥tr❡ ❧❛s r✉❡❞❛s ② ❧❛ s✉♣❡r✜❝✐❡ ❡s ✉♥ s♦❧♦ ♣✉♥t♦ ❞❡ ❝♦♥t❛❝t♦✳

• ◆♦ ❡①✐st❡ ❞❡s❧✐③❛♠✐❡♥t♦✳

❉❡❜❡ ❞❡st❛❝❛rs❡ q✉❡ ❡❧ ♠♦❞❡❧❛❞♦ ❝♦♥✈❡♥❝✐♦♥❛❧ ❞❡ ✉♥ ❘▼❘ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛ s✉♣❡r✜❝✐❡ ❞♦♥❞❡

r❡❛❧✐③❛ s✉ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❡s ♣❧❛♥❛✱ ❡s ❞❡❝✐r✱ ♥♦ s❡ ❝♦♥s✐❞❡r❛♥ ✐rr❡❣✉❧❛r✐❞❛❞❡s✳ ❉❡ ❧♦s ❞✐❢❡r❡♥t❡s

t✐♣♦s ❞❡ r✉❡❞❛s ❡①✐st❡♥t❡s s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❡❧ ❘▼❘ ❛ ♠♦❞❡❧❛r ✉t✐❧✐③❛ r✉❡❞❛s ✜❥❛s✱ ②❛ q✉❡ ♥♦

♣♦s❡❡♥ ✉♥❛ ❛rt✐❝✉❧❛❝✐ó♥ ❞❡ ❞✐r❡❝❝✐ó♥ ② s✉ ♣♦s✐❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❘▼❘ ❡s ✜❥❛✳

✹✳✷✳✶ ❈♦♥✜❣✉r❛❝✐ó♥ ❉✐❢❡r❡♥❝✐❛❧

❊①✐st❡♥ ❞✐✈❡rs❛s ❝♦♥✜❣✉r❛❝✐♦♥❡s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ❧❛ ❧♦❝♦♠♦❝✐ó♥ ❞❡ ✉♥ ❘▼❘✱ ❡♥tr❡ ❧♦s ❝✉á❧❡s s❡

❡♥✉❡♥tr❛♥ ❧❛ ❞❡❧ tr✐❝✐❝❧♦✱ ❞✐❢❡r❡♥❝✐❛❧ ② ❧❛ sí♥❝r♦♥❛✳

P❛rt✐❝✉❧❛r♠❡♥t❡ ♥♦s ❡♥❢♦❝❛r❡♠♦s ❡♥ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✱ ②❛ q✉❡ ❡❧ r♦❜♦t q✉❡ s❡rá

✉s❛❞♦ ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ② ❛❧ q✉❡ s❡ ❧❡ ❛♣❛❧✐❝❛rá♥ ❧♦s ❛♥á❧✐s✐s ❛♥t❡r✐♦r❡s ② ♣♦st❡r✐♦r❡s

♣❡rt❡♥❡❝❡ ❛ ❡st❡ t✐♣♦ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥✳ ❊st❡ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ r❡s✉❧t❛ ❡s ❞❡ ❧♦s ♠ás s❡♥❝✐❧❧♦s✱ s✐♥

❡♠❜❛r❣♦✱ ❧❡ ♣❡r♠✐t❡ r❡❛❧✐③❛r ♠♦✈✐♠✐❡♥t♦ ❡♥ ❧✐♥❡❛ r❡❝t❛✱ ❣✐r❛r s♦❜r❡ sí ♠✐s♠♦ ② ❞❛r ✈✉❡❧t❛ ❤❛❝✐❛

❡❧ s❡♥t✐❞♦ q✉❡ s❡ ❞❡s❡❡✱ ♣❡r♠✐t❡ ♣rá❝t✐❝❛♠❡♥t❡ ❝✉❛❧q✉✐❡r ♠♦✈✐♠✐❡♥t♦✳ ❈❛❞❛ ✉♥❛ ❞❡ ❧❛s r✉❡❞❛s

❧❛t❡r❛❧❡s ❝✉❡♥t❛ ❝♦♥ s✉ ♣r♦♣✐♦ ❛❝t✉❛❞♦r ✐♥❞❡♣❡♥❞✐❡♥t❡ q✉❡ ❡st❛ ✜❥♦ ❛ ❧❛ ❡str✉❝t✉r❛ ② ❧❛s r✉❡❞❛s

❡stá♥ ❛❧✐♥❡❛❞❛s ❞❡ ❛❝✉❡r❞♦ ❛ ✉♥ ❡❥❡ ❞❡ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ q✉❡ ❡s ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❧❛ ❞✐r❡❝❝✐ó♥

❞❡❧ ❘▼❘✱ ②❛ q✉❡ ❝❛❞❛ r✉❡❞❛ t✐❡♥❡ s✉ ♣r♦♣✐♦ ❛❝t✉❛❞♦r✱ ♣❡r♠✐t❡ q✉❡ t❛♥t♦ ❧❛s r✉❡❞❛s ❞❡r❡❝❤❛ ❡

✐③q✉✐❡r❞❛ ♣✉❡❞❛♥ ♠♦✈❡rs❡ ❛ ❞✐❢❡r❡♥t❡ ✈❡❧♦❝✐❞❛❞ ✭wr ② wl✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ② ♣♦r ♠❡❞✐♦ ❞❡ ❡st❛
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❞✐❢❡r❡♥❝✐❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♣♦❞❡r r❡❛❧✐③❛r ❣✐r♦s ♦ ❜✐❡♥✱ ② ❝✉❛♥❞♦ ❧❛s ✈❡❧♦❝✐❞❛❞❡s s❡❛♥ ✐❣✉❛❧❡s ♣✉❡❞❛

♠♦✈❡rs❡ ❡♥ ❧í♥❡❛ r❡❝t❛✳

❊❧ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ ❞✐❢❡r❡♥❝✐❛❧ ♦ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝❛❧✱ t✐❡♥❡ ✉♥ ♣✉♥t♦ ❧❧❛♠❛❞♦ ❝❡♥tr♦

✐♥st❛♥t❛♥é♦ ❞❡ r♦t❛❝✐ó♥ ✭■❈❘ ♣♦r s✉s s✐❣❧❛s ❡♥ ✐♥❣❧és✮ s♦❜r❡ ❡❧ ❝✉á❧ ❡❧ r♦❜♦t ♠ó✈✐❧ ♣✐✈♦t❡❛✱

s❡ ❡♥❝✉❡♥tr❛ ❧♦❝❛❧✐③❛❞♦ s♦❜r❡ ❧❛ ❧í♥❡❛ ♣❡r♣❡♥❞✐❝✉❧❛r q✉❡ ❛tr❛✈✐❡s❛ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛s r✉❡❞❛s✳ ❊❧

r❛❞✐♦ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❛❧r❡❞❡❞♦r ❞❡ ❡st❡ ♣✐✈♦t❡ ♣✉♥t♦ ❧❧❡❣❛ ❛ s❡r ♠í♥✐♠♦ ❡st❡ s❡ ❡♥❝✉❡♥tr❛

❡♥ ❡❧ ♣✉♥t♦ ♠❡❞✐♦ ❡♥tr❡ ❧❛s r✉❡❞❛s✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ ❡s♣❛❝✐♦ ♠í♥✐♠♦ ♣❛r❛ q✉❡ ❡❧ r♦❜♦t ❣✐r❡ ❡s

❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ ❞✐♥st❛♥❝✐❛ ♠á①✐♠❛ ❞❡ ❡s❡ ♣✉♥t♦ ❛ ❝✉❛❧q✉✐❡r ♦tr♦ ♣✉♥t♦ ❡♥ ❡❧ r♦❜♦t ♠ó✈✐❧✱

♥♦r♠❛❧♠❡♥t❡ ❧❛ ❡sq✉✐♥❛ ❞❡❧❛♥t❡r❛✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✹✳✷ s❡ ✐❧✉str❛ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛

✉♥ r♦❜♦t ♠ó✈✐❧ ❝♦♥ r✉❡❞❛s ✜❥❛s✱ q✉❡ s❡rá ❛♥❛❧✐③❛❞♦ ❞❡t❛❧❧❛❞❛♠❡♥t❡ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✳

❋✐❣✉r❛ ✹✳✷✿ ❈♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♠♦ s✐st❡♠❛ ❞❡ ❞✐r❡❝❝✐ó♥ ❞❡ ✉♥ r♦❜♦t ♠ó✈✐❧ ❝♦♥ r✉❡❞❛s✳

❊❧ ❡q✉✐❧✐❜r✐♦ ❞❡❧ r♦❜♦t s❡ ♦❜t✐❡♥❡ ♠❡❞✐❛♥t❡ ✉♥❛ ♦ ❞♦s r✉❡❞❛s ❛❞✐❝✐♦♥❛❧❡s ❞❡ ❛♣♦②♦ ❢♦r♠❛♥❞♦

✉♥ ❞✐s❡ñ♦ tr✐á♥❣✉❧❛r ♦ r♦♠❜♦✐❞❛❧✳ ❊❧ ❞✐s❡ñ♦ tr✐❛♥❣✉❧❛r ♣✉❡❞❡ ♥♦ s❡r s✉✜❝✐❡♥t❡ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡

❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡❧ ♣❡s♦✱ ② ❡❧ r♦♠❜♦✐❞❛❧ ♣✉❡❞❡ ♣r♦✈♦❝❛r ♣♦❝❛ ❛❞❛♣t❛❝✐ó♥ ❛❧ t❡rr❡♥♦ s✐ ést❡ ❡s
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✐rr❡❣✉❧❛r✱ ❧♦ q✉❡ ♣✉❡❞❡ r❡q✉❡r✐r ❛❧❣✉♥ t✐♣♦ ❞❡ s✉s♣❡♥s✐ó♥✳

✹✳✸ ❉❡s❛rr♦❧❧♦ ❞❡❧ ▼♦❞❡❧❛❞♦ ❈✐♥❡♠át✐❝♦ ❞❡❧ ❘▼❘ ❞❡ ❈♦♥✲
✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st❛ ❞❡❞✐❝❛❞❛ ❛❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ♠♦❞❡❧♦ ❝✐♥❡♠át✐❝♦ ❞❡ ✉♥ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥

❞✐❢❡r❡♥❝✐❛❧✳

Pr✐♠❡r♦ s❡ ❤❛rá ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ❝✐♥❡♠át✐❝❛ ❞❡❧ ❘▼❘✳ ▲❛ ❞❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ❝✐♥é♠❛t✐❝❛ ❞❡❧

❘▼❘ ♣❡♠✐t❡ ❛♥❛❧✐③❛r ❝♦♠♦ ❡s q✉❡ s❡ ❣❡♥❡r❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❘▼❘ ② ❝ó♠♦ s✉ ♠♦✈✐♠✐❡♥t♦ s❡ ✈❡

❧✐♠✐t❛❞♦ ❡♥ ✈✐rt✉❞ ❛ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ s❡❧❡❝❝✐♦♥❛❞❛✱ ✐✳❡✳✱ ❡❧ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡t❡r♠✐♥❛

❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❘▼❘ ❥✉♥t♦ ❝♦♥ ❧❛s r❡❧❛❝✐♦♥❡s ♠❛t❡♠át✐❝❛s ❞❡ ❧❛s r❡str✐❝❝✐♦♥❡s ♥♦ ❤♦❧♦♥í♠✐❝❛s

q✉❡ s❡ ❞❡❞✉❝✐rá ❛ ♣❛rt✐r ❞❡❧ s✐❣✉✐❡♥t❡ ❛♥á❧✐s✐s✳
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❋✐❣✉r❛ ✹✳✸✿ ■❧✉str❛❝✐ó♥ ❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡❧ ❘▼❘✳

❆ ♣❛rt✐r ❞❡ ❧❛ ❋✐❣✉r❛ ✹✳✸✱ s❡ t✐❡♥❡ q✉❡ ❧❛ ❞✐st❛♥❝✐❛ r❡❝♦rr✐❞❛ xrmr ♣♦r ❧❛ ♣❧❛t❛❢♦r♠❛ ♠ó✈✐❧ ❛

❧♦ ❧❛r❣♦ ❞❡ ✉♥❛ tr❛②❡❝t♦r✐❛ s❡ ❡①♣r❡s❛ ♣♦r✿

xrmr =
xr + xl

2
, ✭✹✳✸✳✶✮

❞♦♥❞❡ xr ❡s ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡ ❧❛ r✉❡❞❛ ❞❡r❡❝❤❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ② xl ❡s ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦

❞❡ ❧❛ r✉❡❞❛ ✐③q✉✐❡r❞❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧✳ ❉❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛✱ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛

♣❧❛t❛❢♦r♠❛ ♠ó✈✐❧ vrmr ❡st❛ ❞❛❞❛ ❝♦♠♦✿

vrmr = vr+vl
2

, ✭✹✳✸✳✷✮

✻✻



❞♦♥❞❡ vr ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ r✉❡❞❛ ❞❡r❡❝❤❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ② vl ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ r✉❡❞❛

✐③q✉✐❡r❞❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧✳ ❨❛ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ t❛♥❣❡♥❝✐❛❧ v̄rmr ❞❡s❛rr♦❧❧❛❞❛ ♣♦r ✉♥❛ r✉❡❞❛ ❡s✱

v̄rmr = rω, ✭✹✳✸✳✸✮

❞♦♥❞❡ v̄rmr ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ t❛♥❣❡♥❝✐❛❧✱ r ❡s ❡❧ r❛❞✐♦ ❞❡ ❣✐r♦ ② ω ❡s ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r✳ ❙✐

s❡ s✉st✐t✉②❡ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ t❛♥❣❡♥❝✐❛❧ ✭✹✳✸✳✸✮ s❡ ♣✉❡❞❡ r❡❡①♣r❡s❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧

❞❡s♣❧❛③❛♠✐❡♥t♦ ✭✹✳✸✳✷✮ ❞❡ ❧❛s ❞♦s r✉❡❞❛s ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

vrmr =
rωr + rωl

2
. ✭✹✳✸✳✹✮

❊❧ ❛r❝♦ Cl r❡♣r❡s❡♥t❛ ✉♥❛ ♣♦r❝✐ó♥ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ r❛❞✐♦ L + 2R q✉❡ s❡ ✐❧✉str❛ ❡♥

❧❛ ❋✐❣✉r❛ ✹✳✶✳ ▲❛ ❡①♣r❡s✐ó♥ ♣❛r❛ Cl ❡stá ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❛r❝♦ ❞❡ ❧❛

❝✐r❝✉♥❢❡r❡♥❝✐❛ q✉❡ s❡ ❣❡♥❡r❛ ♣♦r ❧❛ r♦t❛❝✐ó♥ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❛ tr❛✈és ❞❡ ❧❛ r♦t❛❝✐ó♥ s♦❜r❡ ❡❧ ■❈❘

q✉❡ ❡stá r❡♣r❡s❡♥t❛❞♦ ♣♦r✿

Cl = 2π(L+ 2R), ✭✹✳✸✳✺✮

❞♦♥❞❡ Cl ❡s ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡❧ ❝ír❝✉❧♦ tr❛③❛❞♦ ♣♦r ❧❛ r✉❡❞❛ ✐③q✉✐❡r❞❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧✱ R ❡s

❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ❧❛s r✉❡❞❛s ② L ❡s ❡❧ r❛❞✐♦ ❞❡ ❣✐r♦ ✐♥t❡r♥♦✳ ❆ ♣❛rt✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥✿

xl

Cl

=
ω

2π

Cl =
2πxl

ω
✭✹✳✸✳✻✮

✻✼



s❡ t♦♠❛ ❧❛ ❡①♣r❡s✐ó♥ ✭✹✳✸✳✺✮ ② s❡ s✉st✐t✉②❡ ❡♥ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✸✳✻✮✱ ❡♥t♦♥❝❡s s❡ ❞❡s♣❡❥❛ ❧❛

✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ✭ω✮ ♦❜t❡♥✐❡♥❞♦✿

ω = xl

2R+L ✭✹✳✸✳✼✮

❉❡❧ ♠✐s♠♦ ♠♦❞♦✱ ❡❧ ❛r❝♦ ♠❡♥♦r xr r❡♣r❡s❡♥t❛ ✉♥❛ ♣♦r❝✐ó♥ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❞❡ ✉♥ ❝ír❝✉❧♦

❞❡ r❛❞✐♦ L✱ ❝ó♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥✿

Cr = 2πL, ✭✹✳✸✳✽✮

❞♦♥❞❡ Cr ❡s ❡❧ ❛r❝♦ ❞❡ ❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ tr❛③❛❞♦ ♣♦r ❧❛ r✉❡❞❛ ❞❡r❡❝❤❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ② L ❡s

❡❧ r❛❞✐♦ ❞❡ ❣✐r♦ ✐♥t❡r♥♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥✿

xr

Cr

=
ω

2π

Cr =
2πxr

ω
✭✹✳✸✳✾✮

s❡ r❡t♦♠❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✽✮ ② s❡ s✉st✐t✉②❡ ❡♥ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✸✳✾✮✱ ❞❡s♣✉❡s s❡ ❞❡s♣❡❥❛ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ r❡s✉❧t❛♥t❡ ❡❧ r❛❞✐♦ ❞❡ ❣✐r♦ ✐♥t❡r♥♦ ♦❜t❡♥✐❡♥❞♦✿

L = xr

ω
✭✹✳✸✳✶✵✮

❆❧ s✉st✐t✉✐r ✭✹✳✸✳✶✵✮ ❡♥ ✭✹✳✸✳✼✮ s❡ ♦❜t✐❡♥❡✿

ω =
xl

2R + xr

ω

, ✭✹✳✸✳✶✶✮

✻✽



② ❞❡s♣❡❥❛♥❞♦ ♣❛r❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r w✿

ω
(
2R + xr

ω

)
= xl

(
2R + xr

ω

)
= xl

ω

ω = xr−xl

2R
.

✭✹✳✸✳✶✷✮

❆ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✶✵✮ s❡ ♣✉❡❞❡ ❞❡❝✐r q✉❡ ❡❧ ❝❛♠❜✐♦ ❞❡ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ✭θ✮ ❡s ✉♥❛ ❢✉♥✲

❝✐ó♥ ❞❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❞❡ ❧❛s r✉❡❞❛s ✐③q✉✐❡r❞❛ ② ❞❡r❡❝❤❛✱ q✉❡ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛

② s❡ ♦❜t✐❡♥❡✿

ω =
xr − xl

2R
✭✹✳✸✳✶✸✮

❈ó♠♦ s❡ ❞❡s❡❛ ❡st✐♠❛r ❧❛ ✈❡❧♦❝✐❞❛❞ q✉❡ r❡❧❛❝✐♦♥❛ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❝♦♥ ❡❧ r❛❞✐♦✱ ✐✳❡✳✱

❧❛ ✈❡❧♦❝✐❞❛❞ t❛♥❣❡♥❝✐❛❧ v̄rmr✳ ❙❡ t♦♠❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✸✮ ② s❡ s✉st✐t✉②❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✶✸✮

♦❜t❡♥✐❡♥❞♦✿

ω =
rwr − rwl

2R
, ✭✹✳✸✳✶✹✮

❞❡ ést❛ ♠❛♥❡r❛ s❡ ♦❜t✐❡♥❡♥ ❧❛ r❡❧❛❝✐♦♥❡s ✭✹✳✸✳✶✸✮✱✭✹✳✸✳✷✮ q✉❡ s❛t✐s❢❛❝❡♥ ❧❛ r❡❧❛❝✐ó♥ ❜ás✐❝❛ ❞❡

♥♦ ❞❡s❧✐③❛♠✐❡♥t♦ ❞❡ ❧❛s r✉❡❞❛s✳ ➱st❛s r❡❧❛❝✐♦♥❡s s❡ r❡♣r❡s❡♥t❛♥ ❡♥ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❝♦♠♦✱

[
v
w

]

=

[
r
2

r
2

r
2R

−r
2R

]

︸ ︷︷ ︸

κ

[
ωr

ωl

]

✭✹✳✸✳✶✺✮

❊♥ ❧❛ ❋✐❣✉r❛ ✹✳✸ s❡ ✐❧✉str❛ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❘▼❘ ❡♥ ❡❧ ♠❛r❝♦ ✐♥❡r❝✐❛❧ XOY ✳ ❉❡ ❡st❡ ♠♦❞♦

s❡ ❝♦♠✐❡♥③❛ r❡❛❧✐③❛♥❞♦ ❡❧ ♠♦❞❡❧❛❞♦ ❝✐♥❡♠át✐❝♦ ② ♣♦st❡r✐♦r♠❡♥t❡ ❡❧ ♠♦❞❡❧❛❞♦ ❞✐♥á♠✐❝♦✳ ❙❡

✻✾



♠✉❡str❛ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ ♣❧❛t❛❢♦r♠❛ ♠ó✈✐❧✱ ❝♦♥ s✉s ❞♦s r✉❡❞❛s ❧❛t❡r❛❧❡s ❛❧✐♥❡❛❞❛s s♦❜r❡ ✉♥

❡❥❡ ❞❡ ❞✐r❡❝❝✐ó♥✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ② ♦r✐❡♥t❛❝✐ó♥ ❡s r❡❛❧✐③❛❞♦ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛s r✉❡❞❛s ❧❛t❡r❛❧❡s

② s✉s ❛❝t✉❛❞♦r❡s ✭♠♦t♦r❡s ❞❡ ❝♦rr✐❡♥t❡ ❞✐r❡❝t❛✮ ✐♥❞❡♣❡♥❞✐❡♥t❡s q✉❡ t✐❡♥❡♥ ✐♥❝♦r♣♦r❛❞♦s✳ P❛r❛

❞❡t❡r♠✐♥❛r ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ♣❧❛t❛❢♦r♠❛ ♠ó✈✐❧ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥♦❝❡r ❧❛ ♣♦s✐❝✐ó♥ ❞❡❧ ♣✉♥t♦ G

✭❈❡♥tr♦ ❞❡ ❣r❛✈❡❞❛❞✮ q✉❡ s❡ ✐❧✉str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✸ ② q✉❡ s❡ ❞❡s❝r✐❜❡ ❡♥ ❢♦r♠❛ ✈❡❝t♦r✐❛❧ ❝♦♠♦✿

~OG = ~OC + ~CG = ~OC + d · ej·θ ✭✹✳✸✳✶✻✮

▲❛ ❞❡r✐✈❛❞❛ ❞❡ ❧♦s ✈❡❝t♦r❡s q✉❡ ❞❡s❝r✐❜❡♥ ❧❛ ♣♦s✐❝✐ó♥ ❝♦♥st✐t✉②❡♥ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s

♣❛r❛ ❧♦s ♣✉♥t♦s G ② C✱ ② ❡stá♥ ❞❛❞♦s ♣♦r ❧❛ ❡❝✉❛❝✐ó♥✿

vg = vc +
d

dt

[
d · ej·θ

]
✭✹✳✸✳✶✼✮

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ θ̇ = ω ② ❞❡r✐✈❛♥❞♦ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ s❡ ♦❜t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥

❝♦♠♣❧❡t❛ ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s✿

vg = vc + d · ej·θ · j · ω, ✭✹✳✸✳✶✽✮

❞❛❞♦ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ C ❡s vc = v · ej·θ✱ s❡ t✐❡♥❡ q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝❡♥tr♦ ❞❡

❣r❛✈❡❞❛❞ G ❡stá ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥✿

vg = (v + d · j · ω) · ej·θ, ✭✹✳✸✳✶✾✮

❞❡ ❛❝✉❡r❞♦ ❛❧ ♠❛r❝♦ ❞❡ r❡❢❡r❡♥❝✐❛ ✐♥❡r❝✐❛❧ XOY ✱ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛s❛ G ♣✉❡❞❡ s❡r

❡①♣r❡s❛❞♦ ❡♥ ❢♦r♠❛ ❝❛rt❡s✐❛♥❛ ❝ó♠♦✿

✼✵



vg = ẋg + j · ẏg. ✭✹✳✸✳✷✵✮

❯s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✸✳✷✵✮ ② ✭✹✳✸✳✶✾✮ ❡s ♣♦s✐❜❧❡ ❡①♣r❡s❛r ❧❛ ♣❛rt❡ r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ❞❡ ❧❛

❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ G ❝♦♠♦✿

vg = (v + d · j · ω) · (cos (θ) + j · sin (θ)) , ej·θ = (cos (θ) + j · sin (θ)) , ✭✹✳✸✳✷✶✮

❛❧ ❞❡s❛rr♦❧❧❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✷✶✮ s❡ ♦❜t✐❡♥❡✿

vg = v · cos (θ) + j · v · sin (θ) + j · ω · d · cos (θ) + j2 · ω · d · sin (θ)
= (v · cos (θ)− ω · d · sin (θ))

︸ ︷︷ ︸

ẋg

+ j · (v · sin (θ) + ω · d · cos (θ))
︸ ︷︷ ︸

ẏg

.

❉❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♥t❡r✐♦r s❡ ♦❜t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s ♣❛r❛ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ẋ ②

ẏ q✉❡ ❡stá♥ ❞❡s❝r✐t❛s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✳✷✷✮✳

ẋ = v · cos (θ)− ω · d · sin (θ)
ẏ = v · sin (θ) + ω · d · cos (θ) ✭✹✳✸✳✷✷✮

❊s ♥❡❝❡s❛r✐♦ ❡❧✐♠✐♥❛r ❡❧ tér♠✐♥♦ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ v ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ✭✹✳✸✳✷✷✮ ♣❛r❛ ♦❜t❡♥❡r ❧❛

r❡st✐❝❝✐ó♥ ♥♦ ❤♦❧♦♥ó♠✐❝❛✿

✼✶



[ẋ = v · cos(θ)− ω · d · sin(θ)] · [sin(θ)]

[ẏ = v · sin(θ) + ω · d · cos(θ)] · [− cos(θ)]

⇓

sin(θ) · ẋg = v · sin(θ) · cos(θ)− d · ω · sin2(θ)

+

− cos(θ) · ẏg = −v · sin(θ) · cos(θ)− d · ω · cos2(θ)

ẋg · sin(θ)− ẏg · cos(θ) = −d · ω · [cos2(θ) + sin2(θ)], ✭✹✳✸✳✷✸✮

✜♥❛❧♠❡♥t❡ s❡ ♦❜t✐❡♥❡ ❧❛ r❡str✐❝❝✐ó♥ ♥♦ ❤♦❧♦♥ó♠✐❝❛ ♣❛r❛ ❡❧ ❘▼❘✿

ẋg · sin (θ)− ẏg · cos (θ) + d · θ̇ = 0 ✭✹✳✸✳✷✹✮

▲❛ r❡str✐❝❝✐ó♥ ✭✹✳✸✳✷✹✮ ❡①♣r❡s❛ ❡♥ tér♠✐♥♦s ❢ís✐❝♦s q✉❡ ❡❧ r♦❜♦t só❧♦ ♣✉❡❞❡ ♠♦✈❡rs❡ ❡♥ ❞✐r❡❝❝✐ó♥

♣❡r♣❡♥❞✐❝✉❧❛r r❡s♣❡❝t♦ ❛❧ ❡❥❡ ❞❡ ❣✐r♦ ❞❡ ❧❛s r✉❡❞❛s✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ s❡ ❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡

♥♦ ❞❡s❧✐③❛♠✐❡♥t♦ ❞❡ ❧❛s r✉❡❞❛s✳ ❈✉❛♥❞♦ ❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ❞❡ ❧❛ ♣❧❛t❛❢♦r♠❛ ♠ó✈✐❧ G ❝♦✐♥❝✐❞❡

❝♦♥ s✉ ❝❡♥tr♦ ❞❡ r♦t❛❝✐ó♥ C✱ ❡♥t♦♥❝❡s✱ d = 0 ② ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✸✳✷✺✮ ❞❡s❝r✐❜❡ ❧❛ r❡str✐❝❝✐ó♥ ♥♦

❤♦❧♦♥ó♠✐❝❛ ❞❡❧ ❝❡♥tr♦ ❞❡ ❣✐r♦ ❝♦♠♦✿

ẋg · sin (θ)− ẏg · cos (θ) = 0. ✭✹✳✸✳✷✺✮

❆ ♣❛rt✐r ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛s r❡❧❛❝✐♦♥❡s ✹✳✸✳✷✷ ❡s ♣♦s✐❜❧❡ ❞❡✜♥✐r ❧❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ S (q)g

q✉❡ tr❛♥s❢♦r♠❛ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥t❡r♥❛s v = [v w]T ❛ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❡♥ ✈❛r✐❛❜❧❡s

❝❛rt❡s✐❛♥❛s q̇g = [ẋ ẏ θ̇]T ✿

✼✷



S (q)g =

[
cos (θ) −d · sin (θ)
sin (θ) d · cos (θ)

]

✭✹✳✸✳✷✻✮

❡♥t♦♥❝❡s✱ ❧❛ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ q✉❡ ❞❡s❝r✐❜❡ ❞❡❧ ♠♦❞❡❧♦ ❝✐♥❡♠át✐❝♦ ❞❡❧ ❘▼❘ s❡ ❡s❝r✐❜❡ ❝♦♠♦✿

q̇g = S (q)g · v, ✭✹✳✸✳✷✼✮

r❡t♦♠❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✸✳✶✺✮ ② ✭✹✳✸✳✷✼✮✱ s❡ ❞❡✜♥❡ ❡❧ ♠♦❞❡❧♦ ❝✐♥❡♠át✐❝♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧

