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We present the entanglement measures of a tetrapartite W-class entangled system in a noninertial frame, where the
transformation between Minkowski and Rindler coordinates is applied. Two cases are considered. First, when one qubit
has uniform acceleration whilst the other three remain stationary. Second, when two qubits have nonuniform accelerations
and the others stay inertial. The 1-1 tangle, 1-3 tangle, and whole entanglement measurements 74 and Ily, are studied
and illustrated with graphics through their dependence on the acceleration parameter rq for the first case and r. and rq for
the second case. It is found that the negativities (1-1 tangle and 1-3 tangle) and m-tangle decrease when the acceleration
parameter rq or in the second case r. and rq increase, remaining a nonzero entanglement in the majority of the results. This
means that the system will be always entangled except for special cases. It is shown that only the 1-1 tangle for the first
case vanishes at infinite accelerations, but for the second case the 1-1 tangle disappears completely when r > 0.472473. An
analytical expression for the von Neumann information entropy of the system is found and we note that it increases with

the acceleration parameter.

Keywords: W-class, tetrapartite entanglement, Dirac field, noninertial frames, nonuniform acceleration
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1. Introduction

Entanglement plays an important role in quantum infor-
mation as a resource for quantum teleportation, communica-
tion, and cryptography.['=3! Since relativity allows us to have a
fundamental understanding of the theoretical model, it is rele-
vant to study entanglement in a noninertial frame as a physical
property of multipartite states. [*!

Fuentes-Schuller and Mann first studied the entanglement
of two qubits in noninertial frames and showed that the max-
imal bipartite entanglement decreases when one of two ob-
servers is accelerated. When the acceleration increases, the
entanglement decreases until they reach infinite acceleration
reducing the state to a separable one.®! In the case of the tri-
partite state, examined by Hwang et al., it has been shown
that just as the bipartite case, the entanglement degrades when
one of the observers is accelerated, but the accelerated ob-
server entanglement does not completely vanish, even when
the observer is moving with an infinite acceleration. Also,
they found the interesting result that entanglement is observer
dependent.[©]

Li et al. analyzed the entanglement of a tetrapartite GHZ-
state from one to four accelerated observers with a uniform
acceleration a using 7m4- and Ils-tangles, which are the whole
entanglement calculations.”! It should be addressed that other
relevant contributions have been made in tripartite entangled

DOI: 10.1088/1674-1056/28/7/070301

systems. [8-18]

Rindler coordinates are used to describe the viewpoint
of uniformly accelerated observers. There are two different
sets of coordinates necessary to map field states in Minkowski
space—time to Rindler coordinates, which define two discon-
nected regions in Rindler space—time. %]

In this work, we will investigate the tetrapartite entangle-
ment of the Dirac fields when one observer is accelerated and
when two observers are accelerated for the W-class of the 4-
particle case. Let Alice, Bob, Charlie, and David share a four-
mode W-class entangled state when they are initially not mov-
ing. First, we suppose that David moves with a uniform accel-
eration with respect to Alice, Bob, and Charlie. Second, we
suppose that Charlie and David are moving with nonuniform
acceleration. We compute the m4-tangle and the I'ly-tangle as
functions of David’s acceleration and Charlie’s and David’s
accelerations, respectively. We show that, just as the bipar-
tite and tripartite entanglement cases, the 7-tangle decreases
with the increasing acceleration, but unlike the bipartite en-
tanglement case, when one observer reaches infinite acceler-
ation, the entanglement does not completely vanish, but re-
mains nonzero my-tangle and Ils-tangle. This result implies
the possibility of quantum information processing even when
David reaches the Rindler horizon. Also, we are concerned
with the study of von Neumann entropy to quantify this tetra-
partite entangled system.
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The rest of this work is organized as follows. In Section
2, we give a description of the system and the considerations
are made. We then discuss the tetrapartite entanglement of the
W-class when one observer is accelerated. In Section 3, we
discuss the tetrapartite entanglement of the W-class when two
observers are accelerated. We make calculations on negativ-
We will
study von Neumann entropy in section 4. Finally, some dis-

ities and show whole entanglement measurements.
cussions and concluding remarks are given in Section 5.