❡♥ s✉ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❝♦♠♦✿









ẋg

ẏg

ω̇









=









r
2
· cos (θ)− d·r

2·R
· sin (θ) r

2
· cos (θ) + d·r

2·R
· sin (θ)

r
2
· sin (θ) + d·r

2·R
· cos (θ) r

2
· sin (θ)− d·r

2·R
· cos (θ)

r
2·R

−r
2·R













ωl

ωr



 ✭✹✳✸✳✷✽✮

❙❡ ♣✉❡❞❡ ♥♦t❛r q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❝✐♥❡♠át✐❝❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❡st❛❜❧❡❝❡ q✉❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧

r♦❜♦t t✐❡♥❡ ✸ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❛❝t✉❛❞♦s s♦♥ só❧♦

✷✱ ❞❡❜✐❞♦ ❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❧❛ r❡str✐❝❝✐ó♥ ♥♦ ❤♦❧♦♥ó♠✐❝❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❡st❡ s✐st❡♠❛ r♦❜ót✐❝♦✳

✹✳✹ ❉❡s❛rr♦❧❧♦ ❞❡❧ ▼♦❞❡❧♦ ❉✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ ❞❡ ❈♦♥✜❣✉✲
r❛❝✐ó♥ ❉✐❢❡r❡♥❝✐❛❧

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣❧❛♥t❡❛ ❡❧ ♠♦❞❡❧❛❞♦ ❞✐♥á♠✐❝♦ ❞❡ ✉♥ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ② s✉

r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❡♥ s✉ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ ❞❡ ♠♦✈✐♠✐❡♥t♦✳ ❙❡ ❞❡s❝r✐❜❡ ❧❛ r❡❧❛❝✐♦♥❡s

❞✐♥á♠✐❝❛s ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ G ② ❞❡ ❧❛s r✉❡❞❛s ❝♦♥ s✉s r❡s♣❡❝t✐✈♦s ❛❝t✉❛❞♦r❡s✳ ❙❡ ❡♠♣❧❡❛

❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ◆❡✇t♦♥✲❊✉❧❡r ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❝♦♥t❡♠✲

♣❧❛♥❞♦ ❧❛s ❢✉❡r③❛s ② ♣❛r❡s ❞✐♥á♠✐❝♦s ❣❡♥❡r❛❞♦s ♣♦r ❡❧ r♦❜♦t ♠ó✈✐❧✳ Pr✐♠❡r♦✱ ❞❡❜❡ ♦❜t❡♥❡rs❡

✼✸



❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ag ❞❡r✐✈❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛

✭✹✳✸✳✶✾✮✿

ag = d
dt

[
(v + j · d · ω) · ej·θ

]

=
(

v̇ − d · θ̇2
)

︸ ︷︷ ︸

ag1

· ej·θ
︸︷︷︸

θ

+j ·
(

v · θ̇ + d · θ̈
)

︸ ︷︷ ︸

ag2

· ej·θ
︸︷︷︸

θ

✭✹✳✹✳✶✮

❋✐❣✉r❛ ✹✳✹✿ ❈♦♠♣♦♥❡♥t❡s ❞❡ ❛❝❡❧❡r❛❝✐ó♥ r❛❞✐❛❧ ✭ag1✮ ② t❛♥❣❡♥❝✐❛❧ ✭ag2✮ q✉❡ ♣r♦✈♦❝❛♥ ❡❧
♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❘♦❜♦t ▼ó✈✐❧

❆❧ ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ ag s❡ ♦❜t✐❡♥❡♥ ❞♦s tér♠✐♥♦s✱

♠✐s♠♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ✐❧✉str❛❞♦s ❡♥ ❧❛ ✜❣✉r❛ ✹✳✹✳ ❊❧ ♣r✐♠❡r tér♠✐♥♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❝♦♠✲

♣♦♥❡♥t❡ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ r❛❞✐❛❧ ag1 q✉❡ t✐❡♥❡ ❧❛ ♠✐s♠❛ ❞✐r❡❝❝✐ó♥ q✉❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ② ❡❧ s❡❣✉♥❞♦

tér♠✐♥♦ ❡s ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ag2✱ ❞❡♥♦t❛❞♦s ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✳✶✮✳ ▲❛

❛❝❡❧❡r❛❝✐ó♥ r❛❞✐❛❧ ❡stá ❡①♣r❡s❛❞❛ ❡♥ s✉ ❢♦r♠❛ ♣♦❧❛r✱ ❝♦♥ s✉ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♠❛❣♥✐t✉❞ ② á♥❣✉❧♦✿

✼✹



ag1 =
∥
∥
∥v̇ − d · θ̇2

∥
∥
∥ ,∠ag1 = θ ✭✹✳✹✳✷✮

▲❛ ❢✉❡r③❛ q✉❡ ♣r♦❞✉❝❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ r❛❞✐❛❧ ❡s✿

Fd = m · ‖ag1‖

= m · v̇ −m · d · θ̇2
✭✹✳✹✳✸✮

▲❛ ❛❝❡❧❡r❛❝✐ó♥ t❛♥❣❡♥❝✐❛❧ ag2 t❛♠❜✐é♥ ❡stá ❡①♣r❡s❛❞❛ ❡♥ s✉ ❢♦r♠❛ ♣♦❧❛r ❝♦♠♦✿

ag2 =
∥
∥
∥v · θ̇ + d · θ̈

∥
∥
∥ ,∠ag2 = θ ✭✹✳✹✳✹✮

❊❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ q✉❡ ❣❡♥❡r❛ ❡❧ ❘▼❘ ❛❧ ❣✐r❛r ❡stá ❞❛❞♦ ❝♦♠♦✿

τd = FT · d = τd = ‖ag2‖ ·m · d

τd = d2 · θ̈ ·m+ d · v · θ̇ ·m
✭✹✳✹✳✺✮

❛❣r❡❣❛♥❞♦ ❡❧ tér♠✐♥♦ Ip q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❞❡ ❧❛s r♦t❛❝✐♦♥❡s ❛❧r❡❞❡❞♦r

❞❡❧ ❝❡♥tr♦ ❞❡ ♠❛s❛ Ip✱ s❡ t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ❝♦♠♣❧❡t❛ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥✿

τd =
(
Ip + d2 ·m

)
· θ̈ +m · d · v · θ̇. ✭✹✳✹✳✻✮

❆❝♦♠♦❞❛♥❞♦ ♠❛tr✐❝✐❛❧♠❡♥t❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧❛ ❢✉❡r③❛ q✉❡ ♣r♦❞✉❝❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ✭✹✳✹✳✸✮

② ❡❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ ✭✹✳✹✳✻✮ q✉❡ ♣❡r♠✐t❡ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❝♦♠♣❧❡t♦ ❞❡❧ ❘▼❘ s❡ ♦❜t✐❡♥❡✿

✼✺



τd =

[
Fd

τd

]

=

[
m 0
0 (Ip +m · d2)

]
[

v̇ θ̈
]
+

[
−m · d · θ̇2
m · d · v · θ̇.

]

✭✹✳✹✳✼✮

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡s ❞❡ ♥✉❡str♦ ❝♦♥♦❝✐♠✐❡♥t♦ q✉❡ ❡st❛s ❢✉❡r③❛s s♦♥ ❣❡♥❡r❛❞❛s ♣♦r ❧♦s ♠♦♠❡♥t♦s

❞❡ t♦rs✐ó♥ ❞❡ ❧❛s r✉❡❞❛s ✐③q✉✐❡r❞❛ ② ❞❡r❡❝❤❛ ✭τdl ② τdr✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ▲❛ r❡❧❛❝✐ó♥ ❞❡ ❧♦s

♠♦♠❡♥t♦s ❞❡ t♦rs✐ó♥ ♣r♦❞✉❝✐❞♦s ♣♦r ❧❛s r✉❡❞❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❢✉❡r③❛ r❛❞✐❛❧ ♣r♦❞✉❝✐❞❛ ♣♦r ❡❧

❘▼❘ ❡s✿

Fd =
1
r
· (τdl + τdr) , ✭✹✳✹✳✽✮

❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡①✐st❡ ♦tr❛ r❡❧❛❝✐ó♥ ❞❡ ❧♦s ♠♦♠❡♥t♦s ❞❡ t♦rs✐ó♥ ❞❡ ❧❛s r✉❡❞❛s ❝♦♥ r❡s♣❡❝t♦ ❛❧

♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❣❡♥❡r❛❞♦ ♣♦r ❘▼❘✱ q✉❡ ❡s✿

τd =
R
r
· (τdr − τdl) . ✭✹✳✹✳✾✮

❚♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡①♣r❡s✐ó♥ ✭✹✳✹✳✼✮ ② ✉t✐❧✐③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✹✳✽✮✱ ✭✹✳✹✳✾✮ s❡ ♦❜t✐❡♥❡

✜♥❛❧♠❡♥t❡ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧ q✉❡ ♥♦ ❝♦♥t❡♠♣❧❛ ❢r✐❝❝✐♦♥❡s ♥✐ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧♦s

❛❝t✉❛❞♦r❡s ✐♥❝♦r♣♦r❛❞♦s ❛ ❧❛s r✉❡❞❛s✿

Mv̇ + C (v) v = B · τd, ✭✹✳✹✳✶✵✮

❞♦♥❞❡✿

M =

[
m 0
0 (Ip +m · d2)

]

❡s ❧❛ ♠❛tr✐③ ❞❡ ✐♥❡r❝✐❛s ✭s✐♠étr✐❝❛ ② ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✮ ✭✹✳✹✳✶✶✮

✼✻



C (v) =

[
0 −m · d · θ̇

m · d · θ̇ 0

]

❡s ❧❛ ♠❛tr✐③ ❞❡ ❝♦r✐♦❧✐s ② ❢✉❡r③❛s ❝❡♥trí♣❡t❛s ✭✹✳✹✳✶✷✮

B =

[
1
r

1
r

R
r

−R
r

]

❡s ❧❛ ♠❛tr✐③ ❞❡ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡ ❡♥tr❛❞❛s ✭✹✳✹✳✶✸✮

❊❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❝♦♠♣❧❡t♦ s❡ ♦❜t✐❡♥❡ ❛❧ ❝♦♥s✐❞❡r❛r ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧♦s ❛❝t✉❛❞♦r❡s ✭♠♦t♦r❡s

❞❡ ❝♦rr✐❡♥t❡ ❞✐r❡❝t❛✮ ❞❡ ❧❛s r✉❡❞❛s ❞❡❧ r♦❜♦t ♠ó✈✐❧✱ ❧♦ q✉❡ ❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧

❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❘▼❘✿

Im · ω̇k + τdk = τmk, para k = r, l ✭✹✳✹✳✶✹✮

❞♦♥❞❡ τmk s♦♥ ❧♦s ♠♦♠❡♥t♦s ❞❡ t♦rs✐ó♥ ❞❡ ❧❛s r✉❡❞❛s ❧❛t❡r❛❧❡s q✉❡ ❝♦♥tr♦❧❛♥ ❡❧ ♠♦✈✐♠✐❡♥t♦

❞❡ ❧❛s r✉❡❞❛s✱ Im ❡s ❡❧ ♠♦♠❡♥t♦ ❞❡ ✐♥❡r❝✐❛ ❞❡ ❝❛❞❛ r✉❡❞❛ ❛❝♦♣❧❛❞❛ ❛❧ ❡❥❡ ❞❡❧ r♦t♦r ❡♥ ❝❛❞❛

♠♦t♦r✳ P❛r❛ ❞❡✜♥✐r ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❝♦♠♣❧❡t♦ s❡ r❡q✉✐❡r❡ ❝♦♥s✐❞❡r❛r ❧❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ κ

❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ r♦❞❛♠✐❡♥t♦ s✐♥ ❞❡s❧✐③❛♠✐❡♥t♦ ✭✹✳✸✳✶✺✮✱

κ =

[
r
2

r
2

r
2R

−r
2R

]

. ✭✹✳✹✳✶✺✮

❙✉ ♠❛tr✐③ ✐♥✈❡rs❛ ❡s✿

κ−1 =
1

Det (κ)

[
−r
2

−r
2

−r
2R

r
2R

]

=

[
1
r

R
r

1
r

−R
r

]

. ✭✹✳✹✳✶✻✮

❙❡ ♦❜t✐❡♥❡♥ ❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s ❛ ♣❛rt✐r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♥♦

❞❡s❧✐③❛♠✐❡♥t♦ ❞❡ ❧❛s r✉❡❞❛s ✭✹✳✸✳✶✺✮ ② ❞❡ ✹✳✹✳✶✻✱

✼✼



w = κ−1 · v ✭✹✳✹✳✶✼✮

❡♥ ❞♦♥❞❡ v ❡s ❡❧ ✈❡❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡❧ r♦❜♦t ♠ó✈✐❧ ② ω ❡s ❡❧ ✈❡❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❛♥❣✉❧❛r❡s

❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❧❧❛♥t❛s✱ ♣♦st❡r✐♦r♠❡♥t❡ s❡ ❞❡r✐✈❛ ést❛ ❡①♣r❡s✐ó♥ ♦❜t❡♥✐❡♥❞♦✿

ω̇ = κ−1 · v̇. ✭✹✳✹✳✶✽✮

❙✉st✐t✉②❡♥❞♦ ❧❛s ✈❡❧♦❝✐❞❛❞ ❛♥❣✉❧❛r ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ ❞❡❧ ♠♦❞❡❧♦ q✉❡ ♥♦ ❝♦♥t❡♠♣❧❛ ❧❛s

❞✐♥á♠✐❝❛s ❞❡ ❧♦s ❛❝t✉❛❞♦r❡s ✭✹✳✹✳✶✵✮ ② ❞❡s♣❡s♣❡❥❛♥❞♦ ❡❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ τd s❡ ♦❜t✐❡♥❡✿

τd = B−1 · [Mv̇ + C (v) v] . ✭✹✳✹✳✶✾✮

❊♥t♦♥❝❡s✱ ❛❧ s✉st✐t✉✐r ést❛ ❡①♣r❡s✐ó♥ ❞❡❧ ♠♦♠❡♥t♦ ❞❡ t♦rs✐ó♥ τd ✭✹✳✹✳✶✾✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡

♠♦✈✐♠✐❡♥t♦ ❞✐♥á♠✐❝❛ ❝♦♠♣❧❡t❛ ❞❡❧ ❘▼❘ ✭✹✳✹✳✶✹✮ s❡ ♦❜t✐❡♥❡✿

Im · κ−1 · v̇ +B−1 · [Mv̇ + C (v)] = τmr,ml. ✭✹✳✹✳✷✵✮

❙✐♠♣❧✐✜❝❛♥❞♦ ❡❧ ♠♦❞❡❧♦ s❡ ♦❜t✐❡♥❡✿

B · (Im · κ−1 · v̇ +B−1 · [Mv̇ + C (v)]) = B · (τmr,ml)
B · Im · κ−1 · v̇ +B · B−1 · [Mv̇ + C (v)] = B · τmr,ml

✭✹✳✹✳✷✶✮

❚♦♠❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✳✶✽✮ ② s✉st✐t✉②❡♥❞♦❧❛ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡s❛rr♦❧❧❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ s❡

♦❜t✐❡♥❡✿

✼✽



Im · B · κ−1 · v̇ +Mv̇ + C (v) = B · τmr,ml, ✭✹✳✹✳✷✷✮

❡♥ ❞♦♥❞❡ ❡❧ ♣r♦❞✉❝t♦ B · κ−1 · v̇ ❡stá ❞❛❞♦ ❝♦♠♦✿

B · κ−1 · v̇ =

[
1
r

1
r

R
r

−R
r

]

·
[
1
r

R
r

1
r

−R
r

]

·
[
v̇
ẇ

]

=

[
2
r2

0
0 2R

r2

]

·
[
v̇
ẇ

]
✭✹✳✹✳✷✸✮

❡♥t♦♥❝❡s ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❝♦♠♣❧❡t♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❡stá ❞❛❞♦

❝♦♠♦✿

[
2·Im
r2

0
0 2·Im·R

r2

]

·
[
v̇
ẇ

]

+

[
m 0
0 Ip +m · d2

]

·
[
v̇
ẇ

]

+

[
0 −m · d · θ̇

m · d · θ̇ 0

]

=

[
1
r

1
r

R
r

−R
r

]

·
[
τml

τmr

]

Mr
︷ ︸︸ ︷[
m+ 2·Im

r2
0

0 Ip +m · d2 + 2·Im·R
r2

]

·

v̇
︷︸︸︷[
v̇
ẇ

]

+

C(v)
︷ ︸︸ ︷
[

0 −m · d · θ̇
m · d · θ̇ 0

]

=

B
︷ ︸︸ ︷[

1
r

1
r

R
r

−R
r

]

·

τmr,ml

︷ ︸︸ ︷[
τml

τmr

]

,

✭✹✳✹✳✷✹✮

✜♥❛❧♠❡♥t❡✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ✈❡❝t♦r✐❛❧ ❞❡❧ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ② s✉s ❛❝t✉✲

❛❞♦r❡s s❡ ❞❡✜♥❡ ❝♦♠♦✿

Mrv̇ + C (v) v = B · τmr,ml ✭✹✳✹✳✷✺✮

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♦❜t✉✈♦ ❡❧ ♠♦❞❡❧❛❞♦ ❞✐♥á♠✐❝♦ ② ❝✐♥❡♠át✐❝♦ ❞❡ ✉♥ r♦❜♦t ♠ó✈✐❧ ❞❡ ❝♦♥✲

✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳ ❊❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘ ❙❊ ❞❡s❛rr♦❧❧ó ✉s❛♥❞♦ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ◆❡✇t♦♥✲❊✉❧❡r

♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s q✉❡ ♠♦❞❡❧❛♥ s✉ ♠♦✈✐♠✐❡♥t♦✳ ❊❧ ♠♦❞❡❧❛❞♦ ❝♦♥t❡♠♣❧❛

✼✾



❧❛ ❞✐♥á♠✐❝❛ ❝♦♠♣❧❡t❛ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❞❡ t❛❧ ♠♦❞♦ q✉❡ s❡❛ ♣♦s✐❜❧❡ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ♠ás ❛♣r♦①✲

✐♠❛❞♦s ❛❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ r❡❛❧ ❞❡ ❡st❡ s✐st❡♠❛ r♦❜ót✐❝♦✳ ❊st❡ ♠♦❞❡❧♦ r❡s✉❧t❛♥t❡ ❡s ♥❡❝❡s❛r✐♦

♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❧❛ t❡♦rí❛ ❞❡ ❝♦♥tr♦❧ ❡♥❢♦❝❛❞❛ ❡♥ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s q✉❡

s❡ ❧❧❡✈❛ ❛ ❝❛❜♦ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦✳
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❈❛♣ít✉❧♦ ✺

❈♦♥tr♦❧ ❞❡❧ ❘♦❜♦t ▼ó✈✐❧ ❞❡ ❈♦♥✜❣✉r❛❝✐ó♥
❉✐❢❡r❡♥❝✐❛❧

✺✳✶ ■♥tr♦❞✉❝❝✐ó♥

▲❛s t❡♦rí❛ ❞❡ ❝♦♥tr♦❧ ♣❡r♠✐t❡ ❛♣❧✐❝❛r ❞✐✈❡rs❛s ❡str❛t❡❣✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ ✉♥ ❘▼❘✳ ❊♥ ❧❛

r♦❜ót✐❝❛ ❤❛② ❞♦s ♣❛r❛❞✐❣♠❛s ❞❡ ❝♦♥tr♦❧ q✉❡ s♦♥ ❞❡ ✐♥t❡rés✱ ❡❧ ❝♦♥tr♦❧ ❞❡ r❡❣✉❧❛❝✐ó♥ ✭♣♦s✐❝✐ó♥✮

② ❡❧ ❝♦♥tr♦❧ ❞❡ tr❛②❡❝t♦r✐❛s✳ P❛rt✐❝✉❧❛r♠❡♥t❡ ❡♥ ❡st❡ tr❛❜❛❥♦ s❡ ❡♥❢♦❝❛ ❡♥ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡

❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ♣❛r❛ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s✳ ❉✐❝❤❛s tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛ s♦♥

❛q✉❡❧❧❛s ❣❡♥❡r❛❞❛s ♣♦r s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❞❡t❡r♠✐♥✐st❛s ❝♦♥ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❝♦♠♣❧❡❥♦s✳ ▲❛

r❛③ó♥ ❞❡ ✉t✐❧✐③❛r tr❛②❡❝t♦r✐❛s ❝♦♥ ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s r❛❞✐❝❛ ❡♥ ❧❛s ✈❡♥t❛❥❛s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❛❧

✐♠♣❧❡♠❡♥t❛rs❡ ❡♥ ❘▼❘ ❞❡❞✐❝❛❞♦s ❛ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❞❡ t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛✱ ♣r✐♥❝✐✲

♣❛❧♠❡♥t❡✳

✺✳✷ ❚✐♣♦s ❞❡ ❈♦♥tr♦❧

▲❛ r♦❜ót✐❝❛ ♠ó✈✐❧ ❡s ✉♥ ár❡❛ ❡♥ ❝♦♥st❛♥t❡ ❞❡s❛rr♦❧❧♦ ② q✉❡ ❡stá s✐❡♥❞♦ ❛♠♣❧✐❛♠❡♥t❡ ✐♥✈❡st✐❣❛❞❛

♣♦r s✉ ❛✉t♦♥♦♠í❛ ② ✈❡rs❛t✐❧✐❞❛❞ ❞❡ ✉s♦ ❡♥ ❞✐✈❡rs❛s ❛♣❧✐❝❛❝✐♦♥❡s✳ ❯♥♦s ❞❡ ❧♦s ♠❛②♦r❡s ❞❡s❛❢í♦s
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❡s ❧♦❣r❛r ✉♥ ❝♦♥tr♦❧ ♣r❡❝✐s♦ ② r♦❜✉st♦ ❞❡ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s r♦❜ót✐❝♦s✳ ❊♥tr❡ ❡st♦s ❞❡s❛❢í♦s

❞❡st❛❝❛♥ ❡❧ ❝♦♥tr♦❧ ❞❡ ♣♦s✐❝✐ó♥✱ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s✱ ❡st❛❝✐♦♥❛♠✐❡♥t♦ ❛✉tó♥♦♠♦ ❞❡ ✈❡✲

❤í❝✉❧♦s✱ ❡✈❛s✐ó♥ ❞✐♥á♠✐❝❛ ❞❡ ♦❜stá❝✉❧♦s ② ❝♦❧✐s✐♦♥❡s✱ ❝♦♦r❞✐♥❛❝✐ó♥ ❞❡ ✈❛r✐♦s r♦❜♦ts✱ ❡♥tr❡ ♦tr♦s✳

P♦r ❧♦ t❛♥t♦✱ r❡s✉❧t❛ ✐♠♣r❡s❝✐♥❞✐❜❧❡ ❝♦♥♦❝❡r ❧♦s t✐♣♦s ❞❡ ❝♦♥tr♦❧ ❛❞❡❝✉❛❞♦s ♣❛r❛ r♦❜♦ts ♠ó✈✐❧❡s✳

❊❧ ❝♦♥tr♦❧ ❝✐♥❡♠át✐❝♦ ❝♦♥s✐❞❡r❛ ❞♦s ❧❛③♦s ❞❡ ❝♦♥tr♦❧✿ ❡❧ ♣r✐♥❝✐♣❛❧ ❞♦♠✐♥❛❞♦r ❝✐♥❡♠át✐❝♦ ②

♦tr♦ ❞✐♥á♠✐❝♦ ❞❡ ❜❛❥♦ ♥✐✈❡❧ ♣❛r❛ ❧♦s ❛❝t✉❛❞♦r❡s ❡♥ ❧❛s r✉❡❞❛s❀ ❡s ❞❡❝✐r✱ ❡①✐st❡ ✉♥ ❞❡s❛❝♦♣❧♦ ❡♥tr❡

❧❛ ♣❛rt❡ ❝✐♥❡♠át✐❝❛ ② ❧❛ ♣❛rt❡ ❞✐♥á♠✐❝❛✳ ❊❧ ❝♦♥tr♦❧ ❝✐♥❡♠át✐❝♦ ❡s s❡♥❝✐❧❧♦ ② s✉ ✈❛❧✐❞❡③ ❡st❛ ❞❛❞❛

s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❡❧ ❧❛③♦ ❞❡ ❝♦♥tr♦❧ ❞✐♥á♠✐❝♦ s❡❛ ♠ás rá♣✐❞♦ q✉❡ ❡❧ ❧❛③♦ ❞❡ ❝♦♥tr♦❧ ❝✐♥❡♠át✐❝♦✳

❊♥ ❡❧ ❝♦♥tr♦❧ ❞✐♥á♠✐❝♦ ♥♦ ❡①✐st❡♥ ❞♦s ❧❛③♦s✱ s✐ ♥♦ q✉❡ ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❡s ú♥✐❝❛ ② ❝♦♥s✐❞❡r❛

t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❞❡❧ r♦❜♦t ♠ó✈✐❧✿ r❡❧❛❝✐♦♥❡s ♥♦✲❤♦❧♦♥ó♠✐❝❛s✱ ❛❝t✉❛❞♦r❡s✱ ♠❛s❛s✱ ♠♦♠❡♥t♦s ❞❡

✐♥❡r❝✐❛✱ ❡t❝✳ ❊❧ ❝♦♥tr♦❧ ❞✐♥á♠✐❝♦ t✐❡♥❡ ❡❧ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ q✉❡ ❡❧ ❛♥á❧✐s✐s ♣r❡s❡♥t❛ ✉♥ ♠❛②♦r ❣r❛❞♦

❞❡ ❝♦♠♣❧❡❥✐❞❛❞ ② t❛♠❜✐é♥ ❡s s❡♥s✐❜❧❡ ❛ ❧♦s ❡rr♦r❡s ✐♥②❡❝t❛❞♦s ♣♦r ❧❛ ✐♥❝❡rt✐❞✉♠❜r❡ ♣❛r❛♠étr✐❝❛

❞❡ ♠♦❞❡❧♦✱ ② ❡♥ ❛❧❣✉♥♦s ❝❛s♦s✱ r❡q✉✐❡r❡ ❞❡ s❡♥s♦r❡s ✐♥❡r❝✐❛❧❡s✱ ❧♦s ❝✉❛❧❡s ♣r❡s❡♥t❛♥ ♣♦❝❛ r♦❜✉st❡③

② ♣♦❝❛ ♣r❡❝✐s✐ó♥✳

✺✳✸ ❈♦♥tr♦❧ ❞❡ ❙❡❣✉✐♠✐❡♥t♦ ❞❡ ❚r❛②❡❝t♦r✐❛s

❊❧ ♣r♦❜❧❡♠❛ ♠ás r❡❝✉rr❡♥t❡ ❡♥ ❧❛ r♦❜ót✐❝❛ ❡s s♦❜r❡ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ②

❡♥ ❧❛ ❧✐t❡r❛t✉r❛ ❛❜✉♥❞❛♥ ♠✉❝❤♦s tr❛❜❛❥♦s q✉❡ s❡ ❞❡❞✐❝❛♥ ❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛✳ P❛r❛ r❡❛❧✐③❛r

❡st❛ t❛r❡❛ ❡①✐st❡♥ ❛❧❣✉♥♦s ❝♦♥tr♦❧❛❞♦r❡s q✉❡ s♦♥ ❛♠♣❧✐❛♠❡♥t❡ ✉s❛❞♦s ❝♦♠♦ ❡❧ ❝♦♥tr♦❧ ❞❡ ♣❛r

❝❛❧❝✉❧❛❞♦✱ ❡❧ ❝♦♥tr♦❧ P❉✰ ② ❡❧ ❝♦♥tr♦❧ P❉ ❝♦♥ ❝♦♠♣❡♥s❛❝✐ó♥✳

❘❡❛❧✐③❛r ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ✉♥ r♦❜♦t ✐♠♣❧✐❝❛ q✉❡ s❡ ♠✉❡✈❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ♣♦s✐❝✐♦♥❡s

s✉❝❡s✐✈❛s q✉❡ ❢♦r♠❛♥ ♣❛rt❡ ❞❡ ✉♥❛ tr❛②❡❝t♦r✐❛ ❞❡s❡❛❞❛ ♦ ❞❡ r❡❢❡r❡♥❝✐❛ ❝♦♥ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❞❛❞❛

♣♦r ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛✳ ▲❛ ❡①❛❝t✐t✉❞✱ ❞❡s❡♠♣❡ñ♦ ② r♦❜✉st❡③ ❞❡ ❧♦s ❝♦♥tr♦❧❛❞♦r❡s q✉❡ s❡

❞❡s❝r✐❜❡♥ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡♣❡♥❞❡rá♥ ❞❡ q✉❡ t❛♥ ♣r❡❝✐s♦ ❡s ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧

♠♦❞❡❧♦✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❡st❡ tr❛❜❛❥♦✱ ❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✳ P♦r ❧♦ t❛♥t♦✱ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦♥tr♦❧
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❞❡ ♠♦✈✐♠✐❡♥t♦ ♦ s❡❣✉✐♠✐❡♥t♦ q✉❡ s❡ tr❛t❛rá♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❝♦♥t❡♠♣❧❛♥ ❡♥ s✉ ❡str✉❝t✉r❛ ❞❡

❝♦♥tr♦❧ ❧❛ ❞✐♥á♠✐❝❛ ❝♦♠♣❧❡t❛ ② ♣r❡❝✐s❛ ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✳

✺✳✹ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❱❛r✐❛❜❧❡s ❞❡ ❉❡s♣❧❛③❛♠✐❡♥t♦ D ② ❖r✐✲
❡♥t❛❝✐ó♥ θ

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ♣❧❛♥t❡❛❞♦ ♣❛r❛ ❡st❛ s❡❝❝✐ó♥ ❝♦♥s✐st❡ ❡♥

❞❡t❡r♠✐♥❛r ❧❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ τ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦D ② ♦r✐❡♥t❛❝✐ó♥

θ s✐❣❛♥ ❝♦♥ ❡①❛❝t✐t✉❞ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ r❡❢❡r❡♥❝✐❛✳

P❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ❝♦♥tr♦❧ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ ✭✹✳✹✳✷✺✮ ❡♥ ❢✉♥❝✐ó♥ ❞❡

❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② ❞❡s♣❧❛③❛♠✐❡♥t♦✳ P♦r ❧♦ t❛♥t♦✱ ❡st❛s ✈❛r✐❛❜❧❡s ❝♦♥❢♦r♠❛♥ ❡❧ ✈❡❝t♦r

❞❡ ❡st❛❞♦s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ [DT vT ]T r❡❡s❝r✐❜✐é♥❞♦s❡ ❝♦♠♦✱

d

dt

[
d
v

]

=

[
v

M−1
r [Bτ(t)− C(v)v]

]

✭✺✳✹✳✶✮

❞♦♥❞❡ Mr ∈ Rn×n ❡s ❧❛ ♠❛tr✐③ ❞❡ ✐♥❡r❝✐❛s✱ C(v)v ∈ Rn ❡s ❡❧ ✈❡❝t♦r ❞❡ ❢✉❡r③❛s ❞❡ ❈♦r✐♦❧✐s ②

❢✉❡r③❛s ❝❡♥trí❢✉❣❛s ② τ ∈ Rn ❡s ❡❧ ✈❡❝t♦r ❞❡ ♣❛r ❞❡ ❡♥tr❛❞❛ q✉❡ s❡ ❛♣❧✐❝❛♥ ❛ ❧❛s r✉❡❞❛s✳

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ q✉❡ s❡ ♣❧❛♥t❡❛ ❡♥ ❡st❛ s❡❝❝✐ó♥ ❡s ❝♦♥tr♦❧❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s

♣❛r❛ ❡❧ ❘▼❘ ② s❡ ♣❧❛♥t❡❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ❙❡ ❝♦♥s✐❞❡r❛ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ✭✹✳✹✳✷✺✮ ② ❞❛❞♦

✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ✈❡❝t♦r✐❛❧❡s ❛❝♦t❛❞❛s Dref ✱ vref ② v̇ref q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ ♣♦s✐❝✐ó♥✱ ❧❛

✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦ q✉❡ s❡ ❞❡s❡❛ ❧♦❣r❛r ❝♦♥ ❡❧ ❝♦♥tr♦❧❛❞♦r ❡s ❡♥❝♦♥tr❛r

✉♥❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ τ t❛❧ q✉❡ ❡❧ ❞❡s♣❧❛③❛♠✐❡♥t♦ ② ❧❛ ♦r✐❡♥t❛❝✐ó♥ ❛s♦❝✐❛❞❛ ❛❧ ❘▼❘ ♣✉❡❞❛♥

s❡❣✉✐r ❞❡ ♠❛♥❡r❛ ♣r❡❝✐s❛ ❧♦s ❞❡s♣❧❛③❛♠✐❡♥t♦s ② ♦r✐❡♥t❛❝✐♦♥❡s ❞❡ r❡❢❡r❡♥❝✐❛✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛

❧❛s tr❛②❡❝t♦r✐❛s ❣❡♥❡r❛❞❛s ♣♦r ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❞❡ r❡❢❡r❡♥❝✐❛✳

▲❛ ❞❡s❝r✐♣❝✐ó♥ ♠❛t❡♠át✐❝❛ ❞❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱ ❧❛ ❝✉á❧ s❡ ❜❛s❛ ❡♥ ❡♥❝♦♥tr❛r
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✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛r❡s ❞❡ ❡♥tr❛❞❛ τ t❛❧ q✉❡✱

lim
t→+∞

e(t) = 0 ✭✺✳✹✳✷✮

❡♥ ❞♦♥❞❡ e ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ❡rr♦r ❞❡ ♣♦s✐❝✐ó♥ ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② ❞❡s♣❧❛③❛♠✐❡♥t♦ ♦ s✐♠♣❧❡✲

♠❡♥t❡ s❡ ❧❡ ❞✐❝❡ ❡rr♦r ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘✱ q✉❡ ❧❧❡✈❛ ❛ r❡❡①♣r❡s❛r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❢♦r♠❛

♠ás ❡①♣❧í❝✐t❛ ❝♦♠♦✱

lim
t→+∞

Dref (t)−D(t) = 0. ✭✺✳✹✳✸✮

❉❡❧ ♠✐s♠♦ ♠✐s♠♦ q✉❡ s❡ ❞❡✜♥❡ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ ♣❛r❛ ❧❛ ♣♦s✐❝✐ó♥✱ t❛♠❜✐é♥ s❡ ❝♦♥s❡r✈❛

❧❛ ♠✐s♠❛ ❞❡✜♥✐❝✐ó♥ ♣❛r❛ ❡❧ ❡rr♦r ❞❡ ✈❡❧♦❝✐❞❛❞ ė ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱

lim
t→+∞

ė = lim
t→+∞

vref (t)− v(t) = 0 ✭✺✳✹✳✹✮

▲❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛r❡s τ ♠❡♥❝✐♦♥❛❞❛ ♣r❡✈✐❛♠❡♥t❡✱ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s

✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥✱ ✈❡❧♦❝✐❞❛❞ ② ❛❝❡❧❡r❛❝✐ó♥ ❞❡❧ ❘▼❘ ② ❛ ❡st❛ ❢✉♥❝✐ó♥ t❛♠❜✐é♥ s❡ ❧❡ ❝♦♥♦❝❡

❝♦♠♦ ❧❛ ✏❧❡② ❞❡ ❝♦♥tr♦❧✑✳ ❆❧ ❤❛❜❧❛r ❞❡❧ ❝♦♥tr♦❧ ❞❡ ✉♥ s✐st❡♠❛✱ ❡s ♥❡❝❡s❛r✐♦ ❡♥t❡♥❞❡r q✉❡ ❧❛

✐♥❢♦r♠❛❝✐ó♥ ❞❡ ♣♦s✐❝✐ó♥ D✱ ✈❡❧♦❝✐❞❛❞ v ② ❛❝❡❧❡r❛❝✐ó♥ v̇ ❞❡❜❡ ❝♦♥♦❝❡rs❡✱ ②❛ s❡❛ ♣♦r ♠❡❞✐♦ ❞❡

❧♦s s❡♥s♦r❡s q✉❡ ♠✐❞❡♥ ❡st❛s ✈❛r✐❛❜❧❡s ♦ ♣♦r ❡st✐♠❛❝✐ó♥ ❞❡ s✉s ✈❛❧♦r❡s ②❛ q✉❡ ❡s ✐♥❢♦r♠❛❝✐ó♥

♥❡❝❡s❛r✐♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧❛❞♦r✳ ▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❡①♣r❡s❛❞❛ ❡♥ tér♠✐♥♦s ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘ s❡

❞❡✜♥❡ ❝♦♠♦✱

τ = τ(D, v, v̇, Dref , vref , v̇ref ,Mr, C(v)). ✭✺✳✹✳✺✮

▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❝♦♥ ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱ ♣♦r ❧♦ ❣❡♥❡r❛❧

s❡ ✐❧✉str❛ ❝♦♠♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶
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❋✐❣✉r❛ ✺✳✶✿ ❙✐st❡♠❛ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ s❡ ❧❧❡✈❛ ❛ ❝❛❜♦ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♥❡❝❡s❛r✐❛ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❡❧ ❝♦♥tr♦❧

❞❡ s❡❣✉✐♠✐❡♥t♦ ♣❛r❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘ ✭D ② θ✮ ♣❛r❛ ❝❛❞❛ ✏ ❧❡② ❞❡ ❝♦♥tr♦❧ ✑✱

❡♥tr❡ ❧❛s ❝✉❛❧❡s s❡ ❝♦♥s✐❞❡r❛♥ ❧❛s s✐❣✉✐❡♥t❡s✿

• ❈♦♥tr♦❧ ❞❡ P❛r ❈❛❧❝✉❧❛❞♦

• ❈♦♥tr♦ P❉ ❝♦♥ ❝♦♠♣r❡♥s❛❝✐ó♥

✺✳✹✳✶ ❈♦♥tr♦❧❛❞♦r ❞❡ P❛r ❈❛❧❝✉❧❛❞♦

❊♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ ♠♦❞❡❧❛❞♦ ❞❡❧ s✐st❡♠❛ ❞❡ ✉♥ ❘▼❘✱ s❡ ♦❜t✉✈♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ✹✳✹✳✷✺✱

s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❞❡ ❡st❡ ♠♦❞❡❧♦ q✉❡ s✉s ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ❡stá♥ ❡stá♥ ❞❛❞❛s ♣♦r ❡①♣r❡s✐♦♥❡s

❛❧t❛♠❡♥t❡ ♥♦ ❧✐♥❡❛❧❡s✳ ▼❡❞✐❛♥t❡ ❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ♦ t❛♠❜✐é♥ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❞❡

❧✐♥❡❛❧✐③❛❝✐ó♥ ❡①❛❝t❛ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s✱ ❡❧ ❝✉❛❧ t❛♠❜✐é♥ ❡s ✉♥ ❝♦♥tr♦❧ ♥♦ ❧✐♥❡❛❧ ❡♥

❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✱ s✐♥ ❡♠❜❛r❣♦✱ ❛❧ r❡♣r❡s❡♥t❛r ❡❧ s✐st❡♠❛ ❞❡❧ ❘▼❘ ❝♦♥ ❡st❡ ❝♦♥tr♦❧❛❞♦r

❡♥ ❧❛③♦ ❝❡rr❛❞♦✱ s❡ ♦❜t✐❡♥❡ ✉♥ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣♦r ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❧✐♥❡❛❧❡s✱ ✐✳❡✳✱ ❡s ✉♥

❝♦♥tr♦❧ q✉❡ ❧✐♥❡❛❧✐③❛ ❛❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✳ ❊st❡ ❝♦♥tr♦❧❛❞♦r ❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❛❧❝❛♥③❛r

❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❧♦❜❛❧♠❡♥t❡✱ ② s❡ ❡①♣❧✐❝❛ ❝♦♥ ♠ás ❞❡t❛❧❧❡ ❡♥ ❧❛s s❡❝❝✐♦♥❡s

♣♦st❡r✐♦r❡s✳

▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ❡st❛ ❞❛❞❛ ♣♦r✱
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τ = B−1(Mr[v̇ref +K2ė+K1e] + C(v)v), ✭✺✳✹✳✻✮

❞♦♥❞❡ K1 ② K2 s♦♥ ♠❛tr✐❝❡s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s q✉❡ s♦♥ ❞❡♥♦♠✐♥❛❞❛s ❣❛♥❛♥❝✐❛s ❞❡

r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ② ❡♥ ❞♦♥❞❡ e s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ❡rr♦r ❞❡ ♣♦s✐❝✐ó♥ q✉❡ ❡st❛ ❞❛❞♦ ❝♦♠♦ Dref −D

② ė ❡s ❡❧ ❡rr♦r ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❛❞♦ ❝♦♠♦ vref − v✳ ▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❝♦♥t✐❡♥❡ ❧❛s ❣❛♥❛♥❝✐❛s ❞❡

r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ♠✉❧t✐♣❧✐❝❛❞❛s ♣♦r ❧❛ ♠❛tr✐③ ❞❡ ✐♥❡r❝✐❛s q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❡①❛❝t✐t✉❞ ❞❡ ❧♦s

✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✳

▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ❡s ✉♥❛ ❞❡ ❧❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ♠ás s❡♥❝✐❧❧❛s ② q✉❡ ❤❛ s✐❞♦

❛♠♣❧✐❛♠❡♥t❡ ✐♥✈❡st✐❣❛❞❛✱ ② s❡ ❝❛t❛❧♦❣❛ ❝♦♠♦ ñ❧❛ ♣r✐♠❡r❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❜❛s❛❞❛

❡♥ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ② q✉❡ q✉❡ t❛♠❜✐é♥ ❡s ❛♠♣❧✐❛♠❡♥t❡ ✉s❛❞❛ ❡♥ ❧♦s r♦❜♦ts ♠❛♥✐♣✉❧❛❞♦r❡s✳

▲❛ s✐♠♣❧❡③❛ ❞❡ ❡st❛ ❧❡② ❞❡ ❝♦♥tr♦❧ tr❛❡ ❝♦♥s✐❣♦ ❧❛ ❞❡s✈❡♥t❛❥❛ ❞❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡①♣❧í❝✐t❛ ❞❡❧

❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡❝✐s♦ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ✐♥❡r❝✐❛s Mr✱ ❧❛ ♠❛tr✐③ ❞❡ ❝♦r✐♦❧✐s ② ❢✉❡r③❛s

❝❡♥trí❢✉❣❛s C(v)✱ ② ❞❛❞♦ q✉❡ ❡❧ r♦❜♦t ♠ó✈✐❧ s❡ ❞❡s♣❧❛③❛ ❡♥ ❝♦♥t❛❝t♦ ❞✐r❡❝t♦ ❝♦♥ ❧❛ s✉♣❡r✜❝✐❡

♥♦ ❡s ❛❢❡❝t❛❞♦ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♣♦r ❧❛s ❢✉❡r③❛s ❣r❛✈✐t❛❝✐♦♥❛❧❡s✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡❧ ❝♦♥tr♦❧❛❞♦r

❞❡♣❡♥❞❡ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ r❡❢❡r❡♥❝✐❛ Dref (t)✱ ② s✉s ❞❡r✐✈❛❞❛s vref (t) ② v̇ref ✱ ❛❞❡♠ás✱ ❞❡❧

❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ♣♦s✐❝✐ó♥ D(t) ② ✈❡❧♦❝✐❞❛❞ v(t) ❞❡❧ ❘▼❘✳

❊❧ ♣r✐♠❡r ♣❛s♦ q✉❡ s❡ ❞❡❜❡ s❡❣✉✐r ❡♥ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❝✉❛❧q✉✐❡r

❝♦♥tr♦❧❛❞♦r ❡s ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ s✉st✐t✉❝✐ó♥ ❞❡ ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧

❡♥ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ s✐st❡♠❛ q✉❡ s❡ ✈❛ ❛ ❝♦♥tr♦❧❛r✱ ❡♥ ❡st❡ ❝❛s♦✱ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧

❘▼❘ ✭✹✳✹✳✷✺✮✳

❆❧ s✉st✐t✉r ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ✭✺✳✹✳✻✮ s❡ ♦❜t✐❡♥❡✿

Mrv̇ + C(v)v = B〈B−1(Mr[v̇ref +K2ė+K1e] + C(v)v)〉

Mrv̇ = Mr[v̇ref +K2ė+K1e], ✭✺✳✹✳✼✮

✽✻



❞♦♥❞❡ ✭✺✳✹✳✼✮ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦✳ ❨❛ q✉❡ s❡ ❝♦♥♦❝❡ q✉❡ ❧❛ ♠❛tr✐③Mr ❡s ❝♦♥st❛♥t❡ ②

♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ♣♦r ❧♦ t❛♥t♦✱ t✐❡♥❡ ✐♥✈❡rs❛✱ ❧❛ ❡❝✉❛❝✐ó♥ ✭✺✳✹✳✽✮ s❡ r❡❞✉❝❡ ❛ ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✿

v̇ref − v̇ = −K2ė−K1e

ë = −K2ė−K1e,
✭✺✳✹✳✽✮

❛❧ r❡❡①♣r❡s❛r ❡st❛ ❡❝✉❛❝✐ó♥ ❡♥ ❡♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s✱ ❞♦♥❞❡ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s s❡ ❞❡✜♥❡

❝♦♠♦ ❧♦s ❡rr♦r❡ ❞❡ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ [eT ėT ]T q✉❡❞❛♥❞♦ ❝♦♠♦✱

d

dt

[
e
ė

]

=

[
ė

−K1e−K2ė

]

=

[
0 I

−K1 −K2

]

︸ ︷︷ ︸

A

[
e
ė

]
✭✺✳✹✳✾✮

❞♦♥❞❡ I ∈ Rn×n ❡s ❧❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞✳ ▲❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ r❡s✉❧t❛♥t❡ ✭✺✳✹✳✾✮ ❡stá

r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛❧ ② ❛✉tó♥♦♠❛✳

❊♥ ❧❛ ❋✐❣✉r❛ ✺✳✷ s❡ ✐❧✉str❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ s✐st❡♠❛ ❞❡❧ ❘▼❘ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❝♦♥

❧❛ ❛❞✐❝✐ó♥ ❞❡❧ ❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✳

❋✐❣✉r❛ ✺✳✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧
❘▼❘✳
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P✉♥t♦ ❞❡ ❊q✉✐❧✐❜r✐♦

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡s ♥❡❝❡s❛r✐♦ r❡❛❧✐③❛r ❡❧ ❛♥á❧✐s✐s ❡①✐st❡♥❝✐❛ ② ♣♦s✐❜❧❡ ✉♥✐❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❜r✐♦

❞❡❧ s✐st❡♠❛✳

P❛rt✐❡♥❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✾✮✱ ❝♦♥ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s ❞❛❞♦ ♣♦r ❧♦s ❡rr♦rr❡s

❞❡ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞✿

d

dt

[
e
ė

]

=

[
ė

−K1e−K2ė

]

[
0
0

]

=

[
ė

−K1e−K2ė

]

✭✺✳✹✳✶✵✮

P♦r ❧♦ t❛♥t♦ s❡ ❞❡❞✉❝❡ q✉❡ s✉ ú♥✐❝♦ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❡s [eT ėT ]T = 0 ∈ R2n✱ ❡s ❞❡❝✐r✱ ❡❧

♦r✐❣❡♥✳ ❆❞❡♠ás✱ ❧❛ ✉♥✐❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✈✐❡♥❡ ❡st❛❜❧❡❝✐❞❛ ♣♦r ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ❞❡

q✉❡ ❧❛s ♠❛tr✐❝❡s ❞❡ ❣❛♥❛♥❝✐❛s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ s❡❛♥ ❝♦♥st❛♥t❡s ② ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s✱ ✐✳❡✳✱ ♥♦

s✐♥❣✉❧❛r❡s✳

❆♥á❧✐s✐s ❞❡ ❊st❛❜✐❧✐❞❛❞ ❡♥ ❡❧ P✉♥t♦ ❞❡ ❊q✉❧✐❜r✐♦

P♦r s✐♠♣❧❡ ✐♥s♣❡❝❝✐ó♥ s❡ ♣✉❡❞❡ ♥♦t❛r q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❝♦♥ ❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ s❡❣✉✐♠✐❡♥t♦

❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ✈❡❝t♦r✐❛❧ ❧✐♥❡❛❧ ② ❛✉tó♥♦♠❛✱ ❧♦ q✉❡ ❣❛r❛♥t✐③❛

q✉❡ ❝✉❛❧q✉✐❡r s♦❧✉❝✐ó♥ t✐❡♥❡ ❛ ❝❡r♦ ❛♥t❡ ❝✉❛❧q✉✐❡r ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧✱ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❧♦s ✈❛❧♦r❡s

♣r♦♣✐♦s ❞❡ ❧❛ ♠❛tr✐③ A ∈ R2n×2n ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✾✮ t❡♥❣❛♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✳

▲❛s ♠❛tr✐❝❡s ❞❡ ❣❛♥❛♥❝✐❛s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ♣❡r♠✐t❡♥ r❡✉❜✐❝❛r ❧♦s ♣♦❧♦s ❞❡ ❧❛ ♠❛tr✐③ A

♣♦r ♠❡❞✐♦ ❞❡ ❛❥✉st❡s ❡♥ s✉s ✈❛❧♦r❡s✳ ❊❧ ♣♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❧❛ ♠❛tr✐③ A ❡stá ❞❛❞♦ ♣♦r✱

✽✽



sI − A =

[
sI 0
0 sI

]

−
[
0 I
K1 −K2

]

=

[
sI −I
K1 sI +K2

]

= s2I +K2s+K1, ✭✺✳✹✳✶✶✮

❞❛❞♦ q✉❡ K1✱ K2 ♣✉❡❞❡♥ t❡♥❡r n ♣♦❧✐♥♦♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s ♣♦r ❝❛❞❛ ✈❛r✐❛❜❧❡ ❞❡ ❡st❛❞♦✱

s2I +K2ns+K1n = 0, ✭✺✳✹✳✶✷✮

❛❞❡♠ás✱ t♦♠❛♥❞♦ q✉❡ ❡st♦s ♣♦❧✐♥♦♠✐♦s ❡stá♥ ❢♦r♠❛❞♦s ♣♦r ❛✉t♦✈❛❧♦r❡s λ1n ✱ λ2n✳ ❆❧ ❞❡✜♥✐r

✉♥❛ ❡❝✉❛❝✐ó♥ ❝✉❛❞rát✐❝❛ ❞❡ ♠♦❞♦ q✉❡ ❧❛s r❛í❝❡s s❡❛♥ ♥❡❣❛t✐✈❛s✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡st❛s r❛í❝❡s s❡

❞❡✜♥❛♥ ❝♦♠♦ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡❧ ♣♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ✭✺✳✹✳✶✷✮✱

(s+ λ1n)(s+ λ2n) = s2 + (λ1n + λ2n)s+ λ1nλ2n). ✭✺✳✹✳✶✸✮

❉❡ ❡st❡ ♠♦❞♦✱ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r ❧❛ ♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❝♦♠♦✱

K1n = λ1nλ2n

K2n = λ1n + λ2n

✭✺✳✹✳✶✹✮

❈♦♥ ❡st❡ ♠ét♦❞♦ ❞❡ s❡❧❡❝❝✐ó♥ ♣❛r❛ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ❣❛♥❛♥❝✐❛s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ s❡ ❛s❡❣✉r❛

q✉❡ ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✾✮ t✐❡♥❡♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ ❡s ❞❡❝✐r✱ ❧❛

♠❛tr✐③ A ❡s ❍✉r✇✐t③✱ ❧♦ q✉❡ ❣❛r❛♥t✐③❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❣❧♦❜❛❧ ❞❡❧ s✐st❡♠❛✳

✺✳✹✳✷ ❈♦♥tr♦❧❛❞♦r P❉✰

❊❧ ❝♦♥tr♦❧❛❞♦r P❉✰ ❡s ✉♥❛ ✈❛r✐❛♥t❡ ❞❡ ❧❛ ❡str❛t❡❣✐❛ ❞❡ ❝♦♥tr♦❧ ❞❡ ♣♦s✐❝✐ó♥ ♠ás ❛♠♣❧✐❛♠❡♥t❡

✉s❛❞❛✱ ❡❧ ❝♦♥tr♦❧❛❞♦r P❉ ❝♦♥✈❡♥❝✐♦♥❛❧✱ s✐♥ ❡♠❜❛r❣♦✱ s❡ ♠♦❞✐✜❝❛♥ tér♠✐♥♦s ② ❛♥á❧✐s✐s ♣♦st❡r✐♦r❡s

♣❛r❛ s❡r ✉t✐❧✐③❛❞♦ ❡♥ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✳ ❊st❛ ✏ ❧❡② ❞❡ ❝♦♥tr♦❧ ✑ ♣❡r♠✐t✐rá ❛❧❝❛♥③❛r ❡❧

♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ ❞❡s❡❛❞♦ ✭✺✳✹✳✹✮✱ ❡♥ ❢♦r♠❛ ❣❧♦❜❛❧✳ ▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ P❉✰ ❡stá ❡①♣r❡s❛❞❛ ♣♦r

✽✾



τ = B−1[Kpe+Kvė+Mrv̇ref + C(v)vref ], ✭✺✳✹✳✶✺✮

❞♦♥❞❡ ❧❛s ♠❛tr✐❝❡s ❞❡ ❣❛♥❛♥❝✐❛s ♣r♦♣♦r❝✐♦♥❛❧ ② ❞❡r✐✈❛t✐✈❛s✱ Kp, Kv ∈ Rn×n s♦♥ ♠❛tr✐❝❡s

s✐♠étr✐❝❛s ② ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s ❞❡✜♥✐❞❛s ♣♦r ❡❧ ✉s✉❛r✐♦✳ P❛r❛ ❡st❡ ❝♦♥tr♦❧❛❞♦r t❛♠❜✐é♥ s❡ ✉t✐❧✐③❛♥

❧♦s ❡rr♦r❡s ❞❡ ♣♦s✐❝✐ó♥ e = Dref −D ② ✈❡❧♦❝✐❞❛❞ ė = vref − v✳ ▲❛ ♠❛tr✐③ ❞❡ ❢✉❡r③❛s ❞❡ ❈♦r✐♦❧✐s

② ❞❡ ❢✉❡r③❛s ❝❡♥trí❢✉❣❛s C(v) ❞❡❜❡ s❡r ❡s❝♦❣✐❞❛ ✉s❛♥❞♦ ❧♦s s✐♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧✳ ❉❡ ❡st❡

♠♦❞♦ s❡ ❛s❡❣✉r❛ q✉❡ ❧❛ ♠❛tr✐③ ❝♦♠♣✉❡st❛ ♣♦r ❧❛ ♠❛tr✐③ ❞❡ ✐♥❡r❝✐❛s ② ❧❛ ♠❛tr✐③ ❞❡ ❢✉❡r③❛s ❞❡

❈♦r✐♦❧✐s ② ❢✉❡r③❛s ❝❡♥trí❢✉❣❛s 1
2
Mr−C(v) ❡s ✉♥❛ ♠❛tr✐③ ❛♥t✐s✐♠étr✐❝❛✱ ❧♦ ❝✉á❧ ❡s ✉♥❛ ❝❛r❛❝t❡ríst✐❝❛

✐♠♣♦rt❛♥t❡ ❞❡ ❡st❛ ♠❛tr✐③ ❛❧ r❡❛❧✐③❛r ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞✳

❆❧ ✐❣✉❛❧ q✉❡ ❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✱ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧ P❉✰

❡st❛ ❜❛s❛❞❛ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡❝✐s♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✱ ✐✳❡✳✱ ❝♦♥♦❝❡r

❝♦♥ ♣r❡❝✐s✐ó♥ ❧❛s ♠❛tr✐❝❡s Mr ② C(v)✳ ❆❞❡♠ás✱ t❛♠❜✐é♥ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥♦❝❡r ❧❛s tr❛②❡❝t♦r✐❛s ❞❡

r❡❢❡r❡♥❝✐❛ ❞❡s❡❛❞❛s Dref (t)✱ s✉s ✈❡❧♦❝✐❞❛❞❡s vref (t)✱ ❛❝❡❧❡r❛❝✐♦♥❡s v̇ref (t) ② ❧♦s ✈❛❧♦r❡s ♠❡❞✐❞♦s ♦

❡st✐♠❛❞♦s ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ D(t) ② ✈❡❧♦❝✐❞❛❞ ❧♦❝❛❧ v(t) ❞❡❧ ❘▼❘✳

❙❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❧❛ ♠✐s♠❛ ♠❡t♦❞♦❧♦❣í❛ q✉❡ s❡ ❧❧❡✈♦ ❛ ❝❛❜♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡

♣❛r ❝❛❧❝✉❧❛❞♦✳ Pr✐♠❡r♦ ❡s ♥❡❝❡s❛r✐♦ ❞❡t❡r♠✐♥❛r ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦

❝♦♥ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱ ❧❛ ❝✉❛❧ s❡ ♦❜t✐❡♥❡ ❛❧ s✉st✐t✉✐r ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ✏❧❡② ❞❡ ❝♦♥tr♦❧

P❉✰✑✭✺✳✹✳✶✺✮ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❛❜✐❡rt♦ ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ ✭✹✳✹✳✷✺✮✱

Mrv̇ + C(v)v = B[B−1(Kpe+Kvė+Mrv̇ref + C(v)vref )]

Mr(v̇ref − v̇) + C(v)(vref − v) = −Kpe−Kvė

Mr(ë) + C(ė)(ė) = −Kpe−Kvė, ✭✺✳✹✳✶✻✮

❞♦♥❞❡ ✭✺✳✹✳✶✻✮ ❡s ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛③♦ ❝❡rr❛❞♦ q✉❡❞❛ ❡①♣r❡s❛❞❛

❡♥ tér♠✐♥♦s ❞❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s [eT ėT ]T ② r❡s✉❧t❛ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✱

✾✵



d

dt

[
e
ė

]

=

[
ė

M−1
r [−Kpe−Kvė− C(ė)ė].