2. Tetrapartite entanglement when one observer
is accelerated

As shown by Verstraete et al., there are nine different
ways to entangle 4 qubits.[>!] The vast majority of papers on
this subject focus on two main states: the Greenberger—Horne—
Zeilinger (GHZ) state and the W-class state. The last one of-
ten gets less attention than the first one because its calcula-
tions frequently get much more complex. There have already
been a lot of treatments on the matter of the contributions for
one, two, three, and four acceleration qubits for an initial GHZ
state. So our attention in this work will be for an initial W-class
entangled state.

The W-class entangled state we will be considering is
composed of fermions, which in this case are 4 qubits with
the names Alice, Bob, Charlie, and David, each of them liv-
ing in a different Hilbert space. Now, we consider the case
in which three of them, namely, Alice, Bob, and Charlie, are
stationary while David moves with a uniform acceleration.

A generalization for N qubits of the W-class state has the

form[22

1
VN
where |[N —1,1) is the state involving N — 1 zeros and a one.
In this work, we take N = 4 and use the subscripts A, B, C, and
D to represent the fermions Alice, Bob, Charlie, and David, re-
spectively. With this, the W-class entangled state (N = 4) can

be written as follows:

1
W) = 5[113050¢0p) + 104130005

+104051¢0p) + 040506 15)]- )

As discussed above, the most suitable way to describe an
entangled state in a noninertial frame is using the Rindler coor-
dinates. By that, we need to make the transformation between
the two coordinated systems. For the fermion field, we use the

following transformation:?!

0w;) 4y = €087 {0y, )1 [Ow, )y +sinri | L)y | Lwy)y, (3D
|1w,->M = |1W1>1|0w;>117 )

(e2mic/ai 4 1)~=1/2 g; being the acceleration

with cosr; =
of the i-th accelerated observer and w; its corresponding fre-

quency. One has r; € [0, /4] for a; € [0,00). The subscripts I

and II in the kets represent the Rindler modes for regions I and
II in the Rindler space—time diagram.

Applying Egs. (3) and (4) to our |W) state, we obtain the
following state:

Ir.
W) = 5[smrd‘O/:\‘,Olg,lé,1]5171]5H>

+ sinrq |03, D”

~+ sinrg ’1A70B,OC7 By Dn

)
)
03.05:1¢:0p,.05, )
)
)

+ cosrg

+ cosrq |04, 15,0a,0 By ,0p B

+cosrd’ ,05,0¢,0p ODII
+ |04:08.0¢: 1p,:0p, ) | )

Usually, region II is considered to be the corresponding anti-
particle region in the same frame.[*+?! When David moves
with a uniform acceleration in Rindler region I, he is causally
disconnected from region II. This means that he has no access
to field modes in region II. Thus, the observer has to trace over
this inaccessible region so that region II will not be considered.

2.1. Negativity

The main equation defined for negativity was made for a
bipartite state. This allows us to measure the entanglement of
a system and is defined as

= llp H—l—ZZM (6)

where Kk and & represent any qubit, Ty denotes the partial trans-
pose of p,z with respect to &, and || M|| = Trv MM de-
notes the trace norm of a matrix M. This corresponds to a
1-1 tangle case. Here l,f,;)
the matrix M.

denotes the negative eigenvalue of

Equation (6) represents the general form to measure the
negativity. We extend the formula to the four-qubits case, and

obtain!7-26]
Nizar) = [1Pgtzer) | = 1y (7)
Nezo) = 1Pz 1= 1 ®)

which describe the entanglements 1-3 tangle and 1-2 tangle,
respectively. When calculating the negativities Nyg4¢) and
Ny (&g) in terms of the rightmost formula of Eq. (6), the matri-
ces M are taken as p){’(fé 60) and P,?(Cg o) respectively.

In order to begin negativity computations, we trace over
the inaccessible Rindler modes in region II, and then we pro-
ceed to calculate the density matrix with the following forms:
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PABCD;

0 0000000
8§ 0000000
820000000
0 BZ000000
820000000
0 BZ000000
0 0000000
0 0000000
820000000
BZ000000
000000
000000
000000
000000
000000
000000

; 9)

SO DD DD OO OO
eleoBoNeBoBol=NelNole)

00

=NeoloBolololol-E=Rololole]
SO ODOOUMODODOO,MO O — O

cocoocococo¥ocoocoPoPuwo
coocococoRoocoRoRooo
cocoocococooYocoocoPoPuwo
coococoococoRoocoRoRooo

0
0
0
000
0
0
0

(=R
(=R
[eNeoNeBoNeoNe)

where and hereafter we use the substitutions sinr. — o,
sinrg — B, cosre — ¥, and cosrg — 8. The corresponding
density matrices with transposed qubits are given in Appendix
A.