]

✭✺✳✹✳✶✼✮

❙❡ ♣✉❡❞❡ ♥♦t❛r q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ r❡s✉❧t❛♥t❡ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ✈❡❝t♦r✐❛❧

♥♦ ❧✐♥❡❛❧ ② ♥♦ ❛✉tó♥♦♠❛✱ ✐✳❡✳✱ ❞❡♣❡♥❞❡ ❡①♣❧í❝✐t❛♠❡♥t❡ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s t❡♠♣♦r❛❧❡sDref (t) ② vref (t)✳

❊♥ ❧❛ ❋✐❣✉r❛ ✺✳✸ s❡ ✐❧✉str❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ s✐st❡♠❛ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❝♦♥ ❡st❛ ❧❡②

❞❡ ❝♦♥tr♦❧ q✉❡ s❡ ❞❡s❡❛ ✐♠♣❧❡♠❡♥t❛r✳

❋✐❣✉r❛ ✺✳✸✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r P❉✰ ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✳

P✉♥t♦ ❞❡ ❊q✉✐❧✐❜r✐♦

P❛r❛ ❡st❡ ❝♦♥tr♦❧❛❞♦r t❛♠❜✐é♥ s❡ r❡❛❧✐③❛ ❡❧ ❛♥á❧✐s✐s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❡①✐st❡♥❝✐❛ ② ♣♦s✐❜❧❡ ✉♥✐✲

❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❜r✐♦ ❞❡❧ s✐st❡♠❛ ❞❡❧ ❘▼❘ ❝♦♥ ❡❧ ❝♦♥tr♦❧❛❞♦r P❉✰✱ t❛❧ ② ❝♦♠♦ s❡ ❧❧❡✈♦ ❛

❝❛❜♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✳

P❛rt✐❡♥❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✶✼✮✱ ❝♦♥ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s ❞❛❞♦ ♣♦r ❧♦s

❡rr♦rr❡s ❞❡ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ [eT ėT ]T ✿

✾✶



d

dt

[
e
ė

]

=

[
ė

M−1
r [−Kpe−Kvė− C(ė)ė].

]

[
0
0

]

=

[
ė

M−1
r [−Kpe−Kvė− C(ė)ė]

]

✭✺✳✹✳✶✽✮

P♦r ❧♦ t❛♥t♦ s❡ ❞❡❞✉❝❡ q✉❡ ❡❧ ú♥✐❝♦ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❡s [eT ėT ]T = 0 ∈ R2n✱ ✐✳❡✳✱ ❡❧ ♦r✐❣❡♥✳

❆❞❡♠ás✱ ❧❛ ✉♥✐❝✐❞❛❞ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✈✐❡♥❡ ❡st❛❜❧❡❝✐❞❛ ♣♦r ❧♦s r❡q✉❡r✐♠✐❡♥t♦s ❞❡ q✉❡ ❧❛s

♠❛tr✐❝❡s ❞❡ ❣❛♥❛♥❝✐❛s ♣r♦♣♦r❝✐♦♥❛❧ ② ❞❡r✐✈❛t✐✈❛ s❡❛♥ ❝♦♥st❛♥t❡s ② ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s✱ ♣♦r ❧♦

t❛♥t♦✱ s♦♥ ♥♦ s✐♥❣✉❧❛r❡s✳ ❊♥ ❜❛s❡ ❛ ❧♦ ❛♥t❡r✐♦r ❛♣❧✐❝❛♥❞♦ ❡❧ ❛♥á❧✐s✐s ♣❛r❛ ❤❛❧❧❛r ❡❧ ❡q✉✐❧✐❜r✐♦ ❞❡

❞❡❧ s✐st❡♠❛ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✶✼✮✱ s❡ ❞❡❞✉❝❡ q✉❡ ❡❧ ú♥✐❝♦ ♠♦❞♦ ❞❡ q✉❡ ❡❧ s✐st❡♠❛ s❡ ❡♥❝✉❡♥tr❡

❡♥ s✉ ♣♦s✐❝✐ó♥ ❞❡ ❡q✉✐❧✐❜r✐♦ ❡s q✉❡ ❡❧ ❡rr♦r ❞❡ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ s❡❛ ✐❣✉❛❧ ❛ ❝❡r♦✳ ❊s ❞❡❝✐r✱

❧♦s ✈❛❧♦r❡s ❞❡ ♣♦s✐❝✐ó♥ ② ✈❡❧♦❝✐❞❛❞ ❞❡❜❡♥ s❡r t❛❧❡s q✉❡✱ D(0) = Dref (0)✱ v(0) = vref (0)✱ ❡♥t♦♥❝❡s

D(t) = Dref (t) ② v(t) = vref (t) ♣❛r❛ t♦❞♦ t ≥ 0✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ❡st❛❜❧❡❝❡r ❢♦r♠❛❧♠❡♥t❡ ❡❧

❡q✉✐❧✐❜r✐♦ ♣❛r❛ t♦❞♦s ❧♦s ❝❛s♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❡❧ ❝❛s♦ ❞♦♥❞❡ D(0) 6= Dref (0) ♦ v(0) 6= vref (0) s❡

♥❡❝❡s✐t❛ r❡❛❧✐③❛r ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❡♥ ❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳

❆♥á❧✐s✐s ❞❡ ❊st❛❜✐❧✐❞❛❞ ❡♥ ❡❧ P✉♥t♦ ❞❡ ❊q✉❧✐❜r✐♦

▲❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ú♥✐❝♦ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡❧ s✐st❡♠❛ ✭❡❧ ♦r✐❣❡♥✮ s❡ ♣✉❡❞❡ ❝♦♠♣r♦❜❛r ❤❛❝✐❡♥❞♦

✉s♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛t❛ ❞❡ ▲②❛♣✉♥♦✈ ❞❡✜♥✐❞❛ ❝♦♠♦✿

V (t, e, ė) =
1

2

[
e
ė

]T

=

[
Kp 0
0 Mr

] [
e
ė

]

✭✺✳✹✳✶✾✮

V (t, e, ė) =
1

2
ėTMrė+

1

2
eTKpe, ✭✺✳✹✳✷✵✮

❞♦♥❞❡ ❡st❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛t❛ ❞❡ ▲②❛♣✉♥♦✈ ❡s ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❞❡❜✐❞♦ ❛ q✉❡ ❧❛ ♠❛tr✐③ ❞❡

✐♥❡r❝✐❛s Mr ② ❧❛ ♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧ Kp t❛♠❜✐é♥ s♦♥ ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s✳ ❆❧ ❞❡r✐✈❛r

❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛❞❛t❛ ❞❡ ▲②❛♣✉♥♦✈ ✭✺✳✹✳✷✵✮ s❡ ♦❜t✐❡♥❡✱

✾✷



V̇ (t, e, ė) =
1

2
[ėTKpe+ eT K̇pe+ eTKpė] +

1

2
[ëTMrė+ ėTṀrė+ ėTMrë] ✭✺✳✹✳✷✶✮

❉❛❞♦ q✉❡ ❧❛ ♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛s ♣r♦♣♦r❝✐♦♥❛❧ ❡s ✉♥ ♠❛tr✐③ ❝♦♥st❛♥t❡✱ ❡❧ tér♠✐♥♦ q✉❡ ✐♠♣❧✐❝❛

❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❡st❛ ♠❛trí③ ❡s ✐❣✉❛❧ ❛ ❝❡r♦ ② q✉❡❞❛ ❧❛ ❡①♣r❡s✐ó♥✱

V̇ (t, e, ė) =
1

2
[ėTKpe+ eTKpė] +

1

2
[ëTMrė+ ėTṀrė+ ėTMrë]. ✭✺✳✹✳✷✷✮

❆ ♠♦❞♦ ❞❡ s✐♠♣❧✐✜❝❛r ♠ás ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛t❛ ❞❡ ▲②❛♣✉♥♦✈✱

❡s ♦❜✈✐❛ ❧❛ ❞❡❞✉❝❝✐ó♥ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❧♦s tér♠✐♥♦s ėTKpe ② eTKpė r❡s✉❧t❛♥ s❡r ❡❧ ♠✐s♠♦ ✈❛❧♦r

❡s❝❛❧❛r✱ ② ♣✉❡❞❡♥ s✉♠❛rs❡ ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛✱ ❧♦ ♠✐s♠♦ s✉❝❡❞❡ ❝♦♥ ❧♦s tér♠✐♥♦s ëTMrė ② ėTMrë✱

r❡❞✉❝✐❡♥❞♦ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛✱

V̇ (t, e, ė) = eTKpė+
1

2
ėTṀrė+ ėTMrë. ✭✺✳✹✳✷✸✮

❆❧ r❡❛❧✐③❛r ❧❛ s✉st✐t✉❝✐♦♥ ❞❡❧ tér♠✐♥♦ Mrë q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛③♦ ❝❡rr❛❞♦

✭✺✳✹✳✶✼✮✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥✱ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞ ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✱

ėT [
1

2
Ṁr − C(ė)]ė = 0, ✭✺✳✹✳✷✹✮

s❡ s✐♠♣❧✐✜❝❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛ ❞❡ ▲②❛♣✉♥♦✈ ❛ ❧❛ s✐❣✉✐❡♥t❡

❡①♣r❡s✐ó♥✱

V̇ (t, e, ė) = −ėTKvė ✭✺✳✹✳✷✺✮

= −
[
e
ė

]T [
0 0
0 Kp

] [
e
ė

]

≤ 0 ✭✺✳✹✳✷✻✮

✾✸



❆ ♣❛rt✐r ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ▲❛❙❛❧❧❡ s❡ ❝♦♥❝❧✉②❡ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ♦r✐❣❡♥ [eT ėT ]T =

0✱ ② ❝♦♥ ❛♣♦②♦ ❞❡❧ ♠✐s♠♦ t❡♦r❡♠❛✱ s❡ ❝♦♥❝❧✉②❡ q✉❡ ❡❧ ❡st❛❞♦ ♣❡r♠❛♥❡❝❡ ❛❝♦t❛❞♦✳ ❉❛❞♦ q✉❡ ❧❛

❡❝✉❛❝✐ó♥ ❞❡ ❧❛③♦ ❝❡rr❛❞♦ ❞❡❧ s✐st❡♠❛ ❝♦♥ ❡❧ ❝♦♥tr♦❧❛❞♦r P❉✰ ✭✺✳✹✳✶✼✮ ❡s ♥♦ ❛✉tó♥♦♠❛ qd = qd(t)

✱ ♣♦r ❧♦ t❛♥t♦✱ ♥♦ ❡s ♣♦s✐❜❧❡ ❡st❛❜❧❡❝❡r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❣❧♦❜❛❧ ❛s✐♥tót✐❝❛ ✉s❛♥❞♦ ❡st❡ t❡♦r❡♠❛✳

❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ♣r❡✈✐❛♠❡♥t❡✱ ❡♥ ❛❧❣✉♥♦s ❝❛s♦s ♥♦ ❡s ♣♦s✐❜❧❡ ❛s❡❣✉r❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❛s✲

✐♥tót✐❝❛ ❣❧♦❜❛❧ ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✱ s✐♥ ❡♠❜❛r❣♦✱ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❡s ♠✉② út✐❧ ❝✉❛♥❞♦ s❡

❤❛❝❡ ✉s♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝❛♥❞✐❞❛t❛s ❞❡ ▲②❛♣✉♥♦✈✱ ♣❡r♠✐t❡ ❞❡♠♦str❛r q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡stá♥

❛❝♦t❛❞❛s ② q✉❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦s s♦♥ ❝♦♥✈❡r❣❡♥t❡s✳ ❆ ♣❡s❛r ❞❡ q✉❡ ❡st❛ ♣r♦♣✐❡❞❛❞ ♥♦s

♣❡r♠✐t❡ ❡✈❛❧✉❛r ② ❝♦♥❝❧✉✐r s♦❜r❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♥✈❡r❣❡♥t❡ ② ❛❝♦t❛❞♦ ❞❡❧ s✐st❡♠❛✱ ♥♦ ❡s

✉♥❛ ♣r♦♣✐❡❞❛❞ ♠✉② ❢✉❡rt❡ q✉❡ ♣❡r♠✐t❛ ❛s❡❣✉r❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❣❧♦❜❛❧ ❛s✐♥tót✐❝❛✱ ❛ú♥ ❛sí ❡s ✉♥❛

❤❡rr❛♠✐❡♥t❛ ♠✉② út✐❧ ♣❛r❛ ❡st❛❜❧❡❝❡r ♠ás r✐❣✉r♦s❛♠❡♥t❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ❧❛③♦ ❞❡ ❝♦♥tr♦❧✳

▲❡♠❛ ✺✳✹✳✶✳ ❈♦♥s✐❞❡r❡ ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s x : R+ → Rn✱
z : R+ → Rm✱ h : R+ → R+✱ P : R+ → R(n+m)×(n+m)✳ ❆s✉♠✐❡♥❞♦ q✉❡ P (t) ❡s ✉♥❛ ♠❛tr✐③
❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ s✐♠étr✐❝❛ ♣❛r❛ ❝❛❞❛ t ∈ R+ ② t❛♠❜✐é♥ ❡s ❝♦♥t✐♥✉❛✳ ❙❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ V :

R+ × Rn × Rm × R+ → R+ ❝♦♠♦✿

V (t, x, z, h) =

[
x

z

]T

P (t)

[
x

z

]

+ h(t) ≥ 0. ✭✺✳✹✳✷✼✮

❙✐ ❧❛ ❞❡r✐✈❛❞❛ t♦t❛❧ ❞❡ V (t, x, z, h)✱ ✐✳❡✳

V̇ (t, x, z, h) =
∂V (t, x, z, h)

∂t
+

∂V (t, x, z, h)T

∂x

dx

dt
+

∂V (t, x, z, h)T

∂z

dz

dt
+

dz

dt
, ✭✺✳✹✳✷✽✮

s❛t✐s❢❛❝❡✱ ♣❛r❛ t♦❞♦ t ∈ R+✱ x ∈ Rn✱ z ∈ Rm ② h ∈ R+✱

V̇ (t, x, z, h) = −
[
x

z

]T [
Q(t) 0

0 0

] [
x

z

]

≤ 0 ✭✺✳✹✳✷✾✮

❝✉❛♥❞♦ Q(t) = QT (t) > 0∀t ≥ 0 ❡♥t♦♥❝❡s✱

✶✳ x(t)✱ z(t) ② h(t) ❡stá♥ ❛❝♦t❛❞❛s ♣❛r❛ t♦❞♦ t ≥ 0 ②

✾✹



✷✳ x(t) ❡s ✐♥t❡❣r❛❜❧❡ ❛❧ ❝✉❛❞r❛❞❛❞♦✱ ✐✳❡✳

∫ ∞

0

‖x(T )‖2dt < ∞. ✭✺✳✹✳✸✵✮

❙✐ ❛❞❡♠ás✱ ẋ t❛♠❜✐é♥ ❡st❛ ❛❝♦t❛❞♦ ❡♥t♦♥❝❡s s❡ t✐❡♥❡ q✉❡

lim
t→∞

x(t) = 0. ✭✺✳✹✳✸✶✮

P♦r ❧♦ t❛♥t♦✱ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ▲❡♠❛ ✺✳✹✳✶ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ ❧♦s ❡rr♦r❡s ❞❡ ♣♦s✐❝✐ó♥ ②

✈❡❧♦❝✐❞❛❞ ♣❡r♠❛♥❡❝❡♥ ❛❝♦t❛❞♦s ② q✉❡ ❡❧ ❡rr♦r ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❡s ✐♥t❡❣r❛❜❧❡ ❛❧ ❝✉❛❞r❛❞♦✱ ❡s ❞❡❝✐r✱

s❛t✐s❢❛❝❡ ❧♦ s✐❣✉✐❡♥t❡✿

∫ ∞

0

‖ė(t)‖2 < ∞. ✭✺✳✹✳✸✷✮

❊♥ r❡❧❛❝✐ó♥ ❝♦♥ ❧♦ ❛♥t❡r✐♦r✱ s❡ ❞❡♠✉❡str❛ q✉❡ ❡❧ ❡rr♦r ❞❡ ✈❡❧♦❝✐❞❛❞ ė t✐❡♥❡ ❛s✐♥tót✐❝❛♠❡♥t❡ ❛

❝❡r♦✳ P♦r ❧♦ t❛♥t♦✱ t♦♠❛♥❞♦ ë ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛③♦ ❝❡rr❛❞♦ ✭✺✳✹✳✶✼✮✱

ë = M−1
r [−Kpe−Kvė− C(ė)ė] ✭✺✳✹✳✸✸✮

s❡ ♣✉❡❞❡ ♥♦t❛r q✉❡ ❧♦s tér♠✐♥♦s ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ s❡ ❡♥❝✉❡♥tr❛♥ ❛❝♦t❛❞♦s ❞❡❜✐❞♦ ❛ q✉❡✱ s❡

❝♦♥♦❝❡ q✉❡ e(t) ② ė(t)✱ ❡stá♥ ❛❝♦t❛❞♦s ② q✉❡ Mr ② C(q) s♦♥ ♠❛tr✐❝❡s ❛❝♦t❛❞❛s q✉❡ ❞❡❜✐❞♦ ❛ q✉❡

s✉s ❛r❣✉♠❡♥t♦s t❛♠❜✐é♥ ❧♦ ❡stá♥✳ ❉❡❜✐❞♦ ❛ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❛❝♦t❛♠✐❡♥t♦ ❞❡ e ② ė✱ s❡ t✐❡♥❡

q✉❡ D(t) = −e(t) +Dref (t) ② v(t) = −ė(t) + vref (t) t❛♠❜✐é♥ s❡ ❡♥❝✉❡♥tr❛♥ ❛❝♦t❛❞♦s ❞❛❞♦ q✉❡

❧❛ ♣♦s✐❝✐ó♥ ❞❡ r❡❢❡r❡♥❝✐❛ Dref ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ r❡❢❡r❡♥❝✐❛ vref t❛♠❜✐é♥ s♦♥ ❢✉♥❝✐♦♥❡s ✈❡❝t♦r✐❛❧❡s

❛❝♦t❛❞❛s✳ ❚♦♠❛♥❞♦ ❡♥ ❝✉❡♥t❛ ❡st❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s✱ ❡❧ ❡rr♦r ❞❡ ❛❝❡❧❡r❛❝✐ó♥ ë(t) ❞❡ ❧❛ ❡①♣r❡s✐ó♥

✭✺✳✹✳✸✸✮ ❡s ✉♥ ✉♥❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦ q✉❡ t❛♠❜✐é♥ ❡st❛ ❛❝♦t❛❞❛✳ ❆ tr❛✈✑❡s

❞❡ ❧♦ ❡st❛❜❧❡❝✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ② ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ▲❡♠❛ ✺✳✹✳✶ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ ❧❛ ✈❡❧♦❝✐❞❛❞

❣r❛❞✉❛❧♠❡♥t❡ t✐❡♥❞❡ ❛❧ ❡q✉✐❧✐❜r✐♦✱

✾✺



lim
t→∞

ė(t) = lim
t→∞

(vref (t)− v(t)) = 0 ∈ Rn. ✭✺✳✹✳✸✹✮

❆✉♥q✉❡ s❡ r❡❛❧✐③ó ✉♥ ❛♥á❧✐s✐s r✐❣✉r♦s♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡st❛❜✐❧✐❞❛❞✱ t❛❧ ② ❝ó♠♦ s❡ ♠❡♥❝✐♦♥❛

♣r❡✈✐❛♠❡♥t❡✱ só❧♦ s❡ ❝♦♠♣r✉❡❜❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❞é❜✐❧ ❞❡ ❡st❛❜✐❧✐❞❛❞✱ ✐✳❡✳✱ ♥♦ ❡s ♣♦s✐❜❧❡ ❝♦♥❝❧✉✐r

❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡❧ ❡rr♦r ❞❡ ♣♦s✐❝✐ó♥ e✳ P❛r❛ ❧♦❣r❛r ❡st♦✱ ❡s ♥❡❝❡s❛r✐♦ ♣r♦❜❛r ❧❛

❡st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❞❡❧ s✐st❡♠❛✳ ❯♥❛ ❞❡ ❧❛s ❢♦r♠❛s ♣♦s✐❜❧❡s ❞❡ r❡❛❧✐③❛r ❡st❛ ❝♦♠♣r♦❜❛❝✐ó♥

❡s ♠❡❞✐❛♥t❡ ❡❧ ✉s♦ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ▼❛tr♦s♦✈✱ ❡❧ ❝✉❛❧ ❡s ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛♥❛❧✐③❛r ❧❛s ❡❝✉❛❝✐♦♥❡s

❞✐❢❡r❡♥❝✐❛❧❡s ♥♦ ❛✉tó♥♦♠❛s✳ ❊st❡ t❡♦r❡♠❛ ❡♥ ♣❛rt✐❝✉❧❛r ❡s ♠✉② út✐❧ ♣❛r❛ ❡st❡ ❝❛s♦ ❞♦♥❞❡ s❡

♦❜t✐❡♥❡ q✉❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❝❛♥❞✐❞❛t❛ ❞❡ ▲②❛♣✉♥♦✈ ❡s s❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛✳ ❊♥

❧❛ s❡❝❝✐ó♥ ❞❡ ❛♥❡①♦s s❡ r❡❛❧✐③❛rá ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❝♦♠♣❧❡t♦✱ ②❛ q✉❡ ❧❛ ❞❡♠♦str❛❝✐ó♥

❝♦♠♣❧❡t❛ ❞❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❣❧♦❜❛❧ ❛s✐♥tót✐❝❛ ❞❡ ❡st❡ ❝♦♥tr♦❧❛❞♦r ❡s ♠✉② ❡①t❡♥s❛ ② ♣♦❞rí❛ ❞❡s✈✐❛r

❡❧ ❡♥❢♦q✉❡ s♦❜r❡ ❡❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✳

✺✳✺ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❱❛r✐❛❜❧❡s ❈❛rt❡s✐❛♥❛s ✭xg✱ yg✮

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ✐♠♣❧❡♠❡♥t❛ ✉♥ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✹✳✹✳✷✺✮✳ ❙❡ ❞✐s❝✉t❡ ❧❛

✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ✉♥ ❝♦♥tr♦❧❛❞♦r ❧✐♥❡❛❧✐③❛♥t❡✱ s✐♠✐❧❛r ❛❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✱ ❞♦♥❞❡ s❡

♦❜t✐❡♥❡ q✉❡ ❧❛③♦ ❞❡ ❝❡rr❛❞♦ ❞❡ ❝♦♥tr♦❧ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ❞✐♥á♠✐❝❛

❧✐♥❡❛❧✐③❛ ❧❛ ❞✐♥á♠✐❝❛ ♥♦ ❧✐♥❡❛❧ ❞❡❧ s✐st❡♠❛✳

❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ ❡s ♣♦s✐❜❧❡ ❝♦♥tr♦❧❛r ❧❛ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘ ❛ tr❛✈és ❞❡❧ ♠♦❞❡❧♦

✭✹✳✹✳✷✺✮✱ ❡❧ ❝✉❛❧ ❡stá ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧✱ ❧♦ ❝✉á❧ t❛♠❜✐é♥ ❡st❛

r❡❧❛❝✐♦♥❛❞♦ ❛ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❧✐♠✐t❛❞❛ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❡ s✐st❡♠❛ r♦ót✐❝♦ ❝♦♥ r❡str✐❝❝✐♦♥❡s

♥♦ ❤♦❧♦♥ó♠✐❝❛s✱ ❛❞❡♠ás✱ s✉ ❝✐♥❡♠át✐❝❛ ② ❞✐♥á♠✐❝❛ s❡ ❡♥❝✉❡♥tr❛♥ ❞❡s❛❝♦♣❧❛❞❛s✳ P♦r ❧♦ t❛♥t♦✱

♣❛r❛ ❧♦❣r❛r ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ✭✺✳✹✳✹✮ ❡s ♥❡❝❡s❛r✐♦ ❛♣❧✐❝❛r ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❛

❧❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡❧ ❘▼❘ ♣❛r❛ ♦❜t❡♥❡r ✉♥ ♠♦❞❡❧♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥

❝❛rt❡s✐❛♥❛✳
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❊❧ ♠♦❞❡❧♦s ❝✐♥❡♠át✐❝♦ ❞❡❧ ❘▼❘ t✐❡♥❡ ❧❛ ❢♦r♠❛ q = Sqv ❞♦♥❞❡ q ❡s ❡❧ ✈❡❝t♦r ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡

❡st❛❞♦ ❝✉②❛s n ❝♦♠♣♦♥❡♥t❡s q ∈ Rn ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ② v ❡s ❡❧ ✈❡❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡

❝♦♥tr♦❧✳ ▲❛s ❝♦♥✜❣✉r❛❝✐ó♥❡s s♦♥ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ♣❛r ✭δm✱ δd✮ ❞♦♥❞❡ δm ❡s ❡❧ ❣r❛❞♦ ❞❡ ♠♦✈✐❧✐❞❛❞

② δd ❡s ❡❧ ❣r❛❞♦ ❞❡ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ ❬✺✷❪✳ ❊❧ ❣r❛❞♦ ❞❡ ♠♦✈✐❧✐❞❛❞ ❡stá ❞❛❞♦ ♣♦r ❧❛ r❡❧❛❝✐ó♥ δm−nr✱

❞♦♥❞❡ nr ❡s ❡❧ ♥ú♠❡r♦ ❞❡ r❡str✐❝❝✐♦♥❡s ❞❡ ♠♦✈✐❧✐❞❛❞✳ ❊❧ ❣r❛❞♦ ❞❡ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦ δd ❡stá

❞❡✜♥✐❞♦ ♣♦r ❡❧ ♥ú♠❡r♦ ❞❡ r✉❡❞❛s ❞✐r❡❝❝✐♦♥❛❧❡s✳ P❛r❛ ❡❧ ❝❛s♦ ❞❡❧ r♦❜♦t ♠ó✈✐❧ ❝♦♥ r✉❡❞❛s ✜❥❛s ②

❝♦♥✜❣✉r❛❝ó♥ ❞✐❢❡r❡♥❝✐❛❧ s❡ t✐❡♥❡ q✉❡ δd = 0 ② δm = 2✱ ②❛ q✉❡ ♣♦s❡❡ ✉♥ r❡str✐❝❝✐ó♥ ♥♦ ❤♦❧♦♥ó♠✐❝❛

✭✹✳✸✳✷✹✮✳ P♦r ❧♦ t❛♥t♦✱ ❡❧ r♦❜♦t ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ q✉❡ ❛♥❛❧✐③❛♠♦s ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣♦r

❡❧ ♣❛r ✭2✱ 0✮✳

▲❛ ❡str✉❝t✉r❛ ❞❡❧ ❘▼❘ ♥♦ t✐❡♥❡ r✉❡❞❛s ♦r✐❡♥t❛❜❧❡s✱ ♣♦r ❧♦ t❛♥t♦ ❡❧ ✈❡❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡

❝♦♥tr♦❧ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ❣r❛❞♦ ❞❡ ♠♦✈✐❧✐❞❛❞ δm = 2✳ ❊♥ ❬✽❪ ②❛ s❡ ❤❛ ❞❡♠♦str❛❞♦ q✉❡ ❧❛ ♠❛tr✐③

❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ t✐❡♥❡ ✉♥ r❛♥❣♦ δm + δd✳ ❉❛❞♦ q✉❡ ✉♥ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ t✐❡♥❡

r❛♥❣♦✱ ❞❡s❝❛rt❛ ✉♥ ❣r❛❞♦ ❞❡ ♠♦✈✐❧✐❞❛❞ ② ♣♦r ❧♦ t❛♥t♦ ♥♦ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡✳

▲❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡♥ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s ❡st❛ ❡st❛❜❧❡❝✐❞❛ ♣♦r ❡❧ ✉♥ ❝♦♥❝❡♣t♦ ❝♦♥♦❝✐❞♦

❝♦♠♦ ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❞❡❧ s✐st❡♠❛✳ ❊❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ ✭✹✳✹✳✷✺✮ s❡ r❡❡①♣r❡s❛ ♣❛r❛ ❧♦s

❛♥á❧✐s✐s ♣♦st❡r✐♦r❡s ❡♥ ❧❛ ❢♦r♠❛ ♥♦ ❧✐♥❡❛❧ ❛❢í♥ ❛❧ ❝♦♥tr♦❧✱

ẋ = f(x) + g(x)u

y = h(x) ✭✺✳✺✳✶✮

❙❡ ❞❡✜♥❡ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s ❞❡❧ s✐st❡♠❛❀ ❊❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧

❘▼❘ ❡s x1 = [xT
g yTg θT ]T ✱ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s q✉❡ ❞❡s❝r✐❜❡ ❧❛ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘ ❡s

x2 = [DT θT ]T ✱ ❡❧ ✈❡❝t♦r ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❧♦❝❛❧❡s ❞❡❧ ❘▼❘ ❡s x3 = [vT θ̇T ]T ② ❞♦♥❞❡ u ❡s ❧❛

❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧ ❞❡ ♣❛r❡s τ q✉❡ s❡ ❜✉s❝❛ ♣❛r❛ ❝♦♥tr♦❧❛r ❛❧ ❘▼❘✱ ❡♥t♦♥❝❡s
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ẋ1 = q̇ = Sq(x2)x3

ẋ2 = x3

ẋ3 = M−1
r [Bu− C(x3)] = M−1

r Bτ −M−1
r C(x3) ✭✺✳✺✳✷✮

❞♦♥❞❡✱

f(x) =





Sq(x2)x3

x3

M−1
r C(x3)





g(x) =





0
0

M−1
r B





h(x) = x1 ∈ R2 ✭✺✳✺✳✸✮

▲❛ ❡❝✉❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡❧ ❘▼❘ ❛❤♦r❛ q✉❡❞❛ ❡①♣r❡s❛❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥❡s ✭✺✳✺✳✶✮ ② ✭✺✳✺✳✸✮ ❡♥

s✉ ❢♦r♠❛ ♥♦ ❧✐♥❡❛❧ ❛❢í♥ ❛❧ ❝♦♥tr♦❧✳ ▲❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❜❛s❡ ❛

❧♦ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡s❝r✐t♦✱ ❞♦♥❞❡ s❡ r❡❧❛❝✐♦♥❛♥ ❧♦s ❣r❛❞♦s ❞❡ ♠♦✈✐❧✐❞❛❞ ② ❞❡ ❞✐r❡❝❝✐♦♥❛♠✐❡♥t♦✳

▲❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s s♦♥ út✐❧❡s ♣❛r❛ ❛s❡❣✉r❛r r✐❣✉r♦s❛♠❡♥t❡ q✉❡ ❡❧ s✐st❡♠❛ ❡s ❝♦♥tr♦❧❛❜❧❡

♣♦r ❡st♦s ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧✳

❊❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❡s ✉♥ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ❡❧ ❝✉á❧ ❡st❛ ❡①♣r❡s❛❞♦ ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥

❧♦❝❛❧ ❞❡❧ ❘▼❘✱ ❞❛❞♦ q✉❡ s❡ ❞❡s❡❛ ❝♦♥tr♦❧❛r ❧❛ ♣♦s✐❝✐ó♥ ❛❜s♦❧✉t❛ ♦ ❝❛rt❡s✐❛♥❛✱ ♣♦r ❡st❡ ♠♦t✐✈♦✱

❡s ♥❡❝❡s❛r✐♦ ❛♣❧✐❝❛r tr❛♥s❢♦r♠❛❝✐♦♥❡s ❛ ❧♦s ❡st❛❞♦s ♥♦ ❧✐♥❡❛❧❡s ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦✱ ❛sí ❝♦♠♦

t❛♠❜✐é♥✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ♣❛r❛ ❧✐♥❡❛❧✐③❛❧ ❡❧ s✐st❡♠❛ ❞❡❧

❘▼❘✳ ❙❡ ❞❡✜♥❡ ❜r❡✈❡♠❡♥t❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦✱ ❡st❛ tr❛♥s❢♦r♠❛❝✐ó♥ q✉❡ s❡ ✉s❛ ❡♥ ❡❧

♠♦❞❡❧♦ s❡ ❧❡ ❝♦♥♦❝❡♥ ❝♦♠♦ ❞❡r✐✈❛❞❛s ❞❡ ▲✐❡✳

❉❡✜♥✐❝✐ó♥ ✺✳✺✳✶ ✭❉✐❢❡♦♠♦r✜s♠♦s✮✳ ❬✹✶❪ ❙❡❛ p ✉♥ ♣✉♥t♦ ❡♥En✱ ❡❧ ❡s♣❛❝✐♦ ❊✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✱
② U ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ p✳ ❙❡❛ ϕ : U → V ⊂ Rn ✉♥ ♠❛♣❡♦ ✉♥♦ ❛ ✉♥♦ ② ❜✐②❡❝t✐✈♦✳ ❙✐ ϕ(x) ② ϕ−1(x)

✾✽



s♦♥ ♠❛♣❡♦s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s C∞ ✭♠❛♣❡♦s s✉❛✈❡s✮✱ ϕ ❡s ❧❧❛♠❛❞♦ ✉♥ ❞✐❢❡♦♠♦r✲
✜s♠♦✳ ❙✐ ϕ(x) ② ϕ−1(x) ❡stá♥ ❞❡✜♥✐❞♦s ❡♥ Rn ② s♦♥ ♠❛♣❡♦s s✉❛✈❡s✱ ❡♥t♦♥❝❡s ϕ ❡s ❛❞❡♠ás ✉♥
❞✐❢❡♦♠♦r✜s♠♦ ❣❧♦❜❛❧✳

❉❡✜♥✐❝✐ó♥ ✺✳✺✳✷ ✭❉❡r✐✈❛❞❛s ▲✐❡✮✳ ❬✹✶❪ ❙✐ f ❡s ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ s✉❛✈❡ ❡♥ U ② h ✉♥❛ ❢✉♥❝✐ó♥
s✉❛✈❡ ❡♥ U ❡♥t♦♥❝❡s f(h) ❡s ❧❛ ❢✉♥❝✐ó♥ s✉❛✈❡ ❡♥ U ❞❡✜♥✐❞❛ ♣♦r

f(h)(p) =
n∑

i=1

fi(p)

(
∂h

∂xi

)

(p).

❯♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ ♣✉❡❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♥ ♦♣❡r❛❞♦r q✉❡ ♠❛♣❡❛ ❧❛ ❢✉♥❝✐ó♥ h ❡♥ ❧❛
❢✉♥❝✐ó♥ f(h)✳ ▲❛ ❢✉♥❝✐ó♥ f(h) ❡s ❧❧❛♠❛❞❛ ❧❛ ❞❡r✐✈❛❞❛ ▲✐❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ h ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❝❛♠♣♦
✈❡❝t♦r✐❛❧ f ❀ ❡s ✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞♦ ❝♦♠♦ Lfh✳ ▲❛ ❞❡r✐✈❛❞❛ ▲✐❡ Lfh ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ s✉❛✈❡ h ❛
❧♦ ❧❛r❣♦ ❞❡ ✉♥ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ f ❡s t❛♠❜✐é♥ ❞❡♥♦t❛❞♦ ♣♦r 〈dh, f〉✳ ▲❛s ❞❡r✐✈❛❞❛s ▲✐❡ r❡♣❡t✐t✐✈❛s
❛ ❧♦ ❧❛r❣♦ ❞❡❧ ♠✐s♠♦ ❝❛♠♣♦ ✈❡❝t♦r✐❛❧ f s♦♥ ❞❡♥♦t❛❞❛s ❝♦♠♦ Li

fh = Lf (L
i−1
f h)✱ L1

fh = Lfh✱
L0
fh = h✳

❊❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s C∞ ❡♥ U ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ s♦❜r❡ R ② s♦❜r❡
C∞(p)✱ ✐✳❡✳

Lαf1+βf2h = αLf1h+ βLf2h

❞♦♥❞❡ α, β ∈ C∞(p)✳

▲❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s r❡q✉❡r✐❞❛s ♣❛r❛ ❧❛ ❛♣❧✐✲
❝❛❝✐ó♥ ❞❡❧ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ ▲✐❡✱ ✐✳❡✳✱ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡ s✉ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧
❡stá♥ ❞❡✜♥✐❞❛s ♣❛r❛ t♦❞♦ t ∈ R✳

❊❧ ❞✐❢❡♦♠♦r✜s♠♦ ✭✺✳✺✳✷✮ ❛♣❧✐❝❛❞♦ ❛❧ s✐st❡♠❛ ✭✺✳✺✳✶✮✱

• i = 0

LgL
0
fh = Lgh = 〈dh, g〉

=
[
1 0 0

]





0
0

M−1
r B



 = 0 ✭✺✳✺✳✹✮

• i = 1

Lfh = 〈dh, f〉

=
[
1 0 0

]





Sq(x2)x3

x3

−M−1
r C(x3)



 = Sq(x2)x3, ✭✺✳✺✳✺✮

✾✾



❡♥t♦♥❝❡s✱

LgL
(1)
f h = 〈d(Sq(x2)x3), g〉

=
[

0 ∂Sq(x2,)x3

∂xx2
Sq(x2)

]





0
0

M−1
r B



 = S(x2)x3M
−1
r B 6= 0 ✭✺✳✺✳✻✮

ρ− 1 = i

ρ− 1 = 1

ρ = 2 ✭✺✳✺✳✼✮

❞♦♥❞❡ rho = 2 ❡s ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ② ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ r❡❧❛❝✐ó♥ δm + δd = 2✱ ♣♦r ❧♦

t❛♥t♦

r❛♥❦





df
dLfh
dLi

fh



 = r❛♥❦

[

1 0 0

0 ∂Sq(x2,)x3

∂xx2
Sq(x2)

]

= 2. ✭✺✳✺✳✽✮

Lρ
fh = L2

fh

= LfLfh

= Lf (Sq(x2))

= 〈d(Sq(x2)x3, f)〉

=
[

0 ∂Sq(x2,)x3

∂xx2
Sq(x2)

]





Sq(x2)x3

x3

−M−1
r C(x3)



 ✭✺✳✺✳✾✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡✜♥❡♥ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ s♦♥ ♣❛rt✐❝✉❧❛r♠❡♥t❡ út✐❧❡s ♣❛r❛ ❞❡s❝r✐❜✐r

❛❧ s✐st❡♠❛ q✉❡ s❡ ❞❡s❡❛ tr❛♥s❢♦r♠❛r ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s ❛ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡s❡❛❞❛s ❞❡ ❝♦♥tr♦❧✳

✶✵✵



❉❡✜♥✐❝✐ó♥ ✺✳✺✳✸ ✭●r❛❞♦ ❘❡❧❛t✐✈♦✮✳ ❬✹✶❪ ❊❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ρ ❞❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡ ❞❡✜♥❡ ❝♦♠♦
❡❧ ❡♥t❡r♦ t❛❧ q✉❡✱

LgL
i
fh(x) = 0, ∀x ∈ U0, 0 ≤ i ≤ ρ− 2

LgL
i
fh(x) 6= 0, ∀x ∈ U0 ✭✺✳✺✳✶✵✮

❡♥ ❞♦♥❞❡ U0 ❡s ✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡❧ ♦r✐❣❡♥✱ s✐✿

LgL
i
fh(x) = 0, ∀x ∈ U0, ∀i ≥ 0 ✭✺✳✺✳✶✶✮

s❡ ❞✐❝❡ q✉❡ ρ = ∞✳

❊♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r s❡ ❞❡✜♥❡ ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❛❧r❡❞❡❞♦r ❞❡❧ ♦r✐❣❡♥✱ s✐♥ ❡♠❜❛r❣♦✱ ❡st❛

❞❡✜♥✐❝✐ó♥ ♣✉❡❞❡ ❣❡♥❡r❛❧✐③❛rs❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ♦tr♦ ♣✉♥t♦ ❞❡❧ ❡s♣❛❝✐♦ Rn ❛ tr❛✈és ❞❡ ❧❛ s✐❣✉✐❡♥t❡

❞❡✜♥✐❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✺✳✺✳✹ ✭●r❛❞♦ ❘❡❧❛t✐✈♦ ●❧♦❜❛❧✮✳ ❬✹✶❪ ❊❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❣❧♦❜❛❧ ρ ❞❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡
❞❡✜♥❡ ❝♦♠♦ ❡❧ ❡♥t❡r♦ t❛❧ q✉❡✱

LgL
i
fh(x) = 0, ∀x ∈ Rn, 0 ≤ i ≤ ρ− 2

LgL
i
fh(x) 6= 0, ∀x ∈ Rn, ✭✺✳✺✳✶✷✮

s✐✿

LgL
i
fh(x) = 0, ∀x ∈ Rn, ∀i ≥ 0 ✭✺✳✺✳✶✸✮

s❡ ❞✐❝❡ q✉❡ ρ = ∞

◆♦t❛ ✺✳✺✳✶✳ ❬✹✶❪ ❊❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ρ ❡s ✐♥✈❛r✐❛♥t❡ ❜❛❥♦ ❧❛ ❛❝❝✐ó♥ ❞❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡ r❡tr♦❛❧✲
✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ♥♦ ❧✐♥❡❛❧❡s✳ ▲❛ ❝♦♥❞✐❝✐ó♥ ✭✺✳✺✳✶✸✮ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❝✉❛❧q✉✐❡r ❝❛♠❜✐♦
❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s✳ ▲❛ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ u = k(x) + β(x)v tr❛♥s❢♦r♠❛ f ❡♥

✶✵✶



f̃ = f + kg ② g ❡♥ g̃ = βg✳ ❙✉ Lgh = 0✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ Lg̃ = β(Lgh) = 0✳ Pr♦❝❡❞✐❡♥❞♦ ♣♦r
✐♥❞✉❝❝✐ó♥✿ s✉♣ó♥✐❡♥❞♦ q✉❡

LgL
i
fh = 0, 0 ≤ i ≤ j ✭✺✳✺✳✶✹✮

❧♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Li
fh = Li

f̃
h✱ 1 ≤ i ≤ j + 1❀ s❡ ❛✜r♠❛ q✉❡ s✐

LgL
j+1
f h = 0 ✭✺✳✺✳✶✺✮

❡♥t♦♥❝❡s

Lg̃L
j+1

f̃
h = 0 ✭✺✳✺✳✶✻✮

❡♥t♦♥❝❡s✱ ❧❛s s✉♣♦s✐❝✐♦♥❡s ✭✺✳✺✳✶✺✮ ② ✭✺✳✺✳✶✻✮ ✐♠♣❧✐❝❛♥

Lg̃L
j+1

f̃
h = βLg(L

j+1
f h) = 0 ✭✺✳✺✳✶✼✮

❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ s✐ LgL
ρ−1
f h 6= 0✱ ❡♥t♦♥❝❡s Lg̃L

ρ−1

f̃
h 6= 0✳

◆♦t❛ ✺✳✺✳✷✳ ❬✹✶❪ ❊❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ρ ❡s ✐❣✉❛❧ ❛❧ ♦r❞❡♥ ♠❡♥♦r ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡ s❛❧❞❛ r❡s♣❡❝t♦
❛❧ t✐❡♠♣♦ ❡♥ ❧❛ q✉❡ ❛♣❛r❡❝❡ ❧❛ ❡♥tr❛❞❛ u ❝♦♥ ✉♥ ❝♦❡✜❝✐❡♥t❡ ♥♦ ♥✉❧♦✳ ❊♥t♦♥❝❡s ♣❛r❛ ❡❧ s✐st❡♠❛
✭✺✳✺✳✶✮✱

y(p) =
dph(x)

dtp
= Lρ

fh+ uLgL
ρ−1
f h ✭✺✳✺✳✶✽✮

❞♦♥❞❡ ❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ u ❡s LgL
ρ−1
f h 6= 0 ❡♥ U0✳ ❙✐ ρ = ∞✱ ❧❛s ❞❡r✐✈❛❞❛s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ y

❞❡ ❝✉❛❧q✉✐❡r ♦r❞❡♥ ♥♦ s♦♥ ❛❢❡❝t❛❞❛s ♣♦r ❧❛ ❡♥tr❛❞❛ u ♣❛r❛ ❝✉❛❧q✉✐❡r x ∈ U0✳

▲♦s s✐❣✉✐❡♥t❡ ❧❡♠❛s s✐r✈❡♥ ♣❛r❛ ❞❡✜♥✐r ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s

❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛s q✉❡ s❡rá♥ út✐❧❡s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❧✐♥❡❛❧✐③❛♥t❡ ❝♦♥ ❣r❛❞♦ r❡❧❛t✐✈♦ ρ < ∞✳

✶✵✷



▲❡♠❛ ✺✳✺✳✶✳ ❬✹✶❪ ❙✉♣ó♥❣❛s❡ q✉❡ ρ < ∞ ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮✳ ❊♥t♦♥❝❡s ρ ≤ n ②

rank{dh(x), . . . , d(Li−1
f h(x))} = i. ∀x ∈ U0

♣❛r❛ ❝❛❞❛ i = 1, . . . , ρ✳

▲❡♠❛ ✺✳✺✳✷✳ ❬✹✶❪ ❙✉♣ó♥❣❛s❡ q✉❡ ρ ≤ ρ ♣❛r❛ ❡❧ s✐st❡♠❛✳ ❊♥t♦♥❝❡s ❡①✐st❡♥ n− ρ ❢✉♥❝✐♦♥❡s ξi(x)✱
1 ≤ i ≤ n− ρ✱ t❛❧ q✉❡✿

✐ ▲❛s ❢✉♥❝✐♦♥❡s

ξ1(x), . . . , ξn−ρ(x), h(x), . . . , L
ρ−1
f h(x)

❢♦r♠❛♥ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❝❡r❝❛ ❞❡❧ ♦r✐❣❡♥❀

✐✐ 〈dξi, g〉 = 0✱ 0 ≤ i ≤ n− ρ✳ ❊♥ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s

(ξ, z) = (ξ(x), z(x)) = (ξ1(x), . . . , ξn−ρ(x), z1(x), . . . , zp(x))

= (ξ1(x), . . . , ξn−ρ(x), h(x), . . . , L
ρ−1
f (x))

❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡ ❡①♣r❡s❛ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ ✭t❛♠❜✐é♥ ❧❧❛♠❛❞❛ ❢♦r♠❛ ♥♦r♠❛❧✮

ξ̇ = φ(ξ, z)

żi = zi+1, 1 ≤ i ≤ ρ− 1

żρ = Lρ
fh+ uLgL

ρ−1
f h

y = z1

✭✺✳✺✳✶✾✮

❙✐✱ ❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❣❧♦❜❛❧ ρ ❡st❛ ❜✐❡♥ ❞❡✜♥✐❞♦ ❝♦♥ ρ ≤ n ②

✐✐✐ ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s

f̃ = f −
Lρ
fh

LgL
ρ−1
f h

g, g̃ =
1

LgL
ρ−1
f h

g

s♦♥ ❝♦♠♣❧❡t♦s✱ ❡♥❝♦♥t❡s ❡①✐st❡ ✉♥ ❞✐❢❡♦♠♦r✜s♠♦ ❣❧♦❜❛❧ q✉❡ tr❛♥s❢♦r♠❛ ✭✺✳✺✳✶✮ ❡♥ ❧❛ ❢♦r♠❛
❞❡ s❡❣✉✐♠✐❡♥t♦ ✭✺✳✺✳✶✾✮✳

◆♦t❛ ✺✳✺✳✸✳ ❬✹✶❪ ▲❛s ❢✉♥❝✐♦♥❡s ξ1(x), ξn−ρ(x) s♦♥ ❡❧❡❣✐❞❛s ❡①♣❧í❝✐t❛♠❡♥t❡ t❛❧❡s q✉❡ 〈dξi, g〉 =

0, 1 ≤ i ≤ n − ρ✳ P♦r ♦tr♦ ❧❛❞♦✱ s✐ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s (h, . . . , Lρ−1
f h, ξ1, . . . , ξn−ρ) s♦♥

❞❡t❡r♠✐♥❛❞❛s s✐♠♣❧❡♠❡♥t❡ ♣♦r ❧❛s ❢✉♥❝✐♦♥❡s ❡s❝♦❣✐❞❛s ξ1, . . . , ξn−ρ t❛❧❡s q✉❡

✶✵✸



rank{dh, . . . , d(Lρ−1
f h), dξ1, . . . , dξn−ρ} = n,

❡♥ t❛❧❡s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧❡s ❡❧ s✐st❡♠❛ s❡ ❡①♣r❡s❛ ❝♦♠♦

ξ̇ = φ1(ξ, z) + φ2(ξ, z)u

żi = zi+1, 1 ≤ i ≤ ρ− 1

żρ = Lρ
fh+ uLgL

ρ−1
f h

y = z1 ✭✺✳✺✳✷✵✮

▲❡♠❛ ✺✳✺✳✸✳ ❬✹✶❪ ❙✐ ❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ t✐❡♥❡ ❣r❛❞♦ r❡❧❛t✐✈♦ ρ ≤ n✱ ❡♥t♦♥❝❡s ❡s ❧♦❝❛❧♠❡♥t❡
♣❛r❝✐❛❧♠❡♥t❡ ❧✐♥❡❛❧✐③❛❜❧❡ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❝♦♥ í♥❞✐❝❡ ρ✳

❙✐ ρ ≤ n✱ ♣♦r ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ▲❡♠❛ ✺✳✺✳✷✱ ❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡ ❡①♣r❡s❛ ❡♥ ❧❛s ♥✉❡✈❛s

❝♦♦r❞❡♥❛❞❛s (ξ, z) ② q✉❡❞❛r ❡①♣r❡s❛❞♦ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ ✭✺✳✺✳✶✾✮✳

✺✳✺✳✶ ❈♦♥tr♦❧❛❞♦r ▲✐♥❡❛❧✐③❛♥t❡ ♣♦r ●❡♦♠❡trí❛ ❉✐❢❡r❡♥❝✐❛❧

❊❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ t✐❡♥❡ ❝♦♠♦ ♦❜❥❡t✐✈♦s ♣r✐♥❝✐♣❛❧❡s ❡❧ s❡❣✉✐♠✐❡♥t♦ ② ❧❛

❡st❛❜✐❧✐③❛❝✐ó♥ ❞❡❧ ❘▼❘ ❛❧r❡❞❡❞♦r ❞❡ ✉♥❛ tr❛②❡❝t♦r✐❛✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ s❡❛ ♣♦s✐❜❧❡ ❞♦t❛r❧❡ ✉♥ ❝♦♠✲

♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦✱ ❝♦♠♦ ✉♥❛ ♣❛rtí❝✉❧❛ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ♦ ❜✐❡♥✱ ✉♥❛ ❝♦♥♠❜✐♥❛❝✐ó♥

❞❡ ❛♠❜♦s t✐♣♦s ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦✳

❊❧ s✐st❡♠❛ tr❛♥s❢♦r♠❛❞♦ ❝♦♥ ❡❧ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ ▲✐❡ ✭✺✳✺✳✷✮ ❡①♣r❡s❛ ❡❧ s✐st❡♠❛

❡♥ s✉ ❢♦r♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ ♥♦r♠❛❧✱

ξ̇1 = ẋ2 = x3 = S−1
q (ξ1)z2

ż1 = Sq(x2)x3 = z2

ż2 =
∂Sq(x2)x3

∂xx2

− Sq(x2)M
−1
r C(x3) + Sq(x2)M

−1
r Bu

y = z1 ✭✺✳✺✳✷✶✮
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❡❧ ♠♦❞❡❧♦ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ q✉❡❞❛ ❞❡✜♥✐❞♦ ❝♦♠♦✱

ξ̇1 = S−1
q (ξ1)z2

ż1 = z2

ż2 = Ṡq(ξ1)S
−1
q (ξ1)z2 − Sq(ξ1)M

−1
r C(ξ1) + Sq(ξ1)M

−1
r Bu

y = z1 ✭✺✳✺✳✷✷✮

❆❧ ❞❡s❛rr♦❧❧❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ tr❛♥s❢♦r♠❛ ❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘ ✭✹✳✹✳✷✺✮ ❛ ✉♥ s✐st❡♠❛ ❝♦♥

❧♦s ❡st❛❞♦s ✭ξ✱ z✮ ✭✺✳✺✳✷✷✮✱ ❞❡ ❡st❡ ♠♦❞♦✱ ❡❧ ❝♦♥tr♦❧ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s u ♣❡r♠✐t❡

❧✐♥❡❛❧✐③❛r ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✱ ❝♦♥ í♥❞✐❝❡ ρ ≤ n✱ ❞❡✜♥✐❞♦ ♣♦r

u =
−Lρ

gh(yr, ξ1)

LgL
ρ−1
f h(yr, ξ1)

+
1

LgL
ρ−1
f h(yr, ξ1)

ν ✭✺✳✺✳✷✸✮

❞♦♥❞❡ ν ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❝♦♥tr♦❧ ❛✉①✐❧✐❛r ♣❛r❛ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧✐③❛❞♦✿

P❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❡st❡ t✐♣♦ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s ❡st❛❜✐❧✐③❛♥t❡s ② ❞❡ s❡❣✉✐♠✐❡♥t♦ ♣❛r❛

s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s ❝♦♠♦ ❡❧ ❞❡❧ ❘▼❘✱ ❛❧ ❛♣❧✐❝❛r ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧ ❧✐♥❡❛❧✐③❛♥t❡✱ ❧❛ ❡st❛❜✐❧✐③❛❝✐ó♥

s❡ r❡❛❧✐③❛ ❛❧r❡❞❡❞♦r ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳ ❊st♦ ✐♥❝❧✉②❡ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❝✉❛♥❞♦

yr(t) = 0✳ ▲♦s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s ② t❡♦r❡♠❛s ❣❛r❛♥t✐③❛♥ q✉❡ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ♣♦r

♠❡❞✐♦ ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s q✉❡ s❡ ❞✐s❡ñó ❡♥ ❡st❛ s❡❝❝✐ó♥ ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮

♣❡r♠✐t❡ r❡❛❧✐③❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛✳

❉❡✜♥✐❝✐ó♥ ✺✳✺✳✺ ✭❙❡❣✉✐♠✐❡♥t♦ ♣♦r ❘❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❊st❛❞♦s ❊stát✐❝❛✮✳ ❬✹✶❪ ❉❛❞❛ ✉♥❛
s❡♥ñ❛❧ ❞❡ r❡❢❡r❡♥❝✐❛ ❛❝♦t❛❞❛ s✉❛✈❡ yr(t) ❝♦♥ ❞❡r✐✈❛❞❛s ❡♥ ❡❧ t✐❡♠♣♦ ❛❝♦t❛❞❛s y(1)r , . . . , y

(ρ)
r (t)✱ ❡❧

♣r♦❜❧❡♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ s❡ ❞✐❝❡ q✉❡ ❡s ❣❧♦❜❛❧♠❡♥t❡ r❡s♦❧✉❜❧❡ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s
❡stát✐❝❛ ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s✐ ❡①✐st❡ ✉♥ ❝♦♥tr♦❧✳

u = k(x) + β(x)νr(yr(t), . . . , y
(ρ)
r (t) ✭✺✳✺✳✷✹✮

t❛❧ q✉❡✱
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✐ ‖x(t)‖esacotada✱ ∀t ≥ 0✱

✐✐ limt→∞(y(t)− yr(t)) = 0✱

✐✐✐ β(x) 6= 0✱ ∀x ∈ Rn✱

✐✈ k ② β s♦♥ ❢✉♥❝✐♦♥❡s s✉❛✈❡s ❡♥ Rn

❞♦♥❞❡ ν ❡s ❧❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥♦❝✐❞❛ ❝♦♠♦ ❝♦♥tr♦❧ ❛✉①✐❧✐❛r✱ t❛❧ q✉❡✱ ❞❛❞❛ ❝✉❛❧q✉✐❡r ❝♦♥❞✐✲
❝✐ó♥ ✐♥✐❝✐❛❧ x(0) ∈ Rn ♣❛r❛ ❡❧ s✐st❡♠❛ ❡♥ ❧❛③♦ ❝❡rr❛❞♦✱

ẋ = f(x) + g(x)k(x) + g(x)β(x)ν

y = h(x) ✭✺✳✺✳✷✺✮

❚❡♦r❡♠❛ ✺✳✺✳✶ ✭❙❡❣✉✐♠✐❡♥t♦ ♣♦r ❘❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❊st❛❞♦s ❊stát✐❝❛✮✳ ❬✹✶❪ ❈♦♥s✐❞ér❡s❡ ❡❧
s✐st❡♠❛ ✭✺✳✺✳✶✮ ② s✉♣ó♥❣❛s❡ q✉❡✿ ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❣❧♦❜❛❧ ❡st❛ ❜✐❡♥ ❞❡✜♥✐❞♦ ❝♦♥ ρ ≤ n✱ ❧❛ ❞✐♥á♠✐❝❛
❞❡ s❡❣✉✐♠✐❡♥t♦ t✐❡♥❡ ❡st❛❞♦s ❛❝♦t❛❞♦s ♣❛r❛ ❡♥tr❛❞❛s ❛❝♦t❛❞❛s✱ ② ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s✱

f̃ = f −
Lρ
fh

LgL
ρ−1
f h

g, g̃ =
1

LgL
ρ−1
f h

g ✭✺✳✺✳✷✻✮

s♦♥ ❝♦♠♣❧❡t♦s✳ ❊♥t♦♥❝❡s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡s ❣❧♦❜❛❧♠❡♥t❡ r❡s♦❧✉❜❧❡ ♣♦r r❡tr♦❛❧✐✲
♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❡stát✐❝❛✳

▲❛ ❧❡② ❞❡ ❝♦♥tr♦❧ q✉❡ ♣❡r♠✐t❡ r❡❛❧✐③❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❧❛ s❛❧✐❞❛ ❛ ✉♥❛ s❡ñ❛❧ ❞❡ r❡❢❡r❡♥❝✐❛

yr(t) ♠❡❞✐❛♥t❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ❡stát✐❝❛ ♣❛r❛ ❡❧ s✐st❡♠❛ ❡stá ❞❛❞❛ ♣♦r ❡❧ ❝♦♥tr♦❧

❧✐♥❡❛❧✐③❛♥t❡✱

u =
[
Sq (ξ1)M

−1
r B

]−1
[

−Ṡq (ξ1)Sq (ξ1)
−1 z2 + Sq (ξ1)M

−1
r C (ξ1) + ν

]

, ✭✺✳✺✳✷✼✮

② ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ❛✉①✐❧✐❛r ν ❞❡✜♥✐❞❛ ❝♦♠♦✱

ν = −K1(y(t)− yr(t))−K2(y
(1)(t)− y(1)r (t))− . . .