We now proceed to calculate the negativities, which will
help us to find all the entanglement measurements. We make
use of Eq. (6) to calculate the 1-3 entanglement with the fol-
lowing form:

= NB(ACD[) = Nc(aBDY) (10)
\/3 3sin(rq) +4cos?(rq)) — 3sin’(rq)]. (11)

Na(BcDy)

Np,(ABC) =

As we can see in Eq. (10), the measurements when the
observer is stationary, no matter whether it is Alice, Bob, or
Charlie are equal to each other (Fig. 1(a)). Due to their com-
plicated expressions, we do not attempt to write them out ex-
plicitly. Fortunately, the expression for Np, apc) is simpler
and can be obtained analytically.

Now, we proceed to calculate the 1-1 tangle using Eq. (6)
and obtain the corresponding density matrices by tracing over
two of the four qubits in the system respectively for each case.
Because of the symmetry among Alice, Bob, and Charlie, we
have the 1-1 tangle expressed as a combination of pairs of the
elements {A, B, C}

PR3 = PCr = Pgt = 1 (12)

—_ o O N
oSO~ OO

1
0
0
0

SO = O

On the other hand, due to symmetry, the 1-1 tangle be-
tween two sets i = {A,B,C} and j = {Dy} is expressed as

2c0s2ry 0 0 cosrg
-1 0 2sin’rg+1 0 0
Pij =3 0 0 cos’rg O » (13)
coSrq 0 0 sin’rg
1
Nap = Npc =Nac = 5(V2-1), (14)

N;j = f%[4cosz(rd)+7
—4\/1 —2cos2(rd)+8cos4(rd)] (15)

We can see that Nag in Eq. (14) is a constant. While the
observed decrement N;; in Eq. (15) is due to the rq parameter
(Fig. 1(b)). It is worth noting that while the 1-1 tangle van-
ishes at infinite acceleration for the accelerated observer, it is
not the case for the 1-3 tangle. On the other hand, it is found
that Np, (spc) decreases more quickly than N gcp,) With the
increasing acceleration parameter rq, but they never arrive at
zero even in the infinite acceleration limit.

0.8f o~ TTTe--_ =)
2 -~
® 0.7
g
=06
Los --Nascoy
0.4 — Npy(ABC)
0 0.2 0.4 0.6 0.8
Td
0.20f ==z -----=---=S-=o--
(b)
(]
< 0.15
g
£ 0.10
—
L 0.05F __nu
of — Ny , , ,
0 0.2 0.4 06 0.8

Td

Fig. 1. (a) The 1-3 tangle of Alice Nppcp,) and David Np, (agc). Te-
spectively as a function of the acceleration parameter rg, (b) the 1-1
tangle Nap and N;; as a function of the acceleration parameter rg.

2.2. The 7-tangle entanglement measures

Two important entanglement measurements are defined
for tripartite states, which are the whole entanglement mea-
surements 713 and I'Tz. Both of them depend on the negativities
and we can make a tetrapartite extension of the latter equa-

tions, yielding 2!
2 2 2
ﬂ(g—Né K.¢C NéK_NEqD_NEé’ (17)
My = Nyeeoy) — Nox — Nog —Nyz, (18)
T = N (xgo) = Now = Nig =Ny (19)

Now, we are able to obtain the 74-tangle, which is given
by taking the average of T, 7z, T, and 7 1']

Ty = (T + 7z + Ty + 7 ) /4. (20)

Also, we use another whole entanglement measure de-
fined as[?”)