. . .−Kρ(y
(ρ−1)(t)− y(ρ−1)

r (t)) + yρr (t) ✭✺✳✺✳✷✽✮

✶✵✻



❞♦♥❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ❝♦♥st❛♥t❡s Ki (i = {1, 2, . . . , ρ}) ❞❡❜❡♥ s❡r t❛❧❡s q✉❡ ❧❛ ♠❛tr✐③

r❡s✉❧t❛♥t❡ s❡❛ ✉♥ ♣♦❧✐♥♦♠✐♦ ❍✉r✇✐t③✳

ν = −K1(yr − y)−K2(ẏr − ẏ) + ÿr

= −K1e−K2ė+ ÿr ✭✺✳✺✳✷✾✮

❊st♦s r❡s✉❧t❛❞♦s ♣❡r♠✐t❡♥ q✉❡ ❧❛ ❞✐♥ ✁♠✐❝❛ ❞❡❧ s✐st❡♠❛ ✭✺✳✺✳✶✮ s❡ ❡st❛❜✐❧✐③❡ ❡♥ ❡❧ ♦r✐❣❡♥✱ ✐✳❡✳✱ s❡

❧♦❣r❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❧❛ tr❛②❡❝t♦r✐❛ ❞❡ r❡❢❡r❡♥❝✐❛ yr(t) ❝♦♥ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡❧ ❝♦♥tr♦❧ ❛✉①✐❧✐❛r ν✳

❊❧ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘

♣♦r ♠❡❞✐♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ♦ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧ ❡stá ✐❧✉str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✹✳

❋✐❣✉r❛ ✺✳✹✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❧✐♥❡❛❧✐③❛♥t❡ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s
✉s❛♥❞♦ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✳

▲❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❞❡❧ ♠♦❞❡❧♦ ❡①♣r❡s❛❞♦ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ s❡❣✉✐♠✐❡♥t♦ r❡s✉❧t❛ ❡♥ ✉♥

s✐st❡♠❛ ❧✐♥❡❛❧✐③❛❞♦ ❝♦♥ ❧❛ ♠✐s♠❛ ❝♦♥ ❧❛ ♠✐s♠❛ ❡str✉❝t✉r❛ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❞❡❧

❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✳ ❊❧ ❛♥á❧✐s✐s ❞❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡t❡r♠✐♥❛ ❛❧ ♦r✐❣❡♥ ❝♦♠♦ ❡❧

ú♥✐❝♦ ❡q✉✐❧❜r✐♦ ❞❡❧ s✐st❡♠❛✳ ❆❞❡♠ás✱ s❡ ❣❛r❛♥t✐③❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ❞❡❧ ♠✐s♠♦ ♠♦❞♦

q✉❡ ❡♥ ❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦✱ ❞♦♥❞❡ s❡ ❡①♣♦♥❡ ✉♥ ♠ét♦❞♦ ♣❛r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛

♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ♠❛tr✐❝✐❛❧ r❡s✉❧t❛♥t❡ s❡❛

✉♥ ♣♦❧✐♥♦♠✐♦ ❍✉r✇✐t③✳

✶✵✼



P❛r❛ ❧♦❣r❛r ❡❧ ❝♦♥tr♦❧ ❞❡ ❘▼❘ ❞❡ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ s❡ ✐♠♣❧❡♠❡♥t❛r♦♥ ✈❛r✐❛s ♠❡t♦❞♦❧♦❣í❛s

❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❧♦❣r❛r ❡❧ s❡❣✉✐♠✐❡♥t♦ ♣r❡❝✐s♦ ❞❡ tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛✳ ❆❞❡♠ás✱ ❡♥ ❧❛s

❞✐st✐♥t❛s ❧❡②❡s ❞❡ ❝♦♥tr♦❧ s❡ ❧❧❡✈♦ ❛ ❝❛❜♦ ❡❧ ❝♦♥tr♦❧ ❞❡ ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❧♦✲

❝❛❧ ② ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘✳ ▲❛s ✈❛r✐❛❜❧❡s ❞❡ ❝♦♥tr♦❧ ❡st❛♥ ❞❡s❛❝♦♣❧❛❞❛s ② ♣♦r ♠❡❞✐♦ ❞❡❧ ❝♦♥tr♦❧

❞✐♥á♠✐❝♦ só❧♦ ❡s ♣♦s✐❜❧❡ ❝♦♥tr♦❧❛r ❧❛ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘ ② ❧❛s ✈❛r✐❛❜❧❡s ❞❡s❛❝♦♣❧❛❞❛s ❞❡❧

❝♦♥tr♦❧ s❡ ❧❡ ❝♦♥♦❝❡ ❝♦♠♦ ✈❛r✐❛❜❧❡s ❞❡ ❞✐♥á♠✐❝❛ ✐♥t❡r♥❛✳ ▲❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐✬♦♥ ❝❛rt❡s✐❛♥❛ s❡

❝♦♥tr♦❧❛♥ ♣♦r ♠❡❞✐♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ tr❛♥s❢♦r♠❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧

❘▼❘ ② ♥♦s ♣❡r♠✐t❡ s❡❧❡❝❝✐♦♥❛r ❛❝❝❡❞❡r ❛ ❡st❛s ✈❛r✐❛❜❧❡s ♣❛r❛ ❝♦♥tr♦❧❛r ❧❛ ♣♦s✐❝✐ó♥ ❡♥ ❡❧ ♠❛r❝♦

✐♥❡r❝✐❛❧ ♦ ❣❧♦❜❛❧ ✭❝❛rt❡s✐❛♥♦✮ ❞❡❧ ❘▼❘✳ P♦r t❛❧ ♠♦t✐✈♦ s❡ r❡✈✐s❛r♦♥ ❧❛s ❞✐st✐♥t❛s ♠❡t♦❞♦❧♦❣í❛s✱

♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❡❧ ❝♦♥tr♦❧ ❡♥ ❧♦s ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥✳ ❊♥ ❝♦♥❝❧✉s✐ó♥✱

s❡ ✐♥✈❡st✐❣ó ❡st❡ ❞✐✈❡rs♦ r❡♣❡rt♦r✐♦ ❞❡ ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ♣❛r❛ ❝✉❜r✐r ❧❛s ❞✐st✐♥t❛s ♣♦s✐❜✐❧✐✲

❞❛❞❡s ② ♣♦st❡r✐♦♠❡♥t❡ ❧❧❡❣❛r ❛ ❡♥❝♦♥tr❛r ❡♥ q✉❡ ✈❛r✐❛❜❧❡s s❡ r❡✢❡❥❛ ❡❧ ♠❡❥♦r ❛♣r♦✈❡❝❤❛♠✐❡♥t♦

❞❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ❝❛ót✐❝❛s ② ❜r♦✇♥✐❛♥❛s ❞❡t❡r♠✐♥✐st❛s q✉❡ ♣❡r♠✐t❡♥ ❛✉♠❡♥t❛r ❧❛

❡✜❝✐❡♥❝✐❛ ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛✳

✶✵✽



❈❛♣ít✉❧♦ ✻

❘❡s✉❧t❛❞♦s ❊①♣❡r✐♠❡♥t❛❧❡s

✻✳✶ ■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ r❡❛❧✐③❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥❛ s✐♠✉❧❛❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❍❛✲

❝✐❡♥❞♦ ✉s♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❖❉❊ ❞❡ ▼❆❚▲❆❇ s❡ ❣❡♥❡r❛♥ tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ ❡❧ ❘▼❘

❞❡❜❡ s❡❣✉✐r✳ ❊st❡ s❡❣✉✐♠✐❡♥t♦ s❡ ❤❛❝❡ ♣♦r ♠❡❞✐♦ ❞❡ ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ❞❡ ♠♦✈✐♠✐❡♥t♦✱ ❧❛s

❝✉❛❧❡s ❢✉❡r♦♥ ❡st✉❞✐❛❞❛s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

❊❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s s❡ r❡❛❧✐③❛ ❛ tr❛✈és ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ✭♦r✐✲

❡♥t❛❝✐ó♥ θ ② ❞❡s♣❧❛③❛♠✐❡♥t♦ D✮ ② ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ✭[xT
g , y

T
g ]

T ✮✳

❆❧ ❡❥❡❝✉t❛r ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ♠❡♥❝✐♦♥❛❞❛s ♣r❡✈✐❛♠❡♥t❡✱ s❡ ❧❧❡✈❛ ❛

❝❛❜♦ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ s✉❜②❛❝❡♥t❡ ❡♥ ❧❛ tr❛②❡❝t♦r✐❛ ❣❡♥❡r❛❞❛ ♣♦r ❧❛s ✈❛r✐❛❜❧❡s

q✉❡ ❢✉❡r♦♥ ❝♦♥tr♦❧❛❞❛s ② ❧❛s ✈❛r✐❛❜❧❡s ❞❡♥♦♠✐♥❛❞❛s ❝♦♠♦ ❞❡ ❞✐♥á♠✐❝❛ ✐♥t❡r♥❛✱ ❝♦♥ ❧❛ ✜♥❛❧✐❞❛❞

❞❡ ✐❞❡♥t✐✜❝❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ q✉❡ r❡s✉❧t❛ ❞❡ ✐♥tr♦❞✉❝✐r tr❛②❡❝t♦r✐❛s ❞❡

r❡❢❡r❡♥❝✐❛ ✐rr❡❣✉❧❛r❡s ② q✉❡ s❡ ♠❛♣❡❛♥ ❛ tr❛✈és ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘✳

❆❧ r❡❛❧✐③❛r ❡st❛ ♠❡t♦❞♦❧♦❣í❛ ❡s ♣♦s✐❜❧❡ ✐♥❞❛❣❛r s♦❜r❡ ❧❛s ❡❧ t✐♣♦ ❞❡ ♠❛♣❡♦s q✉❡ s❡ ❣❡♥❡r❛♥

❛ tr❛✈és ❞❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡❧ ❘▼❘ ❡♥ ❧♦s ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ♣♦r

♠❡❞✐♦ ❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ s❡r✐❡s t❡♠♣♦r❛❧❡s✳

✶✵✾



P❛r❛ ❞❡t❡r♠✐♥❛r ❡❧ ♣❛tró♥ ❞❡ r❡❢❡r❡♥❝✐❛✱ ❡str❛t❡❣✐❛ ❞❡ ❝♦♥tr♦❧ ② ❛ tr❛✈és q✉❡ ✈❛r✐❛❜❧❡s ❞❡

❝♦♥tr♦❧ q✉❡ r❡✢❡❥❛ ✉♥❛ ♠❛②♦r ❡✜❝✐❝✐❡♥❝✐❛ ✭♦♣t✐♠✐③❛❝✐ó♥✮ ❡♥ ❧❛ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛ ❞❡ ❛r❡❛s✱

s❡ ❤❛rá ✉♥ ❛♥á❧✐s✐s ❝✉❛♥t✐t❛t✐✈♦ ❞❡ ❧❛ ❝♦❜❡rt✉r❛ ❞❡ ✉♥ ár❡❛ ❞❡ 1♠ × 1♠ ♣♦♥❞❡r❛♥❞♦ ❝♦♥ ✈❛❧♦r

❞❡ ♣♦r❝❡♥t❛❥❡ ♣❛r❛ ❝❛❞❛ ♣❛tró♥ ❞❡ r❡❢❡r❡♥❝✐❛✱ ❡str❛t❡❣✐❛ ❞❡ ❝♦♥tr♦❧ ② s♦❜r❡ ❝✉❛❧❡s ✈❛r✐❛❜❧❡s ❞❡

♣♦s✐❝✐ó♥ s❡ ❛♣❧✐❝ó ❧❛ ❧❡② ❞❡ ❝♦♥tr♦❧✳ ❉❛❞♦ q✉❡ t❛♠❜✐é♥ s❡ ♣❧❛♥t❡❛ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ t❛r❡❛s

❞❡ ✈✐❣✐❧❛♥❝✐❛✱ s❡ t♦♠❛ ❡♥ ❝✉❡♥t❛ ❡❧ r❡s✉❧t❛❞♦ ❞❡❧ ❣r❛❞♦ ❞❡ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡❧

♠❡❥♦r ❡sq✉❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ést❛s ❛♣❧✐❝❛❝✐♦♥❡s✳

✻✳✷ ■♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❧❛ ❍❡rr❛♠✐❡♥t❛ ♣❛r❛ ❧❛ ❈❛r❛❝t❡r✐✲
③❛❝✐ó♥ ❞❡ ❚r❛②❡❝t♦r✐❛s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ r❡❛❧✐③❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❧❛s s❡r✐❡s t❡♠♣♦r❛❧❡s ✉t✐❧✐③❛❞❛s ❝♦♠♦ r❡❢❡r❡♥❝✐❛s✱ ❧❛s

❝✉❛❧❡s ♣♦s❡❡♥ ❞✐st✐♥t♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s q✉❡ ♣✉❡❞❡♥ s❡r ❞❡t❡r♠✐♥❛❞♦s ♣♦r ♠❡❞✐♦ ❞❡

❧♦s í♥❞✐❝❡s r❡s✉❧t❛♥t❡s✳ ❊st♦s í♥❞✐❝❡s s♦♥ ❝❛r❛❝t❡ríst✐❝♦s ♣❛r❛ ❝❛❞❛ ❝♦♠♣♦rt❛♠✐❡♥t♦ ② ♣✉❡❞❡♥

❝♦♠♣❛r❛rs❡ ❝♦♥ ❧♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❞✐s♣♦♥✐❜❧❡s ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✳

▲♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♦❜t❡♥t❛♥ t❛♠❜✐é♥ s❡rá♥ út✐❧❡s ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r✲

❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❞✐s❡ñ❛❞❛ ❡s ♣✉❡❞❡ r❡❛❧✐③❛r ✉♥❛ ❝❛r❛❝t❡r✐③❛ó♥ ❛❝❡rt❛❞❛ ❞❡ ❧❛ ❞✐♥á♠✐❝❛

s✉❜②❛❝❡♥t❡ ❞❡ ❝❛❞❛ tr❛②❡❝t♦r✐❛ ❣❡♥❡r❛❞❛ ♣♦r ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s✳ ❙❡ ✈❛♥ ❛ ❛♥❛❧✐③❛r s❡r✐❡s ❞❡

t✐❡♠♣♦ ❝❛ót✐❝❛s✱ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ✭❛♣r♦①✐♠❛❝✐ó♥ ❞❡t❡r♠✐♥✐st❛✮✱ ❝♦♠❜✐♥❛❞❛s ② ♣❡r✐ó❞✐✲

❝❛s✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ s❡❝❝✐ó♥ s❡ ❞❡s❝r✐❜✐rá♥ ❡♥ ❧❛s t❛❜❧❛s q✉❡ ✐❧✉str❛♥ ❧♦s í♥❞✐❝❡s ♦❜t❡♥✐❞♦s ❛❧

❛♣❧✐❝❛r ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❛♥á❧✐s✐s q✉❡ ❝♦♠♣r❡♥❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s

♣❛r❛ ❧♦s ❞✐❢❡r❡♥t❡s ❝❛s♦s q✉❡ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❡st❛ s❡❝❝✐ó♥✳

✻✳✷✳✶ ❈❛s♦s ❞❡ ❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s ❚❡♠♣♦r❛❧❡s ❞❡ ❘❡❢❡r❡♥❝✐❛

✶✶✵



❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆♥á❧✐s✐s ❘❡s✉❧t❛❞♦s

❋r❡❝✉❡♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧
❞❡✜♥✐❞❛ ✭f = 10❍③✮

❆♥á❧✐s✐s
❞❡ ❋♦✉r✐❡r

◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❡♥ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❡s♣❡❝tr♦✳

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❆✉t♦❝♦rr❡❧❛❝✐♦♥❡s
❞❡✜♥✐❞❛s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H ≈ 0

❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥
❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 0.005795 ≈ 0

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 1

▼ét♦❞♦ ❋◆◆ De = 30

❘❡❝♦♥tr✉❝❝✐ó♥
❞❡❧ ❆tr❛❝t♦r

◆♦ t✐❡♥❡ ✉♥
❛tr❛❝t♦r ❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ ≈ 0

❙❡♥♦✐❞❛❧

x (t) = sin (2πft)

f = 10❍③

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 0.02425 ≈ 0

❈♦♠♣♦rt❛♠✐❡♥t♦ P❡r✐ó❞✐❝♦

❚❛❜❧❛ ✻✳✷✳✶✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦✲
r❛❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✻✳✶✳

❋✐❣✉r❛ ✻✳✶✿ ❙❡r✐❡ ❞❡ t✐❡♠♣♦ ♣❡r✐ó❞✐❝❛ s❡♥♦✐❞❛❧✳

❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆♥á❧✐s✐s ❘❡s✉❧t❛❞♦s

❋r❡❝✉❡♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧
♥♦ ❞❡✜♥✐❞❛✳

❆♥á❧✐s✐s
❞❡ ❋♦✉r✐❡r

◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❞❡✜♥✐❞❛ ❡♥ ❧❛ ❡♥❡r❣í❛ ❞❡❧ ❡s♣❡❝tr♦✳

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❆✉t♦❝♦rr❡❧❛❝✐♦♥❡s
♥♦ ❞❡✜♥✐❞❛s✳

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 0.589 ≈ 0.5

❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥
❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 0.44743

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 2

▼ét♦❞♦ ❋◆◆ De ≈ ∞
❘❡❝♦♥tr✉❝❝✐ó♥
❞❡❧ ❆tr❛❝t♦r

❆tr❛❝t♦r
♥♦ ❞❡✜♥✐❞♦✳

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 8.6754

❙❡ñ❛❧
❆❧❡❛t♦r✐❛

x (t) = randn (t)

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 4.1924

❈♦♠♣♦rt❛♠✐❡♥t♦ ❆❧❡❛t♦r✐♦

❚❛❜❧❛ ✻✳✷✳✷✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦✲
r❛❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✻✳✷✳

❋✐❣✉r❛ ✻✳✷✿ ❙❡r✐❡ ❞❡ t✐❡♠♣♦ ❛❧❡❛t♦r✐❛✳

✶✶✶



❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆♥á❧✐s✐s ❘❡s✉❧t❛❞♦s

❆♠♣❧✐♦ ❡s♣❡❝tr♦ ❞❡
❢r❡❝✉❡♥❝✐❛s

❆♥á❧✐s✐s
❞❡ ❋♦✉r✐❡r

▲❡② ❞❡ ♣♦t❡♥❝✐❛
❞❡✜♥✐❞❛

❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ✭β = −2✮
❋✉♥❝✐ó♥ ❞❡

❆✉t♦❝♦rr❡❧❛❝✐ó♥
❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❛✉t♦❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 0.990348

❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥
❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.4429 ≈ 1.5

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 13

▼ét♦❞♦ ❋◆◆ De = 6

❘❡❝♦♥tr✉❝❝✐ó♥
❞❡❧ ❆tr❛❝t♦r

❆tr❛❝t♦r
❉❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 4.8039

▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r

ẋ = y

ẏ = −γy + z

z = −α1x− α2y − α3z + α4

P❛rá♠❡tr♦s ❞❡❧ ♠♦❞❡❧♦
γ = 7× 10−5

α1 = 1.5

α2 = 1.2

α3 = 0.1

C1 = 0.9

C2 = 0.6

α4 = C1 · round (x/C2)

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 3.4253

❈♦♠♣♦rt❛♠✐❡♥t♦ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

❚❛❜❧❛ ✻✳✷✳✸✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦✲
r❛❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✻✳✸✳

❋✐❣✉r❛ ✻✳✸✿ ❉❡s♣❧❛③❛♠✐❡♥t♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛
❇r♦✇♥✐❛♥❛ ❡♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✳

❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❙❡r✐❡s ❞❡ ❚✐❡♠♣♦
❙❡r✐❡ ❚❡♠♣♦r❛❧ ❆♥á❧✐s✐s ❘❡s✉❧t❛❞♦s

❆♠♣❧✐♦ ❡s♣❡❝tr♦ ❞❡
❢r❡❝✉❡♥❝✐❛s

❆♥á❧✐s✐s
❞❡ ❋♦✉r✐❡r

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ♥♦ ❞❡✜♥✐❞❛
❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❛✉t♦❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 0.84464

❆♥á❧✐s✐s ❞❡ ❋❧✉❝t✉❛❝✐ó♥
❙✐♥ ❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.3602

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 10

▼ét♦❞♦ ❋◆◆ De = 3

❘❡❝♦♥tr✉❝❝✐ó♥
❞❡❧ ❆tr❛❝t♦r

❆tr❛❝t♦r
❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ ≈ 2.03

▼♦❞❡❧♦ ❉✐♥á♠✐❝♦

❈❛ót✐❝♦ ❞❡ ▲♦r❡♥③

ẋ = σ (y − x)

ẏ = −xz + rx− y

ż = xy − bz

P❛rá♠❡tr♦s ❞❡❧ ▼♦❞❡❧♦
σ = 10

r = 28

b = 8/3

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 2.06

❈♦♠♣♦rt❛♠✐❡♥t♦ ❈❛ót✐❝♦

❚❛❜❧❛ ✻✳✷✳✹✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ s❡r✐❡ t❡♠♣♦✲
r❛❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✻✳✹✳

❋✐❣✉r❛ ✻✳✹✿ ❙❡r✐❡ t❡♠♣♦r❛❧ ❞❡❧ s✐st❡♠❛ ❝❛ót✐❝♦
❞❡ ▲♦r❡♥③✳

❈♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❡❧ ❛♣❛rt❛❞♦ ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ ❝❛❞❛ t❛❜❧❛✱ s❡ ❡♥❝♦♥tr❛r♦♥ í♥❞✐❝❡s q✉❡

s♦♥ ❝❛r❛❝t❡ríst✐❝♦s ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s s❡r✐❡s t❡♠♣♦r❛❧❡s✱ ❧♦❣r❛♥❞♦ ✐❞❡♥t✐✜❝❛r ❡❧ ❝♦♠✲

♣♦rt❛♠✐❡♥t♦ ❞✐♥á♠✐❝♦ ♣r❡s❡♥t❡ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s✱ ♣♦r ❧♦ t❛♥t♦✱ s❡ ❡s♣❡r❛ q✉❡ ❧❛ ❤❡rr❛♠✐❡♥t❛

❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❧♦❣r❡ ✐❞❡♥t✐✜❝❛r ❡st♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ♣❛r❛ ❧❛s ❞✐❢❡r❡♥t❡s

tr❛②❡❝t♦r✐❛s q✉❡ s❡ ❡①tr❛❡♥ ❞❡❧ ❘▼❘✳

✶✶✷



✻✳✸ ❊s❝❛❧❛♠✐❡♥t♦ ❡♥ ❆♠♣❧✐t✉❞ ② ❋r❡❝✉❡♥❝✐❛ ❞❡ ❙✐st❡♠❛s
❉✐♥á♠✐❝♦s

❯♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ s❡ ♣r❡✈é ❡♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♥ ❡st❛s

❝❛r❛❝t❡ríst✐❝❛s ❡s ❧❛ ❝❛♣❛❝✐❞❛❞ ❧✐♠✐t❛❞❛ ❞❡ ✈❡❧♦❝✐❞❛❞ q✉❡ ❝✉❡♥t❛ ❡❧ ❘▼❘✳ ▲❛s tr❛②❡❝t♦r✐❛s t✐❡♥❡♥

✢✉❝t✉❛❝✐♦♥❡s ♠✉② ♣r♦♥✉♥❝✐❛❞❛s ② ♠✉② rá♣✐❞❛s✱ ❧♦ q✉❡ t❛♠❜✐é♥ ❞✐✜❝✉❧t❛ ❛❧ ❝♦♥tr♦❧ ❞❡❧ ❘▼❘

♣♦❞❡r ❛❧❝❛♥③❛r ② ❡st❛❜✐❧✐③❛rs❡ ❛❧r❡❞❡❞♦r ❞❡ ❧❛ tr❛②❡❝t♦r✐❛✳ P♦r ❡st❡ ♠♦t✐✈♦✱ s❡ ♦♣t❛ ♣♦r ✐♥tr♦❞✉❝✐r

❢❛❝t♦r❡s ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ❡♥ ❛♠♣❧✐t✉❞ ② ❡♥ ❢r❡❝✉❡♥❝✐❛ ❞❡ t❛❧ ♠♦❞♦ q✉❡ s❡ ♣✉❡❞❡ ❛❥✉st❛r ❧❛s

❛♠♣❧✐t✉❞❡s ② r❛♣✐❞❡③ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❣❡♥❡r❛❞❛s ♣♦r ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❛ ❧❛s ❝❛♣❛❝✐❞❛❞❡s

❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✳

Pr✐♠❡r♦ s❡ ❞❡✜♥❡♥ ❧❛s ✈❛❧♦r❡s ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ❝♦♠♦✿

✐ η = ❋❛❝t♦r ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ❡♥ ❛♠♣❧✐t✉❞✳

✐✐ ̺ = ❋❛❝t♦r ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ❡♥ ❢r❡❝✉❡♥❝✐❛✳

❈♦♥s✐❞❡r❛♥❞♦ ❡❧➱ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡ ▲♦r❡♥③ ❝♦♥ s✉s ❡st❛❞♦s ❞❡✜♥✐❞♦s ❝♦♠♦ x1 = x✱ x2 = y

② x3 = z✱

ẋ1 = −σ(x1 + x2)

ẋ2 = rx1 − x2 + x1x3

ẋ3 = x1x2 − bx3.