1/4
Iy = (7 e e ) /4 1)
For the present case, one has

2 2 2 2
Ta = Na@scep,) —Nas —Nac —Nap,» (22)
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75 = N (acpy) — NVia — Nac — Napy» (23)

7c = N(appy) — Néa — Nés — No,. (24)

D = NpaBc) — Noya — Nis — Nojcs (25)

from which we are able to calculate m =

(A + 7B + i + 7p, ) /4 and IT; = (ﬂAﬂBﬂcﬂDI)l/4~

For the case we are studying, we have mpy = g = ¢ >
7p;. We plot ma (7g, 7ic) and 7p, residual entanglements
in Fig. 2 and 7mapcp,-tangle and Iy whole entanglements in
Fig. 3. Similarly, we notice that 7p, decreases more quickly
than 7a (7, mic) for the same reason as that for negativities
Np,(aBc) and Ny gcp,)- Moreover, we also find that the alge-
braic average residual Tapcp, is slightly greater than the ge-
ometric average Ily. In particular, they are almost the same
when rq < 0.3.

0.6

-~
-

0.5

===-TA, TB, TC
— 7Dy

0 0.2 0.4

Td

0.6 0.8

Fig. 2. Residual entanglement of Alice 74 (Bob and Charlie) and David
7ip, as a function of the acceleration parameter rg.

0.60
0.55
0.50
0.45
0.40
0.35

— == TABCDy
— Il

Whole entanglement

0.4 0.6
Td

0.2

Fig. 3. The ms-tangle and I1; whole entanglement as functions of the
acceleration parameter 7.

3. Tetrapartite entanglement when two ob-
servers are accelerated

In this case, similar to the above approach, we are about to
study the tetrapartite entanglement measurements of the sys-

0 0 0 0 0 0 0
0 ¥ 8 0 s 0 0
0 y5 &2 0 y82 0 0
0 0 0 o®+B> 0 B’y a%
0 y*6 y82 0 Y82 0 0
0 0 0 B2y 0 B 0
oo o a?s 0 0 a?s?
_ 0 0 0 0 0 0 0
PABCDI =2 0 426 462 Q282 0. 0
0 0 0 B2y 0 B 0
0 0 0 a?s 0 0 o028
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

tem. Computations become more complex due to the multi-
qubit state. We are working with the double Rindler trans-
formations in the state, leading to a bigger dependence of the
trigonometric functions. Now, we suppose that Charlie and
David are the accelerated observers. Applying Eqs. (3) and

(4) to our initial |W) state, we obtain

1’ ICH7

W) = 1151’ 1]511>

,1>

1
E(sinrcsinrd ‘OA,IE, lé

+sinresinrg |14,0p, ]CI’ 16117 14

+cosrccosrd‘OA,lB,0C ,OCH, Dn

+ cosr.cosryg A7OB,OCl 0Cll by ,0p By

+ cosresinrg |04, 15,06, 06 5 1, 1p

+ sinr. cosryg OAvlﬁﬂléI o 0n I,0

Dy

+ cosresinrg 13 A7OB,OCl 0Cll by Du

+ sinr. cosrg lA,()B,lc] CI]’ODI Op

)
)
)
)
)
)

—+ sinr, OA’Oﬁ’ch’ICII’lﬁI’Of’II>
+ cosrg OA,OB,OCI OCH, DI’ODH
+sinrq |04,04,1 & OCH by

(26)

+ 0087 |03,05: 1¢, O, - 0, O H>)

where r. and rq are the acceleration parameters for Charlie and
David, respectively. Notations Cy, Cy, Dy, and Dy represent
that Charlie and David move with an acceleration in Rindler
regions I and II. Just as in the previous calculations, we are not
going to consider region II.

3.1. Negativity

We will, one more, use time Eq. (6) to determine the de-
gree of entanglement for the 1-3 and 1-1 tangles. After tracing
over the inaccessible Rindler modes Cyy and Dy, we obtain the
density matrix

0 0 0 0 0 0000
0 8 0 0 0 0000
0 y8* 0 0 0 0000
0 0 PB?v o’ 0 0000
0 282 0 0 0 0000
0 0 B 0 0 0000
o, 0 0 a?s? 0, 0000
a’B?r 0 0 0 a2 0 0 0 0
0 8 0 0 0 0000 @7
0 0 B3 0 0 0000
0 0 0 o?8> 0_ 0000
a?f? 0 0 0 o282 00 0 0
0 0 0 0 0 0000
0 0 0 0 0 0000
0 0 0 0 0 0000
0 0 0 0 0 0000
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where we have also used the same notations for a, 3, 7, 8 as
above.