✭✻✳✸✳✶✮

❊❧ ❡s❝❛❧❛♠✐❡♥t♦ η ❡s ✉♥ ♦♣❡r❛❞♦r q✉❡ ♠♦❞✐✜❝❛ ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ ❛♠♣❧✐t✉❞ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s

❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡st❛❞♦s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦✱

x̂1 = ηx1

x̂2 = ηx2

x̂3 = ηx3.
✭✻✳✸✳✷✮

✶✶✸



❊❧ ❡s❝❛❧❛♠✐❡♥t♦ ̺ ❡s ✉♥ ✈❛❧♦r q✉❡ ♣❡r♠✐t❡ ♠♦❞✐✜❝❛r ❧❛ ✈❛r✐❛❜❧❡ t❡♠♣♦r❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

❞✐♥á♠✐❝❛ ❡st✐rá♥❞♦ ♦ ❝♦♠♣r✐♠✐❡♥❞♦ ❡❧ t✐❡♠♣♦✱ ❧♦ q✉❡ r❡s✉❧t❛ ❡♥ ✉♥ t✐❡♠♣♦ r❡❧❛t✐✈♦ ♣❛r❛ ❡❧

s✐st❡♠❛ ❞✐♥á♠✐❝♦✳

t = ̺t̂ ✭✻✳✸✳✸✮

t̂ =
t

̺
. ✭✻✳✸✳✹✮

❯t✐❧✐③❛♥❞♦ ❧♦s ❡s❝❛❧❛♠✐❡♥t♦s t❛♥t♦ ❡♥ ❛♠♣❧✐t✉❞ ❝♦♠♦ ❢r❡❝✉❡♥❝✐❛ ❡♥ ❧❛ ♣r✐♠❡r ❡❝✉❛❝✐ó♥ ❞❡❧

s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✱

1
η
x̂1

̺dt̂
= σ( 1

η
x̂2 − 1

η
x̂1)

x̂1

dt̂
= ̺σ(x̂2 − x̂1),

✭✻✳✸✳✺✮

r❡❛❧✐③❛♥❞♦ ❧♦s ❡s❝❛❧❛♠✐❡♥t♦s ❡♥ t♦❞❛s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧♦s s✐st❡♠❛ ❞✐♥á♠✐❝♦s✱ s❡ ♦❜t✐❡♥❡♥ ❧♦s

s✐❣✉✐❡♥t❡s ♠♦❞❡❧♦s ❝♦♥ ❡s❝❛❧❛♠✐❡♥t♦s ❡♥ ❢r❡❝✉❡♥❝✐❛ ② ❛♠♣❧✐t✉❞ ✐❧✉str❛❞♦s ❡♥ ❧❛ ❚❛❜❧❛ ✻✳✸✳✺✱

✶✶✹



❙✐st❡♠❛s ❉✐♥á♠✐❝♦s ●❡♥❡r❛❞♦r❡s ❞❡ ❚r❛②❡❝t♦r✐❛s ❝♦♥ ❊s❝❛❧❛♠✐❡♥t♦s

❙✐st❡♠❛ ❉✐♥á♠✐❝♦ ❊❝✉❛❝✐ó♥ P❛rá♠❡tr♦s
❊s❝❛❧❛♠✐❡♥t♦
❡♥ ❛♠♣❧✐t✉❞

❊s❝❛❧❛♠✐❡♥t♦
❡♥ ❢r❡❝✉❡♥❝✐❛

▲♦r❡♥③

˙̂x1 = ̺ · σ(x̂2 − x̂1)
˙̂x2 = ̺(− 1

η
x̂1x̂3 + rx̂1 − x̂2)

˙̂x3 = ̺( 1
η
x̂1x̂2 − bx̂3)

σ = 10.0
r = 28
b = 8/3

η = 0.0196 ̺ = 0.013

❘öss❧❡r

˙̂x1 = ̺(x̂2 + x̂3)
˙̂x2 = ̺(x̂1 + ax̂2)
˙̂x3 = ̺( 1

η
x̂1x̂3 − cx̂3) + ηb

a = 0.2
b = 0.2
c = 5.7

η = 0.048 ̺ = 0.09

❈❤❡♥

˙̂x1 = ̺ · a(x̂2 − x̂1)
˙̂x2 = ̺[(c− a)x̂1 − 1

η
x̂1x̂3 + cx̂2]

˙̂x3 = ̺( 1
η
x̂1x̂2 − bx̂3)

a = 40
b = 3
c = 28

η = 0.0262 ̺ = 0.01

❈❤✉❛

˙̂x1 = ̺ · α(x̂2 − x̂1 − ηĥ)
˙̂x2 = ̺(x̂1 − x̂2 + x̂3)
˙̂x3 = −̺ · βx̂2

ĥ = m1
1
η
x̂1 +

1
2
(m0 −m1)(| 1η x̂1 + 1| − | 1

η
x̂1 − 1|)

α = 15.6
β = 28

m0 = −1.143
m1 = −0.714

η = 0.13 ̺ = 0.028

❖s❝✐❧❛❞♦r ❉✉✣♥❣

˙̂x1 = ̺x̂2

˙̂x2 = ̺[−γx̂2 − αx̂1 − β · 1
η2
x̂3
1 + η · F cos( 1

η
x̂3)]

˙̂x3 = ̺ · η · ω

α = −1
γ = 1
β = 1
F = 0.3
ω = 1

η = 0.33 ̺ = 0.1

▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

˙̂x1 = ̺x̂2

˙̂x2 = ̺(−γx̂2 + x̂3)
˙̂x3 = ̺[−α1x̂1 − α2x̂2 − α3x̂3 + η · α4

α̂4 = C1 · round(
1
η
x̂1

C2
)

γ = 7× 10−5

α1 = 1.5
α2 = 1.2
α3 = 0.1
C1 = 0.9
C2 = 0.6

η = 0.25 ̺ = 0.1

▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ré❣✐♠❡♥ ❝❛ót✐❝♦

˙̂x1 = ̺x̂2

˙̂x2 = ̺(−γx̂2 + x̂3)
˙̂x3 = ̺[−α1x̂1 − α2x̂2 − α3x̂3 + η · α4

α̂4 = C1 · round(
1
η
x̂1

C2
)

γ = 7× 10−5

α1 = 1.6
α2 = 1.3
α3 = 0.94
C1 = 0.9
C2 = 0.6

η = 1.2 ̺ = 0.07

❙✐st❡♠❛ ❝♦♥ ❞✐♥á♠✐❝❛
❝❛♠❜✐♥❛❞❛

❙✐st❡♠❛ ❈❛ót✐❝♦ ❞❡ ❈❤❡♥
▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ▼♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

P❛rá♠❡tr♦s
❈❤❡♥ ② ▼♦❞❡❧♦
❍✉❡rt❛✲❈✉é❧❧❛r

ηMH−C = 0.27, ηchen = 0.025 ̺MH−C = 0.08, ̺chen = 0.008

P❡r✐ó❞✐❝♦
˙̂x1 = cos(̺t)
˙̂x2 = sin(̺t)

◆✴❆ η = 0.45 ̺ = 0.1

❚❛❜❧❛ ✻✳✸✳✺✿ ❙✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝♦♥ ❡s❝❛❧❛♠✐❡♥t♦s ❡♥ ❢r❡❝✉❡♥❝✐❛ ② ❛♠♣❧✐t✉❞ ✉t✐❧✐③❛❞♦s ❝♦♠♦
❣❡♥❡r❛❞♦r❡s ❞❡ tr❛②❡❝t♦r✐❛s✳

✻✳✹ ■♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❊sq✉❡♠❛s ❞❡ ❈♦♥tr♦❧

▲♦s r❡s✉❧t❛❞♦s s❡ ✐❧✉str❛♥ ❡♥ ❧❛s ❣á✜❝❛s ❡❧ r❡s✉❧t❛❞♦ ❞❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❣❡♥❡r❛❞❛s

♣♦r ♠❡❞✐♦ ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s✱ ❛❞❡♠ás✱ s❡ ✐❧✉str❛♥ ❧❛s t❛❜❧❛s ❞❡ ❛♥á❧✐s✐s ❝♦♥ ❧♦s í♥❞✐❝❡s

r❡s✉❧t❛♥t❡s ❛❧ ❛♣❧✐❝❛r ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s

❞✐❢❡r❡♥t❡s ❝❛s♦s ♣❧❛♥t❡❛❞♦s ❡♥ ❡st❡ tr❛❜❛❥♦✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s ❞❡

❜❛❥♦ ❞♦s ❡sq✉❡♠❛s ♣r✐♥❝✐♣❛❧❡s✿

• ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ✈❛r✐❛❜❧❡s ❧♦❝❛❧❡s ❞❡❧ ❘▼❘✳

• ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ✈❛r✐❛❜❧❡s ❝❛rt❡s✐❛♥❛s ❞❡❧ ❘▼❘✳

✶✶✺



▲❛s r❡❢❡r❡♥❝✐❛s q✉❡ s❡ ✐♥tr♦❞✉❝❡♥ ❛ ❧♦s ❝♦♥tr♦❧❛❞♦r❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s tr❛②❡❝t♦r✐❛s ❣❡♥❡r❛❞❛s

♣♦r ❧♦s s✐❣✉✐❡♥t❡s s✐st❡♠❛s ❞✐♥á♠✐❝♦s✿

• ❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

• ❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❘öss❧❡r✳

• ❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤❡♥✳

• ❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤✉❛✳

• ❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡❧ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✳

• ▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥ ré❣✐♠❡♥ ❝❛ót✐❝♦✳

• ▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥ ré❣✐♠❡♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

• ❙✐st❡♠❛ ❞✐♥á♠✐❝♦ ❝♦♥ tr❛②❡❝t♦r✐❛s ♣❡r✐ó❞✐❝❛s✳

• ❈♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s ❝♦♠❜✐♥❛❞♦s✳

▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s t❛♠❜✐é♥ s♦♥ ❡s♣❡❝✐✜❝❛❞♦s ❡♥

❝❛❞❛ ✉♥❛ ❞❡ ❧❛s t❛❜❧❛s q✉❡ ❝♦♥t✐❡♥❡♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ ❞✐♥á♠✐❝❛s ❞❡ ❝❛❞❛

s✐st❡♠❛✳ ❈♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❛❧ ♣r✐♥❝✐♣✐♦ ❞❡❧ ❝❛♣ít✉❧♦✱ s❡ ✉t✐❧✐③❛ ❧❛ ❢✉♥❝✐ó♥ ❖❉❊ ♣❛r❛ ❧❛ s♦❧✉❝✐ó♥

❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ❧♦s s✐st❡♠❛s ❞✐♥á♠✐❝♦s ❝♦♥ s✉s r❡s♣❡❝t✐✈♦s ❝♦♥tr♦❧❛❞♦r❡s✱ ♣❛r❛

❧♦s ❝❛s♦s ❞❡ ❝♦♥tr♦❧ ❞❡ ♣♦s✐❝✐ó♥ ❡♥ ✈❛r✐❛❜❧❡s ❧♦❝❛❧❡s ② ❝❛rt❡s✐❛♥❛s✱ s❡ ✉t✐❧✐③❛ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡

t✐❡♠♣♦ ∆t = 0.1✳ P❛r❛ ❛♠❜♦s ❡sq✉❡♠❛s ❞❡ ❝♦♥tr♦❧ s❡ ✉t✐❧✐③❛r♦♥ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛

s✐❣✉✐❡♥t❡s✳

✶✶✻



✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✺✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✻✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡
❘öss❧❡r✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✼✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤❡♥✳

✶✶✼



✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✽✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤✉❛✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✾✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡❧
♦s❝✐❧❛❞♦r ❉✉✣♥❣✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✶✵✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ ▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ré❣✐♠❡♥ ❝❛ót✐❝♦✳

✶✶✽



✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✶✶✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ ▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✶✷✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ❡❧ s✐st❡♠❛ ❝♦♥ ❞✐♥á♠✐❝❛
❝♦♠❜✐♥❛❞❛ ✭♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ② ❝❛♦s ❞❡ ❈❤❡♥✮✳

✭❛✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭D✱ xg✮✳ ✭❜✮ ❘❡❢❡r❡♥❝✐❛ ♣❛r❛ ❧❛s ❝♦♦r❞❡♥❛s ❞❡ ♣♦s✐❝✐ó♥ ✭θ✱ yg✮✳

❋✐❣✉r❛ ✻✳✶✸✿ ❘❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❣❡♥❡r❛❞❛s ♣♦r ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦
♣❡r✐ó❞✐❝♦✳

✶✶✾



✻✳✺ ■♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❊str❛t❡❣✐❛ ❞❡ ❈♦♥tr♦❧ ❞❡ ❙❡❣✉✐♠✐❡♥t♦
❡♥ ❱❛r✐❛❜❧❡s ❞❡ ❉❡s♣❧❛③❛♠✐❡♥t♦ ② ❖r✐❡♥t❛❝✐ó♥

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❧❧❡✈❛ ❛ ❝❛❜♦ ❡❧ ❝♦♥tr♦❧ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❞❡s♣❧❛③❛♠✐❡♥t♦ ② ♦r✐❡♥t❛❝✐ó♥ ❞❡❧

❘▼❘ ✭[DT , θT ]T ✮✳ ❆q✉❡❧❧❛s ✈❛r✐❛❜❧❡s q✉❡ ♥♦ ❢♦r♠❛♥ ♣❛rt❡ ❞❡❧ ❝♦♥tr♦❧✱ ✐✳❡✳✱ ❧❛s ✈❛r✐❛❜❧❡s ❞❡

❞✐♥á♠✐❝❛ ❧✐❜r❡✱ q✉❡ r❡♣r❡s❡♥t❛♥ ❧❛s ✈❛r✐❛❜❧❡s ❝❛rt❡s✐❛♥❛s ✭[xT
g , y

T
g ]

T ✮ ❞❡❧ ❘▼❘✳

❊♥ ❧❛ ♣❛rt❡ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s t❛❜❧❛s s❡ í♥❞✐❝❛ ❛ q✉❡ ❝♦♠♣♦rt❛♠✐❡♥t♦

❞✐♥á♠✐❝♦ s❡ ❛♣r♦①✐♠❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ❘▼❘✳

✭❛✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❧♦❝❛❧ D✳

✭❜✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❧♦❝❛❧ θ✳

✭❝✮ ❚r❛②❡❝t♦r✐❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛✲

❜❛❥♦ X,Y ✳

❋✐❣✉r❛ ✻✳✶✹✿ ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘ ❝♦♥ ❧❛ ❧❡② ❞❡
❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

❆♥á❧✐s✐s ❞❡ ❧❛s ❚r❛②❡❝t♦r✐❛s ❞❡❧ ❘♦❜♦t ▼ó✈✐❧
❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s

❚❡♠♣♦r❛❧❡s
❚r❛②❡❝t♦r✐❛s

xg yg D θ
❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r ▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
♥♦ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
♥♦ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
♥♦ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
♥♦ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❈♦rr❡❧❛❝✐♦♥❡s ♥♦
❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡✜♥✐❞❛s

❉❡❝❛✐♠✐❡♥t♦ ❡♥
❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 0.78514 H = 0.52002 H = 0.87876 H = 0.87477

❆♥á❧✐s✐ ❞❡
❋❧✉❝t✉❛❝✐ó♥ s✐♥
❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 0.83818 ❛❧♣❤❛ ❂ ✵✳✹✻✵✶✸ α = 1.3097 α = 1.1515

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 8 τ = 8 τ = 29 τ = 26

▼ét♦❞♦ ❋◆◆ De = 4 De ♥♦ ❞❡✜♥✐❞❛ De = 5 De = 9

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧
❆tr❛❝t♦r

❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ♥♦ ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 0.087091 λ = 0.061231 λ = 0.10897 λ = 0.10292

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 2.05 Dc ♥♦ ❞❡✜♥✐❞❛ Dc = 2.954 Dc = 2.9903

❈♦♠♣♦rt❛♠✐❡♥t♦ ❈❛ót✐❝♦ ■♥❞❡✜♥✐❞♦ ❈❛ót✐❝♦ ❈❛ót✐❝♦

❚❛❜❧❛ ✻✳✺✳✻✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡
♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

✶✷✵



✭❛✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❧♦❝❛❧ D✳

✭❜✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❧♦❝❛❧ θ✳

✭❝✮ ❚r❛②❡❝t♦r✐❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛✲

❜❛❥♦ X,Y ✳

❋✐❣✉r❛ ✻✳✶✺✿ ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘ ❝♦♥ ❧❛ ❧❡② ❞❡
❝♦♥tr♦❧ ❞❡ ♣❛r ❝❛❧❝✉❧❛❞♦ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ ▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

❆♥á❧✐s✐s ❞❡ ❧❛s ❚r❛②❡❝t♦r✐❛s ❞❡❧ ❘♦❜♦t ▼ó✈✐❧
❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s

❚❡♠♣♦r❛❧❡s
❚r❛②❡❝t♦r✐❛s

D θ xg yg
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r ▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞

❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛ ✭β = −2✮
▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛ ✭β = −2✮

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛ ✭β = −2✮

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛ ✭β = −1.86✮

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 1.0 H = 1.0 H = 1.0 H = 1.0

❆♥á❧✐s✐ ❞❡
❋❧✉❝t✉❛❝✐ó♥ s✐♥
❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.5303 ≈ 1.5 α = 1.4666 ≈ 1.5 α = 1.5685 ≈ 1.5 α = 1.5274 ≈ 1.5

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 20 τ = 20 τ = 19 τ = 22

▼ét♦❞♦ ❋◆◆ De = 6 De = 5 De = 5 De = 5

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧
❆tr❛❝t♦r

❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 0.050294 λ = 0.032133 λ = 0.021849 λ = 0.0015902

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 3.328 Dc = 3.0292 Dc = 3.0673 Dc = 3.1189

❈♦♠♣♦rt❛♠✐❡♥t♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦

❚❛❜❧❛ ✻✳✺✳✼✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡
♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ ♠♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

✻✳✻ ■♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ ❊str❛t❡❣✐❛ ❞❡ ❈♦♥tr♦❧ ❞❡ ❙❡❣✉✐♠✐❡♥t♦
❡♥ ❱❛r✐❛❜❧❡s ❈❛rt❡s✐❛♥❛s

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ r❡❛❧✐③❛ ❡❧ ❝♦♥tr♦❧ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘ ✭[xT
g , yTg ]

T ✮✳

▲❛s ✈❛r✐❛❜❧❡s ❞❡ ❞✐♥á♠✐❝❛ ❧✐❜r❡ s♦♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ✭[DT , θT ]T ✮ ❞❡❧ ❘▼❘✳

✶✷✶



❈❛❜❡ ❞❡st❛❝❛r q✉❡ ✐♠♣❧❡♠❡♥t❛r ❡st❛ ❡sq✉❡♠❛ ❞❡ ❝♦♥tr♦❧ ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛✱

s❡ t♦♠❛ ❧❛ tr❛②❡❝t♦r✐❛ ❣❡♥❡r❛❞❛ ♣♦r ✉♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ② s❡ ✉t✐❧✐③❛ ❝♦♠♦ r❡❢❡r❡♥❝✐❛ ♣❛r❛ ❡❧

❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦✱ ❞❡ ❡st❡ ♠♦❞♦✱ s❡ ❧♦❣r❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ② ❡st❛❜✐❧✐③❛❝✐ó♥ ❛❧r❡❞❡❞♦r ❞❡ ✉♥❛

tr❛②❡❝t♦r✐❛ q✉❡ r❡s✉❧t❛ ❞❡ ✉♥❛ ♣r♦②❡❝❝✐ó♥ ✭❞♦s ❡st❛❞♦s ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦✮ ❞❡❧ ❛tr❛❝t♦r ❞❡❧

s✐st❡♠❛ ❞✐♥á♠✐❝♦ ❣❡♥❡r❛❞♦r ❞❡ tr❛②❡❝t♦r✐❛s✱ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛❜❛❥♦ ❞❡❧ ❘▼❘✳ ●❡♥❡r❛❧♠❡♥t❡✱

❡st❡ ❛tr❛❝t♦r s❡ ❞❡✜♥❡ ❝♦♠♦ ✉♥ ♦❜❥❡t♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ❡s♣❛❝✐♦ ❞❡ ❢❛s❡ ❞❡❧ s✐st❡♠❛✱

s✐♥ ❡♠❜❛r❣♦✱ ❡❧ ❛tr❛❝t♦r ♣♦s❡ ✉♥❛ ❞✐♠❡♥s✐ó♥ ❢r❛❝❝✐♦♥❛r✐❛✱ ♥♦ ❡♥t❡r❛✳

❚❛♠❜✐é♥ s❡ ✐♠♣❧❡♠❡♥t❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s q✉❡ q✉❡ ❞❡s❝r✐❜❡♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇✲

♥✐❛♥♦ ♣❛r❛ ❡❧ ♣❧❛♥♦ ❞❡ tr❛❜❛❥♦ ❞❡❧ ❘▼❘ ✭♣r♦②❡❝❝✐ó♥ r❡❛❧✐③❛❞❛ ❛ ♣❛rt✐r ❞❡ ❞♦s ▼♦❞❡❧♦s ❍✉❡rt❛✲

❈✉é❧❧❛r ❝♦♥ ré❣✐♠❡♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✮ ② ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s ❝♦♠❜✐♥❛❞♦s ✭❝♦♠✲

♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦ ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✮✳

❯♥❛ ✈❡③ q✉❡ s❡ r❡❛❧✐③❛ ❡❧ ❝♦♥tr♦❧ ❞❡❧ ❘▼❘ s♦❜r❡ ❧❛ tr❛②❡❝t♦r✐❛✱ s❡ ❤❛❝❡ ✉s♦ ❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛

♣❛r❛ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s ❛♣❧✐❝❛❞❛ ❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ❘▼❘✱ s❡ ✐❧✉str❛♥ ❧❛s ❣rá✜❝❛s

r❡s✉❧t❛♥t❡s ❞❡❧ ❝♦♥tr♦❧ ② ❧♦s í♥❞✐❝❡s ❞❡ ❧♦s ❛♥á❧✐s✐s q✉❡ ❝♦♠♣r❡♥❞❡ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐✲

③❛❝✐ó♥ ❡♥ ✉♥❛ t❛❜❧❛✳

✶✷✷



✭❛✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ xg✳

✭❜✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ yg✳

✭❝✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛✲

❜❛❥♦ xg, yg✳

❋✐❣✉r❛ ✻✳✶✻✿ ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘ ❝♦♥ ❧❛ ❧❡②
❞❡ ❝♦♥tr♦❧ ❧✐♥❡❛❧✐③❛♥t❡ ♣♦r ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

❆♥á❧✐s✐s ❞❡ ❧❛s ❚r❛②❡❝t♦r✐❛s ❞❡❧ ❘♦❜♦t ▼ó✈✐❧
❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s

❚❡♠♣♦r❛❧❡s
❚r❛②❡❝t♦r✐❛s

D θ xg yg
◆♦ ❤❛② ❢r❡❝✉❡♥❝✐❛s

❞❡✜♥✐❞❛s
◆♦ ❤❛② ❢r❡❝✉❡♥❝✐❛s

❞❡✜♥✐❞❛s
❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♠♣❧✐♦ ❡s♣❡❝tr♦
❞❡ ❢r❡❝✉❡♥❝✐❛s

❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r ◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❡♥ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❡♥ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❡♥ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛
❡♥ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧
❡♥ ❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 1.0 H = 1.0 H = 0.36651 H = 0.20975

❆♥á❧✐s✐ ❞❡
❋❧✉❝t✉❛❝✐ó♥ s✐♥
❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.7564 α = 1.647 α = 0.33881 α = 0.18091

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 100 τ = 1 τ = 8 τ = 8

▼ét♦❞♦ ❋◆◆ De = 2 De = 4 De = 4 De = 4

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧
❆tr❛❝t♦r

❆tr❛❝t♦r ♥♦ ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ♥♦ ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 0.24612 λ = 0.0243 λ = 0.09384 λ = 0.96903

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 2.289 Dc = 1.6863 Dc = 1.9787 Dc = 1.9939

❈♦♠♣♦rt❛♠✐❡♥t♦ ■♥❞❡✜♥✐❞♦ ■♥❞❡✜♥✐❞♦ ❈❛ót✐❝♦ ❈❛ót✐❝♦

❚❛❜❧❛ ✻✳✻✳✽✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡
♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ s✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③✳

✶✷✸



✭❛✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ xg✳

✭❜✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛ ❝♦♦r❞❡♥❛❞❛ ❞❡

♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ yg✳

✭❝✮ ❙❡❣✉✐♠✐❡♥t♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛✲

❜❛❥♦ xg, yg✳

❋✐❣✉r❛ ✻✳✶✼✿ ❈♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘ ❝♦♥ ❧❛ ❧❡②
❞❡ ❝♦♥tr♦❧ ❧✐♥❡❛❧✐③❛♥t❡ ♣♦r ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ ♠♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥
♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

❆♥á❧✐s✐s ❞❡ ❧❛s ❚r❛②❡❝t♦r✐❛s ❞❡❧ ❘♦❜♦t ▼ó✈✐❧
❆♥á❧✐s✐s ❞❡ ❙❡r✐❡s

❚❡♠♣♦r❛❧❡s
❚r❛②❡❝t♦r✐❛s

D θ xg yg
◆♦ ❤❛② ❢r❡❝✉❡♥❝✐❛s

❞❡✜♥✐❞❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
Pr❡s❡♥❝✐❛ ❡♥

❜❛❥❛s ❢r❡❝✉❡♥❝✐❛s
❆♥á❧✐s✐s ❞❡ ❋♦✉r✐❡r ◆♦ ❤❛② ❧❡② ❞❡ ♣♦t❡♥❝✐❛

❡♥ ❞❡♥s✐❞❛❞ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛
▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ✭β = −1.8116✮

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ✭β = −2✮

▲❡② ❞❡ ♣♦t❡♥❝✐❛ ❡♥ ❞❡♥s✐❞❛❞
❡s♣❡❝tr❛❧ ✭β = −2✮

❋✉♥❝✐ó♥ ❞❡
❆✉t♦❝♦rr❡❧❛❝✐ó♥

❉❡❝❛✐♠✐❡♥t♦ ❞❡
❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❞❡
❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❞❡
❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❉❡❝❛✐♠✐❡♥t♦ ❞❡
❧❛s ❝♦rr❡❧❛❝✐♦♥❡s

❘❛♥❣♦ ❘❡❡s❝❛❧❛❞♦
❞❡ ❍✉rst

H = 1 H = 0.9786 H = 1 H = 1

❆♥á❧✐s✐ ❞❡
❋❧✉❝t✉❛❝✐ó♥ s✐♥
❚❡♥❞❡♥❝✐❛ ✭❉❋❆✮

α = 1.7341 α = 1.558 ≈ 1.5 α = 1.5375 ≈ 1.5 α = 1.4946 ≈ 1.5

■♥❢♦r♠❛❝✐ó♥ ▼✉t✉❛
Pr♦♠❡❞✐❛❞❛

τ = 13 τ = 78 τ = 20 τ = 20

▼ét♦❞♦ ❋◆◆ De = 2 De = 5 De = 6 De = 5

❘❡❝♦♥str✉❝❝✐ó♥ ❞❡❧
❆tr❛❝t♦r

❆tr❛❝t♦r ♥♦ ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦ ❆tr❛❝t♦r ❞❡✜♥✐❞♦

▼á①✐♠♦ ❊①♣♦♥❡♥t❡
❞❡ ▲②❛♣✉♥♦✈

λ = 0.013269 λ = 0.031566 λ = 0.03008 λ = 0.032133

❉✐♠❡♥s✐ó♥ ❞❡
❈♦rr❡❧❛❝✐ó♥

Dc = 1.5385 Dc = 2.7219 Dc = 3.328 Dc = 3.0292

❈♦♠♣♦rt❛♠✐❡♥t♦ ■♥❞❡✜♥✐❞♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦ ▼♦✈✳ ❇r♦✇♥✐❛♥♦

❚❛❜❧❛ ✻✳✻✳✾✿ ❈❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❞❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❝♦♦r❞❡♥❛❞❛s ❞❡
♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❝♦♥ r❡❢❡r❡♥❝✐❛s ❞❡❧ ♠♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✳

✻✳✼ ❈✉❛♥t✐✜❝❛❝✐ó♥ ❞❡❧ ➪r❡❛ ❘❡❝♦rr✐❞❛

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ r❡❛❧✐③❛ ✉♥ ❛♥á❧✐s✐s ♣❛r❛ ❝✉❛♥t✐t❛t✐✜❝❛r ❡❧ t♦t❛❧ ❞❡❧ ár❡❛ r❡❝♦rr✐❞❛ ♣♦r ❡❧ ❘▼❘

❛ ♣❛rt✐r ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛❜❛❥♦ ✭♠❛r❝♦ ✐♥❡r❝✐❛❧ X✱ Y ✮✳ ▲❛ ♣♦♥❞❡r❛❝ó♥ ❞❡

❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝❛s♦s s❡ ❛s✐❣♥❛ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣♦r❝❡♥t❛❥❡ ❞❡❧ ár❡❛ ❡①♣❧♦r❛❞❛ ♣❛r❛ ❝❛❞❛ ✉♥♦

✶✷✹



❞❡ ❧♦s ❞✐❢❡r❡♥t❡s ❝❛s♦s q✉❡ s❡ ♣❧❛♥t❡❛r♦♥ ❡♥ ❡st❛ t❡s✐s✳

❙❡ ♦❜t✉✈✐❡r♦♥ r❡s✉❧t❛❞♦s ❞♦♥❞❡ s❡ ✐❧✉str❛ ❝✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ❝✉á❧ ❞❡ ❧❛s ❡str❛t❡❣✐❛s ♣r♦♣✉❡st❛s

♣❛r❛ r❡❛❧✐③❛r ❝♦❜❡rt✉r❛s ❞❡ ár❡❛s r❡s✉❧t❛ s❡r ♠ás ❡✜❝✐❡♥t❡✳ ❊♥ ❧♦s ♣r✐♠❡r♦s r❡s✉❧t❛❞♦s s❡ ✐❧✉str❛♥

❧♦s ♣♦r❝❡♥t❛❥❡s ♦❜t❡♥✐❞♦s ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s s✐st❡♠❛s ❣❡♥❡r❛❞♦r❡s ❞❡ tr❛②❡❝t♦r✐❛s ❝♦♥ ❛♣❧✐❝❛❝✐ó♥

❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ❞❡❧ ❘▼❘✳ ▲❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡ ést♦s

r❡s✉❧t❛❞♦s ❝♦♠♣r❡♥❞❡ ❧♦s ❞✐st✐♥t♦s s✐st❡♠❛s ❣❡♥❡r❛❞♦r❡s ❞❡ tr❛②❡❝t♦r✐❛s ② ❝♦♥ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛

❧❡② ❞❡ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ ❞❡❧ ❘▼❘✳

✶✷✺



✻✳✼✳✶ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❊①♣❧♦r❛❝✐ó♥ ❝♦♥ ❈♦♥tr♦❧ ❞❡ ❱❛r✐❛❜❧❡s ❞❡ ❖r✐✲
❡♥t❛❝✐ó♥ ② ❉❡s♣❧❛③❛♠✐❡♥t♦

❊sq✉❡♠❛ ❞❡ ❈♦♥tr♦❧ ❡♥ ❱❛r✐❛❜❧❡s ▲♦❝❛❧❡s

●❡♥❡r❛❞♦r ❞❡ tr❛②❡❝t♦r✐❛s
P♦r❝❡♥t❛❥❡ ❞❡ ár❡❛

❡①♣❧♦r❛❞❛
❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤❡♥ 53.01%
❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③ 41.24%
❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤✉❛ 41.21%

❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡❧
♦s❝✐❧❛❞♦r ❉✉✣♥❣

30.17%

❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❘♦ss❧❡r 26.26%
▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r

❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦
25.05%

▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ré❣✐♠❡♥ ❝❛ót✐❝♦

20.63%

▼♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❝♦♥
❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♠❜✐♥❛❞♦

20.02%

❙✐st❡♠❛ ❞✐♥á♠✐❝♦ ♣❡r✐ó❞✐❝♦ 19.21%

❚❛❜❧❛ ✻✳✼✳✶✵✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❝♦❜❡rt✉r❛ ❞❡❧ ár❡❛ ❞❡ tr❛❜❛❥♦ ❞❡ 1m× 1m ♣❛r❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❡♥
❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧✳

✶✷✻



✻✳✼✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❊①♣❧♦r❛❝✐ó♥ ❝♦♥ ❈♦♥tr♦❧ ❞❡ ❱❛r✐❛❜❧❡s ❈❛rt❡✲
s✐❛♥❛s

❊sq✉❡♠❛ ❞❡ ❈♦♥tr♦❧ ❡♥ ❱❛r✐❛❜❧❡s ❈❛rt❡s✐❛♥❛s

●❡♥❡r❛❞♦r ❞❡ tr❛②❡❝t♦r✐❛s
P♦r❝❡♥t❛❥❡ ❞❡ ár❡❛

❡①♣❧♦r❛❞❛
▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ré❣✐♠❡♥ ❝❛ót✐❝♦

74.73%

❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❘öss❧❡r 73.66%
❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤❡♥ 61.54%
▼♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❝♦♥

❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♠❜✐♥❛❞♦
57.34%

❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡❧
♦s❝✐❧❛❞♦r ❉✉✣♥❣

55.95%

▼♦❞❡❧♦ ❍✉❡rt❛✲❈✉é❧❧❛r
❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦

53.02%

❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ▲♦r❡♥③ 47.73%
❙✐st❡♠❛ ❞✐♥á♠✐❝♦ ♣❡r✐ó❞✐❝♦ 24.45%
❙✐st❡♠❛ ❝❛ót✐❝♦ ❞❡ ❈❤✉❛ 22.14%

❚❛❜❧❛ ✻✳✼✳✶✶✿ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛ ❝♦❜❡rt✉r❛ ❞❡❧ ár❡❛ ❞❡ tr❛❜❛❥♦ ❞❡ 1m× 1m ♣❛r❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❡♥
❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛✳

❊♥ ❧❛s ❚❛❜❧❛s ✻✳✼✳✶✵ ② ✻✳✼✳✶✶✱ s❡ ✐❧✉str❛ ❧❛ ❝✉❛♥t✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❝♦❜❡rt✉r❛ ♣❛r❛ ❝❛❞❛ ❡sq✉❡♠❛

❞❡ ❝♦♥tr♦❧ ❝♦♥ ❞✐❢❡r❡♥t❡s ♣❛tr♦♥❡s ❞❡ r❡❢❡r❡♥❝✐❛ ② s❡ ❧✐st❛♥ ❞❡❧ q✉❡ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s ❞❛ ❤❛st❛ ❡❧

♠ás ✐♥❡✜❝✐❡♥t❡✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞❡ ❧❛s t❛❜❧❛s✳ ▲♦s

r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥ ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ r❡s✉❧t❛♥ s❡r ♠✉② ♣♦❝♦

❡✜❝✐❡♥t❡s✱ s✐♥ ❡♠❜❛r❣♦✱ ✐♥✢✉②❡ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s❡ t✉✈♦ q✉❡ r❡❝♦rt❛r ❞❡❧ ár❡❛ t♦t❛❧ r❡❝♦rr✐❞❛✱ ✉♥

✶✷✼



❝✉❛❞r♦ ❞❡ 1m × 1m ❛ ♠♦❞♦ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ♣❛r❛ ❧❛ t❛❜❧❛ ❞❡ ❝♦❜❡rt✉r❛s✱ ♣♦r ❧♦ t❛♥t♦✱ t✐❡♥❡♥

✉♥❛ ♠❛②♦r ❞✐str✐❜✉❝✐ó♥ ❡♥ ❡❧ ár❡❛ ❞❡ tr❛❜❛❥♦✱ ♥♦ ❡s ♣♦s✐❜❧❡ ❝♦♥tr♦❧❛r s✉ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❡♥ ✉♥

ár❡❛ ❞❡❧✐♠✐t❛❞❛ ② s❡rí❛♥ ✉♥❛ ❜✉❡♥❛ ❛❧t❡r♥❛t✐✈❛ ❝✉❛♥❞♦ s❡ ❞❡s❡❡ r❡❛❧✐③❛r ✉♥❛ ❝♦❜❡rt✉r❛ ❞❡ ✉♥❛

❡①t❡♥s✐ó♥ ❞❡ ❡s♣❛❝✐♦ ♠✉② ❛♠♣❧✐❛✳ ▲❛ ❝♦❜❡rt✉r❛ ❞❡ ár❡❛s ♣♦r ❡❧ ❡sq✉❡♠❛ ❞❡ ❝♦♥tr♦❧ ❞❡ ✈❛r✐❛❜❧❡s

❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛ r❡s✉❧t❛ s❡r ♠✉❝❤♦ ♠ás ❡✜❝✐❡♥t❡ ② ❝♦♥ ♦♣♦rt✉♥✐❞❛❞ ❞❡ ♠❡❥♦r❛rs❡ ❛ú♥ ♠ás✱

❛✉♠❡♥t❛♥❞♦ ❡❧ t✐❡♠♣♦ ❞❡ ❡①♣❧♦r❛❝✐ó♥✱ ②❛ q✉❡ ❡♥ ❡st❡ tr❛❜❛❥♦ s❡ ✉t✐❧✐③ó ✉♥ t✐❡♠♣♦ ❞❡ s✐♠✉❧❛❝✐ó♥

❞❡ ✸✵ ♠✐♥✉t♦s✳ ❙❡ ♣✉❡❞❡ ♥♦t❛r q✉❡ ♣❛r❛ ❡st❡ ❝❛s♦ s❡ ❣❡♥❡r❛♥ tr❛②❡❝t♦r✐❛s ❞❡♥s❛s q✉❡ ♣✉❡❞❡♥

❞❡❧✐♠✐t❛rs❡ ❛ ❧❛ ❝♦❜❡rt✉r❛ ❞❡ ✉♥ ár❡❛ ❞❡ t❛♠❛ñ♦ ❡s♣❡❝í✜❝♦✳ P❛r❛ ❝✉❡st✐♦♥❡s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥

❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ s❡❣✉✐r✐❞❛❞✱ ❧♦s ♣❛tr♦♥❡s ♠ás ✐❞ó♥❡♦s s♦♥ ❧♦s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ②

❝♦♠♣♦rt❛♠✐❡♥t♦s ❝♦♠❜✐♥❛❞♦s✱ ②❛ q✉❡ ♣✉❡❞❡♥ ❞❡❧✐♠✐t❛rs❡✱ t✐❡♥❡♥ ✉♥❛ ❝♦❜❡rt✉r❛ ❞❡ ❡①♣❧♦r❛❝✐ó♥

❛❝❡♣t❛❜❧❡ ② s✉s tr❛②❡❝t♦r✐❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ tr❛❜❛❥♦ s♦♥ ❛❧t❛♠❡♥t❡ ✐♠♣r❡❞✐❝t✐❜❧❡s✱ ❛ ❞✐❢❡r❡♥❝✐❛

❞❡ ❧❛s ♣r♦②❡❝❝✐♦♥❡s ❞❡ ❧♦s ❛tr❛❝t♦r❡s ❝❛ót✐❝♦s✱ ❧♦s ❝✉❛❧❡s s✐❡♠♣r❡ t✐❡♥❡♥ ✉♥❛ ❢♦r♠❛ ❞❡✜♥✐❞❛ ② q✉❡

❞í✜❝✐❧❡♠❡♥t❡ ✈❛rí❛♥ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✳

✻✳✼✳✸ ❈♦♥❝❧✉s✐♦♥❡s

❊♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ s❡ ♣r♦♣✉s♦ r❡❛❧✐③❛r ✉♥ ❛♥á❧✐s✐s ❡①❤❛✉st✐✈♦ ❞❡ ♠❡t♦❞♦❧♦❣í❛s út✐❧❡s ♣❛r❛ ❧❛

❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛ ❞❡ ár❡❛s ❞❡ tr❛❜❛❥♦✳ ❊♥ ❧❛ ❧✐t❡r❛t✉r❛ s❡ ❤❛♥ ♣r♦♣✉❡st♦ ❞✐✈❡rs❛s s♦❧✉✲

❝✐♦♥❡s ♣❛r❛ ❡st♦s ♣r♦❜❧❡♠❛s✱ s✐♥ ❡♠❜❛r❣♦✱ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♠✉❡str❛♥ ❝❛r❡❝❡♥ ❞❡ ✐♥❢♦r♠❛❝✐ó♥

❝✉❛♥t✐t❛t✐✈❛ s♦❜r❡ ❧♦s ♠ét♦❞♦s q✉❡ ♣❡r♠✐t❡♥ r❡❛❧✐③❛r ❡①♣❧♦r❛❝✐♦♥❡s ❡✜❝✐❡♥t❡s✱ ♣♦r ❡st❛ r❛③ó♥✱

❡st❡ tr❛❜❛❥♦ ♣r♦♣♦r❝✐♦♥❛ r❡s✉❧t❛❞♦s ♠ás ❝♦♠♣❧❡t♦s q✉❡ ❧♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛

r❡❧❛❝✐♦♥❛❞❛ ❡♥ ❡st❛ ár❡❛ ❞❡ ✐♥t❡rés✳

P♦r ♠❡❞✐♦ ❞❡ ❧❛s ❡str❛t❡❣✐❛s ❞❡ ❝♦♥tr♦❧ ♣r♦♣♦r❝✐♦♥❛❧ ❞❡r✐✈❛t✐✈♦ ❝♦♥ ✈❛r✐❛♥t❡s ✭P❉✰✮✱ ❧✐♥❡❛❧✲

✐③❛❝✐ó♥ ❡①❛❝t❛ ♣♦r r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ó ♣❛r ❝❛❧❝✉❧❛❞♦ ② ❞❡ ❣❡♦♠❡trí❛ ❞✐❢❡r❡♥❝✐❛❧✱ s❡

❧♦❣ró ❤❛❝❡r ✉♥ ❝♦♥tr♦❧ ♣r❡❝✐s♦ ♣❛r❛ ❡❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ tr❛②❡❝t♦r✐❛s q✉❡ s♦♥ ❛❧t❛♠❡♥t❡ ❝♦♠♣❧❡❥❛s✱

❡s ❞❡❝✐r✱ ♣♦s❡❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♠✉② ✐rr❡❣✉❧❛r✳ ❋✉❡ ♣♦s✐❜❧❡ r❡❛❧✐③❛r ❡st❛ t❛r❡❛ ❞❡ ✉♥❛ ♠❛♥✲

❡r❛ ♠ás s✐♠♣❧❡ ♣♦r ♠❡❞✐♦ ❞❡❧ ✉s♦ ❞❡ s✐st❡♠❛s ❞✐♥á♠✐❝♦s ♠♦❞❡❧❛❞♦s ❝♦♥ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s

✶✷✽



♣✉r❛♠❡♥t❡ ❞❡t❡r♠✐♥✐st❛s✱ ❧♦s ❝✉❛❧❡s ❣❡♥❡r❛r♦♥ ❧❛s tr❛②❡❝tr♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛✳ ❈❛❜❡ ❞❡st❛❝❛r q✉❡

❡st❡ tr❛❜❛❥♦ ❡s ❡❧ ♣r✐♠❡r♦ ❡♥ ✉t✐❧✐③❛r ✉♥ ♠♦❞❡❧♦ q✉❡ ❣❡♥❡r❛ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❞❡t❡r♠✐♥✐st❛

♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ♣r❡s❡♥t❛❞❛ ❡♥ ❬✶✶❪✱ ❧♦ ❝✉á❧ s✐♠♣❧✐✜❝❛ ② ❜r✐♥❞❛ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s

q✉❡ ❧♦s ❡sq✉❡♠❛s q✉❡ s❡ ❛❜♦r❞❛♥ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛ r❡❧❛❝✐♦♥❛❞❛ ❛❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦ ❡♥ ❧❛

r♦❜ót✐❝❛ ♠ó✈✐❧✱ ②❛ q✉❡ ❡♥ s✉ ♠❛②♦rí❛ ❡stá♥ ❧✐❣❛❞♦s ❛ ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛✱ ❧♦ ❝✉á❧ ❞✐✜❝✉❧t❛

s✉ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ♣♦r ❧❛ ❝❛r❡♥❝✐❛ ❞❡ ❞✐❢❡r❡♥❝✐❜✐❧✐❞❛❞✳ ❊st♦ s✉♣♦♥❡ ✉♥❛ ♠❡❥♦r❛ ❡♥ ❝✉❡st✐ó♥

❞❡ ♣r❡❝✐s✐ó♥ ② ❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡❝✐s♦ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s q✉❡ s❡rá♥ ❣❡♥❡r❛❞❛s ♣♦r ❡st❡ ♠♦❞❡❧♦

❞✐♥á♠✐❝♦✳

P❛r❛ ❢❛❝✐❧✐t❛r ❡❧ ❝♦♥tr♦❧ ❞❡ s❡❣✉✐♠✐❡♥t♦ ❞❡ ❡st❛s tr❛②❡❝t♦r✐❛s ❝♦♥ ❝♦♠♣♦rt❛♠✐❡♥t♦s ♠✉② ✐r✲

r❡❣✉❧❛r❡s✱ s❡ ❛ñ❛❞✐ó ✉♥ ❢❛❝t♦r ❛❞✐❝✐♦♥❛❧ q✉❡ ♠♦❞✐✜❝❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐♥á♠✐❝❛s ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s

♠♦❞❡❧♦s ✉t✐❧✐③❛❞♦s✱ ❞♦♥❞❡ s❡ ❛❥✉st❛ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❢❛❝t♦r❡s ❞❡ ❡s❝❛❧❛♠✐❡♥t♦ ♣❛r❛

❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ s✐st❡♠❛ ❞❡ r❡❢❡r❡♥❝✐❛ q✉❡ ♠♦❞✐✜❝❛♥ ❧❛ ❛♠♣❧✐t✉❞ ✭t❛♠❛ñ♦ ❞❡❧ ár❡❛✮ ② ❢r❡❝✉❡♥❝✐❛

✭r❛♣✐❞❡③✮ ❞❡ ❧❛s tr❛②❡❝t♦r✐❛s✳ ❊st♦ ❜r✐♥❞ó ✉♥❛ ♠❛②♦r ❛❞❛♣t❛❜✐❧✐❞❛❞ ❛ ❧❛s tr❛②❡❝t♦r✐❛s s❡❣✉✐❞❛s

♣♦r ♠❡❞✐♦ ❞❡❧ ❘▼❘ ② s❡ ❧♦❣r❛r♦♥ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s✳

❖tr♦ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ ❛ r❡s❛❧t❛r ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❛ ♣❛rt✐r ❞❡ ❡st❡ tr❛❜❛❥♦ ❢✉❡ ❧❛

♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❞❡t❡r♠✐♥❛r s♦❜r❡ q✉❡ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s s❡ ❧❧❡❣❛ ❛ ♦❜t❡♥❡r ♠❡❥♦r❡s r❡s✉❧t❛❞♦s

♣❛r❛ ❧❛ ❝♦❜❡rt✉r❛ ❞❡ ár❡❛s✳ ❆❞❡♠ás✱ ❢✉❡ ♣♦s✐❜❧❡ ✐❞❡♥t✐✜❝❛r q✉❡ ❛❧ ❛♣❧✐❝❛r ❡❧ ❝♦♥tr♦❧ ❡♥ ❧❛s

✈❛r✐❛❜❧❡s ❞❡ ♣♦s✐❝✐ó♥ ❝❛rt❡s✐❛♥❛✱ s❡ ❧♦❣r❛r♦♥ ♠❡❥♦r❡s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛s ❡①♣❧♦r❛❝✐♦♥❡s ❞❡ tr❛❜❛❥♦

♠ás ❡✜❝✐❡♥t❡s✳

❉❡❜✐❞♦ ❛ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❧✐♠✐t❛❞❛✱ q✉❡ ❡s ✐♥trí♥s❡❝❛ ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✱ ❡①✐st❡♥ ✈❛r✐❛❜❧❡s

❞❡ ❞✐♥á♠✐❝❛ ✐♥t❡r♥❛✱ ❡s ❞❡❝✐r✱ ✈❛r✐❛❜❧❡s q✉❡ ♥♦ s♦♥ ♣♦s✐❜❧❡s ❞❡ ❝♦♥tr♦❧❛r✳ ❆❧ ♣r❡s❡♥t❛rs❡ ❡st❡ ❢❡♥ó✲

♠❡♥♦✱ s❡ ✐♥❝❧✉②♦ ❝ó♠♦ ♦tr♦ ♠♦t✐✈♦ ❞❡ ❡st✉❞✐♦ ❛♥❛❧✐③❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐♥á♠✐❝♦ r❡s✉❧t❛♥t❡

❞❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❡str❛t❡❣✐❛❞ ❞❡ ❝♦♥tr♦❧ ❡♥ ❧♦s ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐❛❜❧❡s✱ ❧❛s ❞❡ ♣♦s✐❝✐ó♥

❝❛rt❡s✐❛♥❛ ② ❧❛s ❞❡ ♣♦s✐❝✐ó♥ ❧♦❝❛❧ ✭♦r✐❡♥t❛❝✐ó♥ ② ❞❡s♣❧❛③❛♠✐❡♥t♦✮ ❞❡❧ ❘▼❘✳ ❙❡ ❧♦❣r❛r♦♥ ♦❜t❡♥❡r

r❡s✉❧t❛❞♦s ✐♥t❡r❡s❛♥t❡s ❞♦♥❞❡ s❡ ❞❡♠✉❡str❛ ♣♦r ♠❡❞✐♦ ❞❡ ❧♦s í♥❞✐❝❡s r❡s✉❧t❛♥t❡s ❞❡ ❧♦s ❛♥á❧✐s✐s

✐♥❝❧✉✐❞♦s ❡♥ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ tr❛②❡❝t♦r✐❛s✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡✱ ❛❧ ✐♥tr♦❞✉❝✐r

✶✷✾



r❡❢❡r❡♥❝✐❛s ❝♦♥ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s ✐rr❡❣✉❧❛r❡s ❛ tr❛✈és ❞❡❧ ♠♦❞❡❧♦ ❞❡❧ ❘▼❘✱ s❡ ♠❛♣❡♦

❛ ❧❛ s❛❧✐❞❛ ❞❡ s✉s ✈❛r✐❛❜❧❡s ❞❡ ❞✐♥á♠✐❝❛ ❧✐❜r❡ ❝♦♠♣♦rt❛♠✐❡♥t♦s q✉❡ ♥♦ s♦♥ ❛❧❡❛t♦r✐♦s✳ ❊st♦ ♥♦s

❜r✐♥❞ó ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ❡st❛❜❧❡❝❡ q✉❡ ❡①✐st❡ ❛❧❣ú♥ t✐♣♦ ❞❡ r❡❧❛❝✐♦♥❡ ❡♥tr❡❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ♠♦❞❡❧♦✱

②❛ q✉❡ ❝✐❡rt♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❡♥tr❛❞❛ ♠♦❞✐✜❝❛♥ s✉ ❞✐♥á♠✐❝❛ ❛ ❧❛ s❛❧✐❞❛ ❣❡♥❡r❛♥❞♦ ♦tr♦ t✐♣♦

❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐st✐♥t♦ ♦ ✐♥❝❧✉s♦✱ ♠❛♥t❡♥✐❡♥❞♦ ❡❧ ♠✐s♠♦ t✐♣♦ ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦✱ ❛ ♣❡s❛r ❞❡

q✉❡ s❡ tr❛t❛ ❞❡ ✉♥ ♠♦❞❡❧♦ ♥♦ ❧✐♥❡❛❧✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝❛r❛❝t❡r✐③❛❝✐ó♥

❞❡ tr❛②❡❝t♦r✐❛s✱ ❝♦♥ ❧❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s ♣❡rt✐♥❡♥t❡s✱ ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡

❞✐❢❡r❡♥t❡s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❡♥ s❡r✐❡s t❡♠♣♦r❛❧❡s ❞❡ ❝✉❛❧q✉✐❡r ♦tr♦ ❢❡♥ó♠❡♥♦✳

❖tr♦ r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ ❡♥ ❡st❡ tr❛❜❛❥♦ ❢✉❡ ❡❧ ✉s♦ ❞❡ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❞✐♥á♠✐❝♦s ❝♦♠❜✐♥❛❞♦s

♣♦r ♠❡❞✐♦ ❞❡ ✉♥ ♣❛tr♦♥ ❝❛ót✐❝♦ ❝♦♠❜✐♥❛❞♦s ❝♦♥ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱ ♣❛r❛ ✐♠♣r✐♠✐r ❝❛r❛❝✲

t❡ríst✐❝❛s ❞❡ tr❛♥s✐t✐✈✐❞❛❞ t♦♣♦❧ó❣✐❝❛ r❡❧❛❝✐♦♥❛❞❛ ❛❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝❛ót✐❝♦ ❝♦♥ ❡❧ ♠♦✈✐♠✐❡♥t♦

♣❡r♣❡t✉♦ ② ❧♦s ✐♥❝r❡♠❡♥t♦s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❛❧❡❛t♦r✐♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❇r♦✇♥✐❛♥♦✱

♣♦r ♠❡❞✐♦ ❞❡ ♠♦❞❡❧♦s ❞✐♥á♠✐❝♦s ❝♦♥ ❡❝✉❛❝✐♦♥❡s ❞❡t❡r♠✐♥✐st❛s q✉❡ ❢❛❝✐❧✐t❛♥ ♠❛♥❡❥❛r s✉ ❛♠♣❧✐✲

t✉❞ ② r❛♣✐❞❡③✱ t❛❧ ② ❝♦♠♦ s❡ ♠❡♥❝✐♦♥❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦r ♠❡❞✐♦ ❞❡ ❛❥✉st❡s ❞❡ ❡s❝❛❧❛♠✐❡♥t♦

❡♥ ❢r❡❝✉❡♥❝✐❛ ② ❛♠♣❧✐t✉❞✱ ❢❛❝✐❧✐t❛♥❞♦ s✉ ✐♠♣❧❡♠❡♥t❛❝✐ó♥✳ ❍❛❝✐❡♥❞♦ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ❧♦s

❞❡♠ás ♣❛tr♦♥❡s ❞❡ r❡❢❡r❡♥❝✐❛ s❡ ❞❡t❡r♠✐♥ó q✉❡ ❧♦s ❡sq✉❡♠❛s ❝♦♠❜✐♥❛❞♦s ♣r♦♣♦r❝✐♦♥❛♥ ♠❡❥♦r❡s

r❡s✉❧t❛❞♦s ❡♥ ❝✉á♥t♦ ❛ ❝♦❜❡rt✉r❛ ❡ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ♣❛r❛ ❧❛s t❛r❡❛s ❞❡ ❡①♣❧♦r❛❝✐ó♥ ② ✈✐❣✐❧❛♥❝✐❛✳

❋✐♥❛❧♠❡♥t❡✱ s❡ ❤✐③ó ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❢ís✐❝❛ ❡♥ ❧❛ ♣❧❛t❛❢♦r♠❛ r♦❜ót✐❝❛ ❡✲♣✉❝❦✱ ❞♦♥❞❡ s❡

❧❧❡✈❛r♦♥ ❛ ❝❛❜♦ ❧♦s ♠✐s♠♦s ❛♥á❧✐s✐s ❞❡ ❧❛s s✐♠✉❧❛❝✐♦♥❡s ❝♦♠♣✉t❛❝✐♦♥❛❧❡s✳ ❙❡ s❡❧❡❝❝✐♦♥ó ❡❧ ♠❡❥♦r

❝❛s♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ② s❡ ❧❧❡✈ó ❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥✳ ❉❡ ❡st❡ ♠♦❞♦ s❡ ❝♦♠♣r♦❜ó q✉❡ ❧♦s r❡s✉❧t❛❞♦s

♦❜t❡♥✐❞♦s ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡❧ ♠✐s♠♦ q✉❡ r❡s✉❧t♦ ❞❡ ❧❛s s✐♠✉❧❛❝✐♦♥❡s✳

❙❡ ❝♦♥❝❧✉②❡ q✉❡ ❢✉❡ ♣♦s✐❜❧❡ ♠❡❥♦r❛r ❧❛ ✐♠♣r❡❞✐❝t✐❜✐❧✐❞❛❞ ② ❝♦❜❡rt✉r❛ ♣♦r ♠❡❞✐♦ ❞❡ ❘▼❘

q✉❡ s✐❣✉❡♥ tr❛②❡❝t♦r✐❛s ❞❡ r❡❢❡r❡♥❝✐❛ ❇r♦✇♥✐❛♥❛s ② ❝❛ót✐❝❛s ❛❧ ♠❡♥♦s ❞♦s ✈❡❝❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s✱

❞❛♥❞♦ ♣❛s♦ ❛ s✐st❡♠❛s r♦❜ót✐❝♦s ❛✉tó♥♦♠♦s ❝♦♥ ♠❛②♦r ❡✜❝✐❡♥❝✐❛ ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡①♣❧♦r❛❝✐ó♥

② ✈✐❣✐❧❛♥❝✐❛✳

✶✸✵



❇✐❜❧✐♦❣r❛❢í❛

❬✶❪ ❊✳ ❆❦✐♥✱ ❚❤❡ ❣❡♥❡r❛❧ t♦♣♦❧♦❣② ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✷✵✵✾✱ ✈♦❧✳ ✶✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧
❙♦❝✐❡t②✱ ❈❤❛r❧❡s ❙tr❡❡t✱ Pr♦✈✐❞❡♥❝❡✱ ❘❤♦❞❡ ■s❧❛♥❞✱ ❯❙❆✱ ✷✵✵✵✳

❬✷❪ ▲✳ ❇❛❝❤❡❧✐❡r✱ ❚❤❡ t❤❡♦r② ♦❢ s♣❡❝✉❧❛t✐♦♥✱ P❤❞✱ ❯♥✐✈❡rs✐t② ♦❢ P❛r✐s✱ P❛r✐s✱ ❋r❛♥❝❡✱ ✶✾✵✵✳

❬✸❪ ❘✳ ❇❛❧❛❦r✐s❤♥❛ ❛♥❞ ❆✳ ●❤♦s❛❧✱ ▼♦❞❡❧✐♥❣ ♦❢ s❧✐♣ ❢♦r ✇❤❡❡❧❡❞ ♠♦❜✐❧❡ r♦❜♦ts✳✱ ■❊❊❊ ✶✶ ✭✶✾✾✺✮✱
♥♦✳ ✶✱ ✶✷✻✕✶✸✷✳

❬✹❪ ❆✳ ❇❛r❛ ❛♥❞ ❙✳ ❉❛❧❡✱ ❉②♥❛♠✐❝ ♠♦❞❡❧✐♥❣ ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ✇❤❡❡❧❡❞ ♠♦❜✐❧❡ r♦❜♦t✳✱ Pr♦❝❡❡❞✲
✐♥❣s ♦❢ t❤❡ ✺t❤ ❲❙❊❆❙✱ ■♥t✳ ❈♦♥❢✳ ♦♥ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ❛♥❞ ❈♦♥tr♦❧✱ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝
❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❆❝❛❞❡♠② ❛♥❞ ❙♦❝✐❡t② ✭❲❙❊❆❙✮✱ ❏❛♥✉❛r② ✷✵✵✾✱ ♣♣✳ ✽✼✕✾✷✳

❬✺❪ ❘✳ ❇✐s❤♦♣✱ ❚❤❡ st❛♥❢♦r❞ ❡♥❝②❝❧♦♣❡❞✐❛ ♦❢ ♣❤✐❧♦s♦♣❤②✿ ❈❤❛♦s✱ ▼❡t❛♣❤②s✐❝s ❘❡s❡❛r❝❤ ▲❛❜✱
❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t② ✭✷✵✶✼✮✳

❬✻❪ ●✳ ❊✳ P✳ ❇♦①✱ ●✳ ▼✳ ❏❡♥❦✐♥s✱ ●✳ ❈✳ ❘❡✐♥s❡❧✱ ❛♥❞ ●✳ ▼✳ ▲❥✉♥❣✱ ❚✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s✿ ❋♦r❡✲
❝❛st✐♥❣ ❛♥❞ ❝♦♥tr♦❧✱ Pr❡♥t✐❝❡ ❍❛❧❧✱ ✶✾✾✹✳

❬✼❪ ❘✳ ❇r♦✇♥✱ ❆ ❜r✐❡❢ ❛❝❝♦✉♥t ♦❢ ♠✐❝r♦s❝♦♣✐❝ ♦❜s❡r✈❛t✐♦♥s ♠❛❞❡ ✐♥ t❤❡ ♠♦♥t❤s ♦❢ ❥✉♥❡✱ ❥✉❧② ❛♥❞
❛✉❣✉st ✶✽✷✼ ♦♥ t❤❡ ♣❛rt✐❝❧❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣♦❧❧❡♥ ♦❢ ♣❧❛♥ts❀ ❛♥❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡
♦❢ ❛❝t✐✈❡ ♠♦❧❡❝✉❧❡s ✐♥ ♦r❣❛♥✐❝ ❛♥❞ ✐♥♦r❣❛♥✐❝ ❜♦❞✐❡s✳✱ ❊❞✐♥❜✉r❣❤ ◆❡✇ P❤✐❧♦s ❏✳ ✭✶✽✷✼✮✳

❬✽❪ ●✳ ❈❛♠♣✐♦♥✱ ●✳ ❇❛st✐♥✱ ❛♥❞ ❉✬❆♥❞r❡❛✲◆♦✈❡❧✱ ❙tr✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢
❦✐♥❡♠❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ♠♦❞❡❧s ♦❢ ✇❤❡❡❧❡❞ ♠♦❜✐❧❡ r♦❜♦ts✳✱ ■❊❊❊ ❚r❛♥s✳ ♦♥✱ ✈♦❧✳ ✶✷✱ ❘♦❜♦t✐❝s
❛♥❞ ❆✉t♦♠❛t✐♦♥✱ ■❊❊❊✱ ❋❡❜r✉❛r② ✶✾✾✻✱ ♣♣✳ ✹✼✕✻✶✳
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