For the 1-3 entanglement, we once again find that there
exists some symmetry, i.e., Nagcp;) = Ne(acpy)- In the
case of Ne,(aBp,) and Np,(aBcy). it does not appear the same
(Fig. 4). It is seen that the negativities Nc; (app,) and Np, (aBcy)
are antisymmetric. This means that they can be obtained from
each other via replacing r. <> rq. It is also interesting to find
that both of them increase with increasing r. but decrease with

increasing rq.

E Nasc;pp

(b) E Noyaspy)
E Npyascp

0.8

Fig. 4. (a) Entanglement measure (1-3 tangle) from the viewpoint of
Alice (Bob) as a function of acceleration parameters r. and rq, (b) En-
tanglement measure (1-3 tangle) from the viewpoint of Charlie and
David as a function of acceleration parameters r. and rq.

On the other hand, in the 1-1 tangle, we can observe
in a more particular sense the entanglement between two
particles, as we can see that the maximum entanglement is
achieved when both particles are stationary, the lower entan-
glement is obtained when both accelerated particles are mea-
sured (Fig. 5). We rename the sets that based on symmetry,
the 1-1 tangle can be expressed in combinations of pairs with
the following sets k = {A,B} and £ = {C,D},

Nap = % (ﬁ— 1) , (28)

- % [\/E\/zscos (2r¢) + 9cos (4r¢) + 27

ng

NK'C]

—2(cos (2re)) — 6} , (29)

Ny = 116 [V2{22co0s (2r; + 2rq) +22c0s (2rc —2ry)
+9cos (4r.) — 16(cos (2rc)) +9cos (4rq)
—16(cos (2rq)) 4 34}/% — 2 (cos (2re +2r4))
—2(cos(2r. —2rq)) +2cos (2rc)
+2cos (2rg) — 8]. (30)

The quantity Nip, can be obtained easily by replacing r. in
Nic, with ry. Let us analyze Fig. 5 in detail. It should be noted
that N¢,p, decreases to zero when r = 0.472473 and Nac, =0

in the infinite acceleration limit r = 7 /4.

1—1 tangle

0 0.2 0.4 0.6 0.8
Te=T4q

Fig. 5. Entanglement measure (1-1 tangle) as a function of r, = ry.

3.2. The n-tangle entanglement measure

Again, using the method required for a tetrapartite
state, 1?1 we use Eqgs. (16)—(27) to obtain the residual entan-
glement for the W-class state. For this case, we have a similar
expressions to Eq. (22) except for notation C is replaced by Cj.
Thus, we have 4 = (7a + 78 + 7ic, + 7Ip,) /4 and the geomet-
ric average (21) Iy = (ma g 7, JrDI)l/ 4

Since the obtained results are not easy to express in a short
term, we shall only present their representative graph in Fig. 6.
We remark the antisymmetry between 7ic;, and 7p,, although
7a and 7 remain the same. As we know, it is very difficult to
plot 7ic, and 7p, as 3D graphics since the negativity Nc,p, is
equal to zero when r > 0.472473. The graphics of 7ic, and 7ip,
are plotted in two segmentation intervals of the variable 7, i.e.,
r€1[0,0.472473]J[0.472473, 7 /4]. We find that both 7c, and
7ip, decrease with the acceleration parameters 7. and rg.

Finally, we present in Fig. 7 the m4-tangle and the whole
entanglement calculated with Egs. (20) and (21). It is interest-
ing to find that the difference between the geometric average
value 74 and the geometric average value Il is almost zero.
This means that we can use any of them to describe this entan-

gled system.
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(a) K mA =78

E NamBop,) = NeBcp)

Fig. 6. (a) Residual entanglement (7-tangle) for Alice and Bob as well as their comparison with their 1-3 tangle. (b) Residual entanglement

(m-tangle) for Charlie and David.

0 0.2 0.4 0.6 0.8
Te

Fig. 7. (a) Whole entanglement (b) measures 74 and Iy as functions of
acceleration parameters r.. The 74 and Iy as functions of the parameter
rq are the same as above.

4. The von Neumann entropy

Another useful measurement for entanglement was in-
spired by von Neumann, establishing the analogous in quan-
tum mechanics of the Shannon entropy for classical probabil-
ity nowadays called von Neumann entropy.?8-3 It is defined
as S = —Tr(pInp). Another definition is developed and pro-

vided by Bengtsson and Zyczkowski3!!

S=— 7L,-ln7ti, (31)

N
i=1

where A; denotes the i-th eigenvalue of the density matrix p.
Using this definition, we are able to calculate the von Neu-
mann entropy. Since for the case when only David is acceler-
ated (Fig. 8), all eigenvalues except for two are zero, and for
the case when Charlie and David are moving, all eigenvalues

except for four are zero, we are able to obtain the explicit ana-
Iytical expression for the von Neumann entropy in both cases,
but for the case when two qubits are accelerated, the expres-
sion will be omitted due to long-polynomial nature. Never-
theless, we show the behavior of the entropy for this case in
Fig. 9

Sp = %(cos (2rq) —1)In (%(—3) (cos(2rq) — 1))
— é (3cos(2rg) +5)In (é (3cos (2rg) +5)> . (32)

We find that the von Neumann entropy for these two cases
increases when the acceleration is increasing. That is to say,
Sp increases with r4, but the von Neumann entropy Sasc,;p,
increases with both the acceleration parameters r. and rg.

0.6

0.4

Sp

0.2F

0 0.2 0.4 0.6 0.8
Td

Fig. 8. The von Neumann entropy as David’s acceleration parameter rg
increases.

E Scp

1.0

0.5 0.8

0.4
r. 0.6

0.8

Fig. 9. The von Neumann entropy as a function of Charlie’s and David’s
acceleration parameters r. and rg.

070301-6



Chin. Phys. B Vol. 28, No. 7 (2019) 070301

5. Discussion and conclusion

In conclusion, it is found that the negativity and whole
entanglement computations of the 4-particle W-class state de-
crease the entanglement when we measure in a noninertial
frame. As we can see, the entanglement measures that depend
on the acceleration parameters will decrease with increasing
accelerations. In contrast, the entanglement measures that do
not depend on the acceleration parameter will remain a con-
stant in the acceleration limit. It is worth noting that no mat-
ter which qubit is selected from computations, we can choose
any qubit or any pair of qubits from the system and switch it
from inertial to noninertial, without expecting different results
in any case. For the case of the 1-1 tangle, the entanglement
begins to disappear for the case of one accelerated qubit. We
can see that when we measure the bipartite negativity, (Nag)
never can reach infinite accelerations. The lost of entangle-
ment is due to the 4 total partial traces that we are preforming
yielding to a ripping off information. The N¢,p, disappears for
r > 0.472473. This result is contrary to the cases reported for
tripartite systems in which the entanglement has never been
reduced to zero. For the case of the 1-3 tangle, when we are
studying the one accelerated observer case, it is shown that the
entanglement measure from the point of view of the noniner-
tial qubit decreases faster than that when the other stationary
qubits perform the measure. Furthermore, when we study the
second case, we can see that the negativity for the stationary
qubits behaves the same over all the accelerations, but when
the negativities are measured for the accelerated ones, we can
see their entanglement is different. It is remarkable to say that,
for this measure, the entanglement never reaches zero. The
whole entanglement measurements 74 and Ily do not change
their initial entanglement, no matter if we are studying the first
or the second case, the arithmetic mean is greater than the ge-
ometric mean. Our results also suggest that, due to the growth
of von Neumann entropy, our system becomes more disor-
dered as we vary the acceleration parameter. Special cases
were treated for the two noninertial case when r. = ry, having
a bigger entropy than the fist case. Before ending this work, we
give a useful remark about the tetrapartite entanglement mea-
surements for the W-class state. In noninertial frames, we will
predict the difficulty of studying these entanglement measures
when three fermions, say Bob, Charlie, and David, are moving
with nonuniform accelerations ry, 7, and rq. This is because
it is impossible to illustrate them in graphics with three vari-
ables. Similarly, it will become more difficult to study the case
when all particles are moving with nonuniform accelerations.

Appendix A: Density matrices for one acceler-
ated observer

The explicit expressions of the density matrices with the
partial transposed qubit when one observer, say David, is ac-

celerated are as follows:
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Appendix B: Density matrices for two accelerated observers

Now, we show the explicit expressions of the density matrices with the partial transposed qubit when two observers, say

Charlie and David are accelerated as follows:
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